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Signal Space

N-dim orthogonal space

Characterized by a set of N linearly independent functions

Basis functions Ψ j(t)

∫0

T
Ψ j (t)Ψk(t) dt = K jδ jk 0 ≤ t ≤T j , k = 1, ⋯ , N

1 for j = k

0 otherwise

Kronecker delta 
functions

N-dim orthonormal space K j = 1

Independent → not interfering in detection

E j = ∫0

T
Ψ j

2(t) dt = K j

δ jk =
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Linear Combination

Any finite set of waveform

Characterized by a set of N linearly independent functions

{si(t)} i = 1, ⋯ ,M

a11 Ψ1(t ) + a12 Ψ2(t) + a1n ΨN (t )=s1(t) +⋯

a21 Ψ1(t ) + a22 Ψ2(t) + a2n ΨN (t )=s2(t ) +⋯

aM 1 Ψ1(t ) + aM 2 Ψ2(t) + aM N ΨN (t )=sM (t ) +⋯

⋮ ⋮ ⋮⋮

s1(t) = ∑
j=1

N

aij Ψ j(t) i = 1, ⋯ ,M

N ≤ M
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Linear Combination

Any finite set of waveform

Characterized by a set of N linearly independent functions

{si(t)} i = 1, ⋯ ,M

si(t) = ∑
j=1

N

aij Ψ j(t) i = 1, ⋯ ,M

N ≤ M

ai j =
1
K j

∫0

T
si (t)Ψ j(t) d t i = 1, ⋯ ,M

j = 1, ⋯ ,N

0 ≤ t ≤ T

{si (t)} {si} = {ai1 , ai2 , ⋯ , ai N} i = 1, ⋯ ,M



Baseband (3A) 6 Young Won Lim
10/31/13

Signals and Noise

Any finite set of waveform

Characterized by a set of N linearly independent functions

{si(t)} i = 1, ⋯ ,M

{si (t)} {si} = {ai1 , ai2 , ⋯ , ai N} i = 1, ⋯ ,M

s1 s2 s3 s4

s1 s2 s3 s4

4-ary PAM
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Detection of Binary Signals

si(t) =

Received Signal

s1(t)

s2(t)

0 ≤ t ≤ T for a binary 1

0 ≤ t ≤ T for a binary 0

Transmitted Signal

r (t) = si(t) + n(t) i = 1,2 ; 0 ≤ t ≤ T

AWGN

si(t)

r (t) =
s1(t ) or s2(t) h(t )

z (t ) =

+

si(t) + n (t)

Linear
Filter

Threshold
Comparison

ai(t ) + n0(t)

z (T ) =

ai(T ) + n0(T )

>
z (T ) < γ

H1

H2

ŝi(t)

Correlator / Matched Filter
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Detection of Binary Signals

z (T ) = ai(T ) + n0(T ) z = ai + n0

p (n0) =
1

σ0√2π
exp [−1

2 (n0
σ0 )

2

] p (z∣s1) =
1

σ0√2π
exp[−1

2 ( z−a1σ0 )
2

]

p (z∣s2) =
1

σ0√2π
exp[−1

2 ( z−a2σ0 )
2

]

s2 s1

p (z∣s1)

p (z∣s2)
>
<

H1

H2

>
z (T ) < γ

H1

H2

P (s2)

P (s1)

p (z∣s1)

p (z∣s2)
>
<

H1

H2

a1+a2
2

= γ0
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Error Probability

p (e∣s1) = p (H2∣s1) = ∫
−∞

γ0

p (z∣s1)dz

error e

p (e∣s2) = p (H1∣s2) = ∫
γ0

−∞

p (z∣s2)dz

probability of bit error P B

PB = P (e∣s1)P (s1) + P (e∣s2)P (s2)

= P (H2∣s1)P (s1) + P (H1∣s2)P (s2)

equal a priori probabilities

PB = 1
2 P (H2∣s1) + 1

2 P (H1∣s2)

= P (H2∣s1) = P (H1∣s2)

PB = ∫
γ0 = (a1+a2)/2

+∞

p (z∣s2)dz

= ∫
γ0 = (a1+a2) /2

+∞ 1
σ0√2 π

exp [−1
2 ( z−a2σ0 )

