N
)
=
0))
O
[
=
N

Copyright (c) 2015 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the
GNU Free Documentation License, Version 1.2 or any later version published by the Free Software

Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of
the license is included in the section entitled "GNU Free Documentation License"




]6 ,Qiyne x;v\'f'egra,\—iom

\
At
fasd = Lo ?)Z fea) 2z % f(¥)
20 g %/ :
24
£ = X+cY = X(4) £ ¢Y) vt pavamedic

=l
—
ol
e

\\\\\\\\

=




AT N R PVRRE ST I SN




g'.\mr\g Closed  Compoun ¢

0l oM dam D' . QO
o
0 =
C, )
4
Cs
| £ay 4
T(R) AL =D 4
J R
AN Closed - 15"\"“/\/'\'/’9?\&]
yA
A Y
] (2PL ll—' {\2 5 |
) JOJL()o\ = ], LA
/ I 3-')-‘
| “ 137 A4
AN > ~ i
0 2 R
— 7 v
(>, N
\ kodr ¥\ q)a =
J




Read Devionkive

Awne) 99

T
N
<

v

vV

§'(>()

i1
{C

)
/

—

J

N

ndy two weys

'm Flf\‘\‘ej] Many Wik

o{" o PYYO ~lh I“A
IN| v

o{" o H,Yo ~Ch !“A
I v




heol Inlegrbion  4nalo Y
Cr.\ Cryn
() )U/-}
N\ / N\ /
/N NS
X, Yo ’ X Xa
(Lo, 5t _ D(‘C 1 ol‘aL
)x' Y(xy d — - )X:. )
Cfg_\ ( Cran | 2
Je ¢y rtdat=o
/ 3
—d > /
x\ ) 9 /




O m\y}\f ¢




_ Yo
obar) oy )+ (B8) o e
L]—
¢
~ X
) ,C(Zc,:. — (
, ) “ Jc
r's N—r
By_o
R
\ '&:,0
2
S A
a— oy &0
D) w0 LA
/ rd{k‘(ﬂe’“ 0

Vv




Bas |Ze L tc [Z)Zzz( t( AUQ

¢ . I
~~ ~ o
[
qiéf %:\3‘:
% 4
Loy uecr )
. (T2)= UtV J
r/_ /~ \ y
ULV ) (Axecoy)

-y

Do 2| uat —vway4i(var +

b=

— 1 o

bms —

-

A | -~
) WPV A VA udy
c J -




N

= ALY
i

}
|

[(B) = UtLU = UOY) +C Ay

= W (o, yb) + (XY, 9iy)

At dt
S | L ~
XtE) db= ﬁ Y€y =%dt—
X(E) ab= ax Weym - d,
| it vy v 4 oud
) s %
(b b b b 1
B [ ) uy'e
G JT [ /F
-~ (b
0 XJ - t
[ h g
=+ 5 0y dE + ulxy) Y db




2= X t.Y

Feoy= U+ v

2= Xt Y 2t = At (Y

Fz) = U(y) +( U o)

N -~

= U (x(b,%0) )+ lxhH, )

=Y,

n

}C;\%/ I e, Tt g )
[T(E) ULLY) 0 DOGE) (| AT cd ()

= U,y A - U o) Yty

=J

T Vot Rl + UCL ) Y

) ¢




)

—

C,
v

c
¥

. (L -~ ,
Wit = 1" )2

il

/ /t-J*C
/" /
VARS > A< ?
/D )
Contop C Zlaudle B ey




N

I.(U:-Zt '\ bﬂ\"f'h'lé‘! @\

plo=t- ~ -
/

\oteldel
S ——




[\ '—7—'
(2): ¢

206)= XLt 1 (1)

((©)=3t

hie)= £

W(ﬂ)'—' 1) - (b

3t ~1t°




g
o
/
1l
M|
\
>~

l
S

—
—

FCZ)

7 = )C'Ft,llé—

sqri(y~2+x"2)

sqri(y~2+x"2)

-atan2(y,x)

