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Derivative Product and Quotient Rule
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Product and Quotient Rule

f g f ' g + f g '

d
dx

( f g) = ( d f
dx

g + f
d g
dx )

f
g

d
dx ( f

g ) = ( d f
dx

g − f
d g
dx )( 1

g2 )

f ' g − f g '

g2

f (x ), g(x)

f (x ), g(x)

d
d x

d
d x
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Product Rule

f g f ' g + f g '
d
d x

d
dx

( f⋅g) =
d f
dx

⋅g + f⋅
d g
dx

f (x), g(x )

d (f⋅g) = d f⋅g + f⋅d g

d
dx

( f⋅g )dx = ( d f
dx

⋅g)dx + (f⋅d g
dx )dx

= ( d f
dx

dx)⋅g + f⋅(d g
dx

dx)
= d f⋅g + f⋅d g

f (x)g (x) f ' (x )g(x ) + f (x)g ' (x )d
d x
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Quotient Rule

f (x ){ 1
g (x) } f ' (x ){ 1

g ( x) } + f ( x ){ 1
g (x ) }'

= f ' (x ){ 1
g (x) } + f (x ){−g ' (x )

g2
(x ) }

=
f ' (x)g (x ) − f (x)g ' ( x)

g2
(x)

d
dx

g−1(x) =−g−2(x) d
dx

g(x)

d
d x

d
d x

f (x )g(x) f ' (x )g(x ) + f (x)g ' (x )
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Example 1

f g f ' g + f g '

x2⋅x3 (2 x )⋅x3 + x2(3 x2)

e2 x⋅e3 x (2e2 x)⋅e3 x + e2x (3 e3 x)

d
d x

d
d x

d
d x

d
dx

x5
= 5 x4

d
dx

e5 x = 5e5 x
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Example 2

x2⋅cos(x) (2 x )⋅cos(x) − x2(−sin (x))d
d x

sin (x) = x − 1
3!

x3 + 1
5!

x5 − 1
7!

x7 + ⋯

cos(x) = 1 − 1
2!

x2 + 1
4!

x4 − 1
6!

x6 + ⋯

x2⋅cos(x) = x2(1 − 1
2!

x2 + 1
4!

x4 − 1
6!

x6 + ⋯ )

d
dx

x2⋅cos(x) = 2x (1 − 1
2!

x2 + 1
4!

x4 − 1
6!

x6 + ⋯ )

+ x2(−x + 1
3!
x3 − 1

5!
x5 + 1

7!
x7 − ⋯ )
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Example 3

(x+ p)(x+q) (x+q) + (x+ p)d
d x

x2+(p+q)x+ pq 2 x+(p+q)

1
(x+ p)(x+q)

−
(x+q) + (x+ p)

(x+ p)
2
(x+q)

2

d
d x

(x+r )
(x+ p)(x+q)

(x+ p)(x+q) − (x+r )((x+q) + (x+ p))

(x+ p)2(x+q)
2

d
d x

(x+r )
1

(x+ p)(x+q)

1
(x+ p)(x+q)

− (x+r)
(x+q) + (x+ p)

(x+ p)2(x+q)2
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d
dx

xn+1 =
d
dx

(xn⋅x)

= ( d
dx

xn)⋅x + xn
⋅( d

dx
x)

= (n xn−1
)⋅x + xn

⋅1

= (n+1)xn

d
dx

xn+1 = (n+1)xn+1−1

d
dx

xn = n xn−1
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f (x ) =
1
x

g(x ) = sin(x)

h1(x) =
d
dx

1
x
⋅sin(x) =−

1

x2 sin(x)

h2 (x ) =
1
x
⋅

d
dx

sin(x) =
1
x
cos(x)

f (x )⋅g(x) =
sin (x )

x

h(x ) = h1(x) + h2(x)
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Chain Rule
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Chain Rule 

f (g) = f (g( x))d
d x

f (g(x )) f ' (g)⋅g ' (x )

