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Computing a Transfer Function 

H (s) = ∫
0

+∞

h( τ)e−s τ d τ

H (s) = [ y (t )x(t ) ]x (t )=e st

H (s) =
P (s)
Q (s)

Transfer function (t-domain)

Laplace Transform  of h(t)Polynomials of  Differential Equation

H (s) =
Y (s)
X (s)

Transfer function (s-domain)

Q(s) ⋅ Y (s) = P(s) ⋅ X (s)

Y (s)
X (s)

=
P(s)
Q( s)H (s) =

Q(D) ⋅ y ( t) = P(D) ⋅ x ( t)

ZSR

(1 , a1 , ⋯, aN−1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h(t )δ(t )

h(t )

es t H (s)es t

zero initial conditionsinput applied 
at t = -∞ 

ZSR
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Special cases of H(s)

h(t )
0
0
⋮
0

es t H (s) ⋅ es t

input applied 
at t = -∞ 

h(t )
0
0
⋮
0

e jω t H ( jω) ⋅ e jω t

h(t )
0
0
⋮
0

cos(ω t ) H ( jω) ⋅ cos(ω t)

s = σ+ jω

σ = 0

ℜ {e jω t
}

general
cases

restricted
cases
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Frequency Response

H (s) = ∫
−∞

+∞

h( τ)e−s τ d τ

H (s) = [ y (t )x(t ) ]x (t )=e st

H (s) =
P(s)
Q (s)

Transfer function (t-domain)

Laplace Transform  of h(t)

Polynomials of  Differential Equation

H (s) =
Y (s)
X (s)

Transfer function (s-domain)

Frequency response (t-domain)

Fourier Transform  of h(t)

Polynomials of  Differential Equation

Frequency response (ω-domain)

s = σ+ jω s = jω

s = σ+ jω s = jω

s = σ+ jω s = jω

s = σ+ jω s = jω

H ( jω) = ∫
−∞

+∞

h( τ)e− jω τd τ

H ( jω) = [ y (t )x(t ) ]x (t )=e jω t

H ( jω) =
P( jω)
Q ( jω)

H ( jω) =
Y ( jω)
X ( jω)
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Transfer Function & Frequency Response

(1 , a1 , ⋯, aN−1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h(t )δ(t )

h(t )
0
0
⋮
0

es t H (s)es t

y (t) = h(t )∗ es t

= ∫
−∞

+∞

h( τ)es(t−τ)d τ

= es t
⋅∫
−∞

+∞

h( τ)e−s τd τ

H (s) = ∫
0

+∞

h( τ)e−s τ d τ

= es t
⋅H (s)

zero initial conditionsinput applied 
at t = -∞ 

(1 , a1 , ⋯, aN−1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h(t )δ(t )

h(t )
0
0
⋮
0

e jω t H ( jω)e jω t

y (t) = h(t )∗ e jω t

= ∫
−∞

+∞

h(τ)e j ω(t−τ)d τ

= e jω t⋅∫
−∞

+∞

h( τ)e− jω τd τ

H ( jω) = ∫
−∞

+∞

h(τ)e− jω τd τ

= e jω t⋅H ( jω)

zero initial conditionsinput applied 
at t = -∞ 

Transfer 
function 

Frequency 
response 

h(t )= 0
( t < 0)

h(t )= 0
( t < 0)

s = σ+ jω s = jω
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Total Response to everlasting sinusoidal inputs

h(t )
0
0
⋮
0

e+ jω t H (+ jω)e+ jω t

e− jω t H (− jω)e− jω t

=|H (+ jω)|e+ j arg {H (+ jω)}
⋅e+ jω t

=|H (− jω)|e+ j arg{H (− jω)}
⋅e− jω t

e+ jω t
+ e− jω t |H (+ jω)|e [+ jω t+arg{H (+ jω)}]

+ |H (− jω)|e [− jω t+arg {H (− jω)}]

=|H (+ jω)|{e[+ jω t+arg {H (+ jω)}]
+ e[− jω t−arg{H (+ jω)}]