N
Ewbrro RN W

AWNFEORNWS

atan2(y.x)




ol 3) ( f":\ﬁ
T IRERAY PILY:
(2 Jx
/ | A b
ey || feydil= | fe) p@dt

X= el — f(%}: J(L(»éf

Cy Z - Yel Y ) .
\ =z ML = 20X) = X¢c 2
j3 2looe 14
J \‘TL

(|

L OC£00) (44D d

L -
=
&,

</

S
\

4= [~V < (g)- L
£7'-)\‘ "Lf‘(/l)/
1+¢) Ltee




\3¥ .
N vy’
ol
ol N
-~ / ) 4
/ AN
~125 ” “
2! ‘
l‘ﬂm@--—‘-,i taﬂ\@""'!'—,'—',
O
( i,\) (4'/ l')
/ N
o NN
o g = A
9= (g ~
4D,
/T y
.0 ) \K
N (LA




Tl )




o

Ciredle G geuakiong

‘ A0 o v [ AR
LAY
AN distante (0,0) ~ (A y)
A\ IgmLe / /
N ‘12\'/(\1(—)*—% ot =% =v
[ /A \
\ ] |
~ (o)
X9 =r"]
 © Poometerizeg ircle  ©qmuakion
/'Yv
e (os@ = r X=Friseo
/7 LA\ s
r_—N\u SMO/.— 7 Y= rs$ihp
Q v r 174
\_ | X=X09)
T 7= vl o)
ponometer ©
{
_
p QNP 71N,







FTWY WLV —

v i A

—
a—

S 23
T . 3ES
g o AR
ot g =
I ~0
S T SN
S _—
£
(D)
P
D
N o
NS~
4
- i
\ ~"
HSER
// rd

=<

& =1

cenYev (1,0)
roh:w s

fa)
~




addikion [s whtrasKon
Complex Numbers

@ addikion [ whtr e Kon
Ve thoy s

L)

0

r\'“

Gt 4
4

/
d)

oo (W

= ~(

)
4

—C

2(41: =(a+¢) 1 ( (L‘(’d)

)

A4

Z| "%1' z\

R Z“{’l»

/

<\

\ e

(B~
N




N

1\ N
(Z -1)
v
/1
J/W\\ /'ZL"-\_ .
P T




Pie cewifje  (Conboawn s

fie)

\ _—

AN
7/

ﬁ
lan
uf
-
oJ
(1




Pebotmation «f  Convours

AN

_ f\e el
w’ A\ |

. yal
N
) |

— /| /
L & L —
\ \e 05 AL




r

Fa) 42 + | pwdt =o
Jly v J-—(,,_
gu)ég ..{-( !}(.JA'J:,'{' { ,(;r%)o\‘& ,_!, ( Q(u M:
) U ¢, x J,c!
( C
= | S + | fwidt =0
“2 -,
J( fayde - ‘g freydt =0
c9 ¢,
" C
fayde = | fwat
eq “C,




\ 4




7\
I> No hole L/ « hole nsidL

c'I J (2







Mwkiple holes ms da_

triply connected domain o ® simply connected region R contour C, C1, C2

cuts

'35 f'i’!"dz + @f[z:ld:-: _
{]5 flz)dz + ©
{]5 flz\dz = 0 if[zﬁdz . if{z.\dr

C a -

ol (2 d? =
o~ C|
<l ow
C. e -
— dr — (2) A7 =
C| -
was e




Nl

YV

&"K rfq\ ,J'7

P, Farde t O\

/

Y Al

)

bl/& Pt 2 'i

o)

|

{:f'»\ 5‘1-:




Circle (mtowv

i 3K = i) 0<E <
hiky= S ()

2 N o E) / G [t) / Sin(t"y
<t A ¢
CostE) S LED cesct™)
)
™ 0 < T2
/smb) : oA points
ﬁ;/ o the wrde
\ COS(l')‘r
AN /
~_|




O vl pm ComPley nwmben

s \(X&), i)

—
/MDA VANDE m— A

= (oS (t) i Sm(t)
= oif

( (
\ fmdl = 4
JC ]
C
WYL AT appd ek
’\"L \’U L \
[ R P
\2L ¢l sy RAAtC )
L= th




”
o Vet = | e 4l
’¢ Jo Y Y
7 \C = ‘6’& -
pa _b-‘ﬁ‘
I /




Y \n l'n 20D
v l'\ b‘vVl,

an
rl

‘:;7'1\

y(t)

n-1 N=0 N=-

h'.'/l.