df
dx

=
df
dg

⋅
dg
dx

f (g(x)) f ' (g(x ))⋅g ' (x )
with respect 
to 

with respect 
to x

d
d x
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Chain Rule 

x y
y= f (x)

x y
y=g (x)

x u
u=g(x )

f (u)
y= f (u)

df
dx

=
df
dg

⋅
dg
dx

f (x)

g(x)

df
dg

dg
dx

f (g(x))
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Example 1

x x3 a( x3
)
2
+b = a x6

+b

g (x) = x3 f (x ) = a x2
+b

f ' (g) = 2agg ' (x) = 3 x2

f ' (g)g ' (x) = (2 ag)⋅(3 x2
)

= (2a x3
)⋅(3 x2

)

= 6a x5

u=g(x ) y= f (u)
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Example 2

f ' (x )g ' ( x)
d
dx

f (g(x)) =

x ← g (x)

u=g(x ) y= f (u)

f ' (g(x))g ' (x)

g (x) = x3f (x) = a x2
+b

g ' (x) = 3 x2f ' (x ) = 2a x

2a(x3
)⋅3 x2
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Chain Rule and Substitution Rule Examples
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Chain Rule and Substitution Rule 

f (g(x )) f ' (g(x ))⋅g ' (x )d
d x

df
dg

⋅
dg
dx

df
dx

=

f (g(x )) + C f ' (g(x ))⋅g ' (x )∫⋅d x

∫ f ' (g(x ))⋅g ' (x )dxf (g(x )) + C =
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Chain Rule and Substitution Rule Examples

f (x)=e x

g(x)=x2
+2

e( x2+2)

f (g)=eg df
dg

=eg

dg
dx

=2 x

df
dx

=
df
dg

dg
dx

= eg
(2 x) = ex2+2

(2 x)

∫ ex2+2
(2 x )dx

f ' (x)=ex

g(x)=x2
+2

f ' (g)=eg ∫
df
dg

dg

dg
dx

dx=2x dx

∫
df
dg

dg=eg
= ex 2+2

+ c

f (x)=e x

g(x)=x2
+2

f (g)=eg ∫ f (g)dg

dg
dx

dx=2x dx

f ' (g)=eg+c

F (g)=eg
+c

∫
df
dg

dg=eg
= ex 2+2

+ cor

view (I)

view (II)
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Chain Rule 

x y
y= f (x)

dy
dx

=
dy
du

du
dx

x y
y=g (x)

x u
u=g(x )

y
y= f (u)
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Chain Rule and Partial Differentiation 

(x , y) y
z= f (x , y )

t x
x=g (t)

(x , y)
t

x=g (t)
y

z= f (x , y )

t y
y=h(t)

y=h(t)

dz
dt

=
∂ z
∂x

dx
dt

+
∂ z
∂ y

d y
dt
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Chain Rule and Total Differentials

z = f (x , y )

x (t)

y (t)

dz
dt

=
∂ z
∂x

dx
dt

+
∂ z
∂ y

d y
dt

dx =
dx
dt

dt

d y =
d y
dt

dt

dz
dt

dt =
∂ z
∂ x

dx
dt

dt +
∂ z
∂ y

d y
dt

dt

dz =
∂ z
∂ x

dx +
∂ z
∂ y

dy
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Parameterized Function of Two Variables

z = x2
+ x y + y2

∂ z
∂ y

= x + 2 y

∂ z
∂ x

= 2x + y

z = x2
+ x y + y2

(1,1,3)

(x , y ) z
f (x , y ) ∂ f

∂x
(x, y ) =

∂ f
∂x

=
∂z
∂x

∂ f
∂y

(x , y ) =
∂ f
∂ y

=
∂ z
∂ y

(x , y )
z

f (x , y )

t

x(t)

y (t )

dw
d t

(t)

http://en.wikipedia.org/wiki/Partial_deri
vative

z
t

w(t)

z
=
dz
dt

=
∂ f
∂x

dx
dt

+
∂ f
∂ y

dy
dt

dz =
∂ f
∂x

dx +
∂ f
∂ y

dy
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