2

]dz
u = (z − a2)/σ0 σ0du = dz

= ∫
u = (a1−a2)/2σ0

+∞ 1

√2π
exp(−u

2

2 )du

= Q( a1−a22σ0
)

Q(x) = ∫
x

+∞ 1

√2π
exp(−x

2

2 )dx

complementary error function
(co-error function)
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ISI
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Maximum Likelihood Receiver

P (s1) = P (s2)

p (z∣s1) , p (z∣s2)

equal a priori probability

symmetric likelihood

γ0 =
(a1 + a2)

2
optimum threshold
for minimizing 
the error probability

select the hypothesis 
with the maximum 
likelihood

 maximum likelihood detector

PB = ∫
γ0 = (a1−a2)/2σ0

+∞ 1

√2 π
exp(−u

2

2 )du

= Q( a1−a22σ0
)

Q(x) = ∫
x

+∞ 1

√2π
exp(−u

2

2 )du

complementary error function

AWGN

si(t)

r (t) =
s1(t ) or s2(t) h(t )

z (t ) =

+

si(t) + n (t)

Linear
Filter

Threshold
Comparison

ai(t ) + n0(t)

z (T ) =

ai(T ) + n0(T )

>
z (T ) < γ

H1

H2

ŝi(t)

Correlator / Matched Filter
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Matched Filter Minimizes P
B
 by Maximizing SNR

(a1 − a2)
2

σ0
2

maximize

Matched Filter / Correlator

PB = ∫
γ0 = (a1−a2)/2σ0

+∞ 1

√2 π
exp(−u

2

2 )du

PB = Q( a1−a22σ0
) Q(x) = ∫

x

+∞ 1

√2π
exp(−u

2

2 )du

complementary error function

AWGN

si(t)

r (t) =
s1(t ) or s2(t) h(t )

z (t ) =

+

si(t) + n (t)

Linear
Filter

Threshold
Comparison

ai(t ) + n0(t)

z (T ) =

ai(T ) + n0(T )

>
z (T ) < γ

H1

H2

ŝi(t)

Correlator / Matched Filter

(a1 − a2)
2

2σ0

maximize

minimize

( SN )
T

=
ai

2

σ0
2 max ( SN )

T

=
2E
N0

maximize

matched to s1 − s2

( SN )
T

=
a1 − a2

2

σ0
2 =

2Ed

N0

= Q( Ed

2N0
)
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Binary Correlator Receiver

AWGN

si(t)

r (t) =
s1(t ) or s2(t) h(t )

z (t ) =

si(t) + n (t)

Linear
Filter

Threshold
Comparison

ai(t ) + n0(t)

z (T ) =

ai(T ) + n0(T )

>
z (T ) < γ

H1

H2

ŝi(t)

Correlator / Matched Filter

>
z (T ) < γ

H1

H2

+

∫0

T

+

∫0

T

s1(t )

s2(t )

z1(T )

z2(T )

r (t)
z (T ) =

ai(T ) + n0(T )

ŝi(t)

>
z (T ) < γ

H1

H2

∫0

T

s1(t )− s2(t)

r (t)
z (T ) =

ai(T ) + n0(T )

ŝi(t)

2 correlators

1 correlator

z (T ) = z1(T ) − z1(T )
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Energy Difference E
b

AWGN

si(t)

r (t) =
s1(t ) or s2(t)

z (t ) =

si(t) + n (t)

Threshold
Comparison

ai(t ) + n0(t)

z (T ) =

ai(T ) + n0(T )

>
z (T ) < γ

H1

H2

ŝi(t)

Matched to

+

>
z (T ) < γ

H1

H2

∫0

T

s1(t )− s2(t)

r (t)
z (T ) =

ai(T ) + n0(T )

ŝi(t)

1 correlator

h(T − t )

s1(t )− s2(t)

matched to s1 − s2

( SN )
T

=
a1 − a2

2

σ0
2 =

2Ed

N0

Energy Difference

Ed = ∫0

T

[s1(t) − s2(t) ]
2
dt

1

2

a1 − a2
σ0

= √
2Ed

N0

1

4
PB = Q( Ed

2N0
)

Bit-Error Probability



Baseband (3A) 15 Young Won Lim
10/31/13

Time Averaging and Ergodicity 
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