-

yn\

"Z;l/ U‘L"Jl‘év,/ ¢ Y 22.“ T

7(2)~

@
N¥ 0

( £ dz
Jo

_ lTé LN
nooge
IR
I -
S —
= ()
s
ﬁl\/\)l
{

(24)
N4

[L\e /

// (/7Y )L

N

Ay Ldz - 0)x o

—

<

Co
AN,

A
T

E')?‘ d?_—f ceen s

ﬂo,ln

Hj't(ﬁL‘J’C




0\
fz)= 2" ( it
N 2k (- ett 2k =lLe
2n Zn
| flz)dz = [ e™ie"dt = [ie"™"dt dz = e ,
2n 2n 2n
- Z.Zd — 2L — eﬂldt: lﬂl :l L :|=D
m _Ez z _[ _[i 3 € ) Bﬁef ei“ 3
Zn 2n 2n
m=1 _[ zdz = '@m = _[ie"*”l dt = [ée""‘] = %EB"":—E J =0 2
[ o 1] ]
2n 2n
m=0 [1dz= [{e d) = [ie"dt = "] = (e22tel) = 1
C |
0
a a

m=-3 J.l_idz = I —i:u - I!E—Eldt = [-Lp _ __ie-41( e“?I 0 -2
c £ o 0 2 . 9
pO'i=e0
C
AL




) | infegun
o N YD n=1
Je (Z-2)" ~ 5 "l
S s S
e Ll ¥%) | T (z-3)
L) N~—"/
N N .
\
. \
Vo N Tig 8L
dz 1) - ~
N4 SRV A TR AR TR
S e J\Hq_ (T-8)  Jo; (t-)")
. C - J _'_,_,L_.—\,_/
Ao formation of  tonbowrs
4 a)




L o

t=

‘\;/fw)

J \&-4) "

a
~

oAl ® P ue

JO\

|
ot

(
@

42

JC & -4 =

n'\z'—b




AN

—

()N}

\ ALy it
DN P
\ N (/ \\//\
J
4 \7/| )
| N

2 (+)
cLy

| ~C*" 2= 4+ e

=+ (SEF[SuE
/\.




meal (~Se e LU Cel 43 BANE '3{"41‘
€
7/ k)= &%

L .




|' P‘)C Al A"'

|

(@) 7/~

(24
21

~\

ot

)

ccC

) \Nh=

Jo &4 JE-dt

®

\!

AA-—\
NARadh

o\X
Lo w

C——————

[ A3t \NA

o \LU"/

!




Ly
P

Fcz\

Zill & Wright

L
O (wmat

2ol

TEHE ol




(Cg\

a Pl

TTARS

t-4




é l ( ( ( l
L R4+ - 3; =4t T+ & 43

C) uts
N\
W >
$ flzidz + Fldz =
/-2 “Sgcf(z}dz+ fﬂ “
/ L?):if(z}dz -0 ﬁf(z} dz + ;f;f(z}dz
—
L -
| 2, 2
L' — . . z - - N
26 T (Rea ) T O(B-0) T (%+p)
| ] e [ S W I
3 (z _ N T v d’z = 2 Y (‘-,;\ = (2 e,
VJC | \C TA €vA) JC)"V </ b S
] ( | | 7]
i ( ! oLZ
T 3 (@-2) = Teeay.




—

\Z

\/

T .

(o)) (o)
L/ Y

\

\/

o) T TPy




| G- — Teen ) -

’]
/

U“\L.

