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Product and Quotient Rule

fg £ f'g +fg' flx), g(x)
(fg) (i’: fdx
I d f'g —fg' f(x), g(x)
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Product Rule

d ! I
fg - f'g +fg f(x), g(x)
f(x)g(x) £ (x)g(x) + flx)g'(x
d _ df dg diciae = [df )0 o [rda),,
a9 = g9 ¥l ot = (&h-gfax + [r- 98]
_(df )y 4 p 49 g
- dxdx g+ dgd
d(f-g) = df-g'+ f-dg _ dfg + fdg
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Quotient Rule

Flx)g(x) £ (g0 + 1lx)g'(x)
X L d " x 1 + X 1
"ot ax B e IR s
rix)=Ll e i ~2 )
o) g x) Ly (=g () Lgl)
f'(x)g(x) — flx)g'(x)
g (x)
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Example 1

d , ,
— +
fg - f'g +1g
x5 x’ @ (2x)x” + x*(3x7) ix5 = 5x
dx dx
2x  3x i 2x 3x 2x 3x i S5x — 5 5x
e e T (2e°)-e™ + e*(3e™) e e
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Example 2

x*-cos () 8

T (2x)-cos(x) — x*(—sin(x))

cos(x) = 1—+x*++x*—

6
2

TX Xt

: — 1 .3 1.5 1 .7
Slfl(X) = X—3—!X +5—!X —7!)( + -

x>cos(x) = X¥(1—5x°+px'—2oxP + )

4 X*cos(x) = 2x(1— 5 x°+ +x*

SER R
+ X (—x+5x° -

1.5 1 7
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Example 3

(x+q) + (x+p)

2x+(p+q)

(x+q) + (x+p)
(x+p)(x+q)

(x+p)(x+q) = (x+r)((x+q) + [x+p))

d
(x+p)(x+q) Ix
X +(p+q)x+pq
1 d
(x+p)(x+q) dx
(x+r) d
(x+p)(x+q) dx
e d)
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(x+p)(x+q)
1 P (x+q) + (x+p)
(x+p)(x+q) (x+p)*(x+q)
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ixnﬂ — i(Xn'X)
dx dx
— ixn X o+ X" ix
-~ ldx dx
— (nx a )'X + x"1
= (n+1)x"
ixnﬂ — (n+1>xn+1—1
dx
d n __ n—1
— X = nx
dx
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(%118) f(X) := X; g(X) i= X"2;
(%018) f(x):=x

(%019) g(x):=x
(%123) wxplot2d([f(x)*g(x), h(x)], [x,-50,50])%
150000

2

T X3 ——
100000 | oI —— A

50000

0 e ]

(%t23)
-50000

-100000

-150000 : ' ' '
-40 -20 0 20 40

(%121) h(x) := diff(f(x)*g(x), X, 1);
(%021) h(x):=diff(f(x)a(x),x, 1)
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(%124) f(x) := sin(x); g(x) := x"2;
(%024) f(x):=sin(x)
(%025) g(x):=x"
'[%12?} wxplot2d([f(x)*g(x), h(x)], [x,-50,50])%
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WA2RSin(K) ———

2*xsin (x)+xA24c0s () —— |

I\I

-2000 ¢
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(%126) h(x) := diff(f(x)*g(x), X, 1);
(%026) h(x):=diff(f(x)a(x),x, 1)
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 (%134) wxplot2d([2*x*sin(x), x"2*cos(x), h(x)], [x,-15,15])%
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(%122) f(x) := 1/x; 1 : sin(x)
= — X)) =S1n\x =
(%022) f(x)::% f(X) X g( ) ( ) f(X) g(X) X
(%123) g(x) := sin(x);
(%023) g(x):=sin(x)
(%124) h1(x) := diff(f(x),x) * g(x):
(%024) h1(x):=diff(f(x), x)a(x) :
(%125) h2(x) := F(x) * diff(g(x), X): (%)
(%025) h2(x):=F(x)diff(g(x), x)
(%126) h(x) := F(x) * g(x):
(%026) h(x):=f(x)g(x)
—‘sin(x)fx"Z T
cos(x)/x E -
4 2 0 2 4 —I4 2 0 2 4
] .. Young Won Lim
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1s;in()().“)("Z
cos(x)/x _
cos(X)/x-sin(x}/x~2 ——