}

|H ( jω)| 2cos(ω t+arg {H ( jω)})2cos(ω t)

A|H ( jω)|cos(ω t+α+arg{H ( jω)})A cos(ω t+α)

A|H ( jω)|sin (ω t+α+arg {H ( jω)})A sin (ω t+α)

h(t )
0
0
⋮
0

h(t )
0
0
⋮
0

h(t )
0
0
⋮
0

h(t )
0
0
⋮
0

h(t )
0
0
⋮
0
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Sinusoidal Steady State Response (1)

y (t) = ∑
i

K i e
λ i t + H (ζ)eζ t

t ≥ 0

Y (s) = ∑
i

K i

(s−λ i)
+ H ( s)X ( s)

(1 , a1 , ⋯, aN−1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h( t)δ( t)

h(t )

eζ t ∑
i

K ie
λ i t + βeζ t

input applied 
at t = 0 

natural           forced

natural              forced

y (t ) = ∑
i

K i e
λ i t + H (ζ)x(t ) x(t) = eζ t

y ss(t) = H (ζ)eζ t
t → ∞

Y ss(s) = H ( s)X (s)

forced

y ss(t) = H (ζ) x(t ) x (t) = eζ t

(1 , a1 , ⋯, aN−1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h(t )δ(t )

h(t )
0
0
⋮
0

zero initial conditionsinput applied 
at t = -∞ 

 steady state response

es t H (s)es t

 total response
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Sinusoidal Steady State Response (2)

(1 , a1 , ⋯, aN−1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

∑
i

ci e
λ i t + h( t)δ( t)

h(t )

eζ t ∑
i

K ie
λ i t + βeζ t

y0

y0
(1)

⋮

y0
(N−1)

input applied 
at t = 0 ZIR                  ZSR

natural           forced

 steady state  
 response

y ss(t ) = H (0)⋅A e0 tx (t) = A

ξ = 0 = A⋅H (0)

y ss(t ) = H ( jω)⋅Ae jω tx ( t ) = Ae jω t

ξ = jω = A⋅H ( jω)e jω

y ss(t ) = H ( jω)⋅A cos(ω t )x ( t) = A cos(ω t )

ξ = jω = A⋅H ( jω)cos(ω t)

h(t )

y0

y0
(1)

⋮

y0
(N−1)

h(t )

y0

y0
(1)

⋮

y0
(N−1)

h(t )

y0

y0
(1)

⋮

y0
(N−1)
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Sinusoidal Steady State Response (3)

(1 , a1, ⋯, aN−1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

∑
i

ci e
λ i t + h(t)δ(t)

h(t )

eζ t ∑
i

K ie
λ i t + βeζ t

y0

y0
(1)

⋮

y0
(N−1)

input applied 
at t = 0 ZIR                  ZSR

natural           forced

 steady state  
 response

 steady state  
 response

 steady state  
 response

Forced 
response

Forced 
response

y ss(t ) = H (0)⋅A e0 t
x ( t) = A

ξ = 0= A⋅H (0)

yss(t ) = H ( jω)⋅A cos(ω t ) x (t) = A cos(ω t )
ξ = jω= A⋅H ( jω)cos(ω t)
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Frequency Response 

yss(t ) = H ( jω)⋅A cos(ω t ) x (t) = A cos(ω t )

ξ = jω= A⋅H ( jω)cos(ω t)

ω1 ω2 ω3ω1

ω2

ω3

ω1

ω2

ω3

http://en.wikipedia.org/wiki/File:Bode_Low-Pass.PNG
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Transient Response 

y ss(t ) = H (0)⋅A e0 t x (t) = A

ξ = 0= A⋅H (0)

Natural + Forced 
response

 transient
 response

http://en.wikipedia.org/wiki/File:High_accuracy_settling_time_measurements_figure_1.png
http://en.wikipedia.org/wiki/File:Step_response_for_two-pole_feedback_amplifier.PNG
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Frequency Response in Control Theory (1)

|G ( jω)| √A2
+B2 cos(ω t−θ+arg {G ( jω)})