O —
~NO RO
\ o} 1, e
,./m |3
\ ool
o3| |3
RCEEE

/o

(-») AT

!

n
JC

24

2

I —— ) ]
= L ILT [—— |
21 “)’C\ (Z’*.) at




T ®C
C ° ] L
L\,
A 4 C
\°) /
m Cy l >
| \JFL S, /
- S5
g 5/

C

’ A . B | 1
Jo @) T F apn 07




{(7\

—

Feayd 2

y N7V ~

Cran d 2

— 2 ([
— 27

y V=1 vV

—
—

i e

L,
- T L)

an

Cs

JC\

J




UL I Y E3R7 3 % 2

(\

1 r
P & =o

6=11 41 'F(,?_)7\’ N 49 2 g1 A
| | 4 A

( sometimes  Tero

-

e d

Cr [
5{(%)’ 23 (Z) f,/_l)’l

r

N
A At =9v #\\)"/Y?L dz2 = O




Zi

Il & Wright

§2 44
-0 CZ~+3)

o 9 i
\ / {;m,th frochon
T~ §2 44 3 2
BORMDB 24 ' 713
A\ L D{ﬂ ,£ 2 d.")
JoE4 VT3
C
AN
[ \ o, |
e §E e




f { z) : analytic on and inside simple close curve C

B the value of f(z)
- 2:1:!"13 i =

atapoint z=a inside C

d ey d[ 1 g flw), | z) = L g fw) 4
Er(z':l a E|E§ w—zdwj i) 2ni t_fp [ W — z'P
d _d |1 (w) ;]| 8.1 — flw)
Ef(z:l B E|E§ w—zdwj fAz) = E.JII§ (w— z}
| |
J

(%, J
P = d L

IWZ

7‘241@“““‘4 f[“]{l) - H!. Eﬁ f{W} dw m [(z] is infinitely differentiable

0|

)n+ 1 inthat neighborhood




Contour Integration for f(z)/(z-z 0)

Mno ﬁ"’v‘l@:h} D

flz) |analyticinD AN analytic at z_in D
—_— (z2—2;) 0

D: simply connected domain (ne h.|&) D': multiply connected domain

Sa a

D

C

@ flz) dz “= 0 notnecessarily

=) ff(Z] dz =0 N zero
f (z,)
Complex Integration (2A) 32 Meaihy i
&
{:( z) 1 2
u k~}

(2-2)




—&
|

Q




4
(A

[lkl:\

(A'-f- /evv

(o)
(e e
2

'\

s(btu)rpet®)

-4

4
et Ly

/\
2)




Simply Connected Region R

f(z) not analytic a@n D

[Z2—@qy
D" multiply connected domain

T

flz)

=

analytic at z_in a region R
R: all points within and on C
C: any simple closed path

‘

flz) .
- ———'_ dz =0 notnecessarily d = 0 notnecessarily
i (z2—2y) Zero g —r
= 2ni|lflz
fiz = © | f(o)
Complex Integration (2A) 33 Young Won Lim
p g 224114




Contour Integration in R

$fiz)dz =0 ﬁﬁdz+ ﬁMd.‘a':U

Complex Integration (2A) 35 Yo e

As z approaches to a

along C'

C

flz)dz _ flz) dz
mfc z-a _4 z-a

Complex Integration (2A) 36 R~




Zill & Wright

Cooy 1 f 1)
7‘{.0)— l'ri(, ‘VC Z—'?;g dé
r'(‘_\ Loty
T%) = i Jo @t
™
d(Herank}@
w.r.yYe &a
("I-.\ N |
TLE) Wnaiync
A 7
( 243 o
"'J_(,:; T5_ )% .
o Z _L,‘z,=>d3 (2-1) d2 & hile ok (O
J 2 (2-1) J z-o0

—O—

o
T
o |+
\
0
—,
N
N
r
——
-
o
\
.
P
S
o~
>
3
=
2
()
J




Zill & Wright

~ N
?\’\:

—

C"\

\b

\
>

~~
w

N

A/




Canchy ~Riompn € fuakvy

2= X4(Y W= U+
W= F('Z) Guoalytic  {n @
Nl
{24 _pw
X "~ oy
|24 Dy
0% ~ T Hu

CDW\C"'\y - 60‘/\"50&{' Thearem

( N
D sczydr=o

s
v,
‘9(1\ "‘Y S C( ‘r )
r,.r’\yhu C j‘(Z)dE-"D

€2




Ca,q,ch lh{’(’gm[*mm E’V'Y’W"&
{?&) | e
Ce L — ¢ (L
j-(%°:)':. l.ﬁ‘[:.'}c\ Z—'Eba (
0o
ch) '"n' C [T \
:JC(Z' = k()b (m' ¢z Cﬂj
N L'~ S
k() C: lgl=2 Q7 dt
&
gz £ ) - [ 83
C-¥E +¢ _ (b T 12
S ST S P v
()= 242 4 -(28) L Gaglyle |
/ ?<\ "ﬁhaly}io vy eﬂelpt C="4A
\x /-
~7 : 1 (6 Fro "
Feo = Ol
J J l’ﬂ[, JC
6 [£9 L = any. £0o
Z - (- _
Je s = UG~ -0 )
é‘Cé) =2 ¢z +4




zrw‘-ac(—i)