0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

sin(x)/x
s(x)/x-sin(x)/x~2 ——
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| (%i22)
(%022)

 (%i23)
(%023)
" (%i24)
(%024)
' (%i25)
(%025)
' (%i26)
(%026)

f(x) := 1/x;

1
f(x)::;
g(x) := sin(x);
g(x):=sin(x)

hl(x) := diff(f(x),x) * g(x);

h1(x):=diff(f(x), x)g(x)

h2(x) := f(x) * diff(g(x), x);
h2(x):=f(x)diff(g(x), x)
hix) = f(x) * g(x);

h(x):=7(x)g(x)

(%132) wxplot2d([hl(x)+h2
(x), hix)], [x,-10,10])%
plot2d: expression evaluates to non-numeric value somewhere in plotting range.
plot2d: expression evaluates to non-numeric value somewhere in plotting range
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(%133) f(x) 1= x"2:
(%033) f(x):=x?
(%134) g(x) := sin(x);

(%034) g(x):=sin(x)

(%135) hl(x) := diff(f(x),x) * g(x);
(%035) h1(x):=diff(f(x), x)g(x)
(%136) h2(x) := f(x) * diff(g(x), x);
(%036) h2(x):=f(x)diff(g(x), x)
(%137) h(x) := f(x) * g(x);

(%037) h(x):=F(x)g(x) - (%i38) wxplot2d([h1l(x)+h2(x), h(x)], [x,-10,10])%
80 224N () +XA2*C0S(K) ———
60 xr2rsin(x) —4 ]
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X
Differentiation Rules (2A) 17 Young Won L



" (%i54)
(%054)
© (%1i53)
(%053)
" (%1i55)
(%055)
'~ (%156)
(%056)

f(x) := x°3;
f(x)::x3

g(x) := sin(x);
g(x):=sin(x)

hl(x) := f(g(x));

h1l(x):=f(g(x))

h2(x) = g(f(x));

h2(x):=9(f(x))
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' (%i61)

(%061)

' (%i62)

(%062)

' (%i63)

(%063)

' (%i64)

(%:064)

h1(x);
sin(x)
diff(hl(x), x);
3cns(x)sin(x)2
h2(x);

sin(xa)
diff(h2(x), x);
3x2cns(x3)
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 (%165) wxplot2d([h1l(x), h2(x)1, [X,-5,51)%
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Chain Rule
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Chain Rule

flg(x)) = f'(g)-g'(x) flg)=flg(x))
d _ df dg
dx dg dx
d _ !

with respect
Cc o x
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Chain Rule

fg(x))
a _ df dg
dx dg dx
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Example 1

X X’ a(x’)’+b=ax’+b
g(x)=x f(x)=ax’+b
g'(x)=3x’ f'(g)=2ag
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Example 2

u=g(x) | y=f(u)
Silgl= flgx)  fl=axsb o ghd=x
x € g(x) f'(x)=2ax g'(x)=3x
fig(x))g'(x) 2a(x") 3%
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Chain Rule and Substitution Rule Examples
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Chain Rule and Substitution Rule

f(g(x)) o f'lg(x))-g'(x)
af _ df . dg
dx - dg dx
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Chain Rule and Substitution Rule Examples

e X2 T df _ df dg _ e(2x) = e (2x)

dx dg dx
df _
fx)=e" = f(g)=¢’ d_gze
{Q(X>=X2+2 { %:n
[e*2(2x)dx  mm— f%dgzeg:e 2y ¢ or fg_gdg:egze 2 4 0
g df g
_ f'(x)=e* = f'(g)=e fd—dg = f'(g)=e+c
view (1) g
{g(X)=x2+2 { %dx=2xdx

[ f(g)dg = FElg)=e'+c

@dXZZX dx

flx)=e* = f(g)
view (11) {
dx

g(x)=x2+2

1
mﬁh
—
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Chain Rule

dy _ dydu
dx  du dx
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Chain Rule and Partial Differentiation

dz 0zdx 0zdy

dt ~ oxdt oydt
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Chain Rule and Total Differentials

dz

d x

dz
Edt

dz _
dt
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Parameterized Function of Two Variables

http://en.wikipedia.org/wiki/Partial_deri
vative

or _of _oz
ax(x’ y) OX OX
of _of _oz
ay(x y) v "oy

dz = L ax + L gy

w(t) // \ 0X oy

[ \\\

dt  oxdt  oydt
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