.-y

r
0
v

,l’7 — X

J,,A Z—-(—{,)Ut = &y




JM&%&&M@E ovem

C /)Singv\aw !o«f: 20X

AU qg 2 maq

)7t analyhic

[ ~ \ . @' [ (r .
(%{ rleyat = 2me 2, Kes (108), te
b= ’

~
C




p If@]w""‘d ra(z,

anl

2 ,
(T 4) (¢-3)

£

[~

d

L) <

rﬂi—

Sim

@

P9 ~ \
(SR P)

(2 435 ¢z -39

0,
XA

A2

Res (ftr), 3)=

(2 -1

N

3

Z-3

I\

r T
N
\
oS
A
Ky
~N
<~
N
+
s
< | &
e =
= L

o

=\

(- ~31*
A\ % J

Y
-—

(

Z -3\
‘JJ‘—‘

A}

Xum
z3

0N

I._./Ul

\\

i\




7 vy Residue

@, % ) = dm (20 @)

r / %o

\ } ,_,‘0_,{;",’;'\‘ OUH V“ R\ | < Y
Res (f2), % ) = 5, oo ger (LTTUWITHY
A p
\ v
th g = 0 :,‘t
Cay e ————
’j ! éorer C{“Z;,}"..,.




(%110) (572+6%5+9) /((5-1)*(5-2)*(s+4));

52+ﬁs+9 D L
B e (se) < ’Cé-t)“’ ﬁﬁtﬁ@i
(%111) partfrac(%s, s);
16 | 25
30 (s+4) 5(s-1) 6(s-2)

(%011)
Lr 14

\ [
A-f BT G




UU

24\

b4

(Zer) (C=x)

Zr )

(2-a)

(Z+c)

\
|

T2 2

J:

= (L£))

Zet) (R A) 7

b7 ]

\

P ——r
(2 ¢ 1\
\C+1) 1t=t

.
-

|22 -

£4)

(
7 .

@O0 7

24 /

A

(2-4)

r—"j—_'
272 .\
c Tl

—\
] %—-A/

__/-'i—~ _I—
\ Z¢¢(

L
2

v

e, 7, 0= 2

A

~Wa 547 03 - 21 (

7

C
A0

(€%

(A -

\\




C
/,L/' 2% %\
[ G .|
NN /I (Z+1)( -4)
N4 I
- '—Z_L E;T t Z""‘/)
< [ L f—\ C/\\
.uhgv-low Po‘mc U) W
( .
Y F@&oL2=
“C
. N | % [
](05 (\ r(b)} €[ ) = 2 (;{’C)[?;A)(’Z/A) ~ ‘3’2’
a \ N ( A '_'I
Kes ( ,(e)) “L ) = ) (17() Y
N / 4 (' / C




[ ( [

=~
o

(Zti) ¥ o)t T Ge)

C
/(-. Uff‘ i"")()\
(& [ A2
S \
I ; > I
) §Cm E;’i—),l}r
\//

VA O) .
/0 b
Y S\F v N

N c
[ S
&, \&

@




@y N\
Y ~ \ é"

¢\




i




() +0ng (€"°)

T

Ne
~ [ W L (IAT/.LA (\ {‘(-E\\-
fy| == g5ty
R (p ot ——

C e " (V|
- 4 IE .
\Z/ /\ %’a‘ Lre'’
| wrco /' .
v [0
M Gogtre e Dy L




3(f)=—sin(8)  R(f) = cos(6)

X
=0
T T T T — 1.4 T T T T T T i . B
I w7 1 12} Rcos () __[f{r,ﬁ):e do
(f '

....

o
.

....

AU NMHFORNWLSAE