A cos(ω t)+B sin (ω t )

G (s)

= √ A2+B2 [ A

√A 2+B2 cos(ω t )+ B

√A2+B2 sin (ω t) ]

= √ A2+B2 [cos(θ)cos(ω t)+sin (θ)sin(ω t )]

= √ A2+B2cos(θ−ω t )

= √ A2+B2cos(ω t−θ)

√A 2
+B2cos(ω t−θ)

A cos(ω t)+B sin (ω t )

= √ A2+B2cos(ω t−θ)

cos(θ)=
A

√A 2+B2

sin (θ) =
B

√A 2+B2

( )



CTFD Frequency Response (2A) 14 Young Won Lim
9/23/15

Frequency Response in Control Theory (2)

A cos(ω t)+B sin(ω t ) A s

s2
+ω

2+
Bω

s2
+ω

2
= √ A2+B2cos(ω t−θ)

=
A s+Bω

s2
+ω

2

Y (s) =
A s+Bω

s2+ω2 G(s) =
A s+Bω

(s+ jω)(s− jω)
G (s) =

K1

s+ jω
+

K2

s− jω
+ F( s)

K1 = [ A s+Bω

s2+ω2 (s+ jω)G(s)]
s=− jω

= [ A s+Bω

(s− jω)
G(s)]

s=− jω

= −A jω+Bω
−2 jω

G (− jω) = 1
2
( A+ j B)G(− jω)

K2 = [ A s+Bω

s2+ω2 (s− jω)G(s)]
s=+ jω

= [ A s+Bω
(s+ jω)

G(s)]
s=+ jω

= A jω+Bω
+2 jω

G(+ jω)= 1
2
(A− j B)G(+ jω)

Partial Fraction

|G ( jω)| √A2
+B2 cos(ω t−θ+arg {G ( jω)})G (s)√A 2

+B2cos(ω t−θ) ( )
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Frequency Response in Control Theory (3)

A± j B = √A2+B2[ A

√A2
+B2

± j
B

√A2
+B2 ]

F (s)

lim
t→∞

f (t ) = 0

Ignore 

|G ( jω)| √A2
+B2 cos(ω t−θ+arg {G ( jω)})G (s)√A 2

+B2cos(ω t−θ) ( )

= √ A2+B2 [cosθ ± j sinθ ]

= √ A2+B2e± j θ

Y (s) =
K1

s+ jω
+

K2

s− jω
+ F( s) K1 =

1
2
(A+ j B)G(− jω) K2 =

1
2
(A− j B)G(+ jω)

lim
s→∞

s F (s) = 0

Stable System

e pi → 0 eσi → 0
system modes
pi<0 , σ i<0

Y ss(s) =
K 1

s+ jω
+

K2

s− jω
K1 =

1
2
√A2

+B2e+ jθG(− jω) K2 =
1
2
√A2

+B2e− j θG (− jω)
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Frequency Response in Control Theory (4)

Y ss(s) =
K 1

s+ jω
+

K2

s− jω

= √A 2+B2 ℜ{G(+ jω)e+ j (ω t−θ)}

|G ( jω)| √A2
+B2 cos(ω t−θ+arg {G ( jω)})G (s)√A 2

+B2cos(ω t−θ) ( )

=
1
2
(A+ j B)G(− jω)

1
s+ jω

+
1
2
(A− j B)G (+ jω)

1
s− jω

y ss(t ) =
√A2+B2

2
[G(− jω)e− jω t e+ jθ

+ G (+ jω)e+ jω t e− jθ ]

=
1
2
√A2+B2e+ jθG(− jω)

1
s+ jω

+
1
2
√A2+B2e− jθG (+ jω)

1
s− jω

=
√A 2+B2

2
[G (+ jω)e− j (ω t−θ)

+ G (+ jω)e+ j (ω t−θ)]

= √A 2+B2 |G(+ jω)| cos(ω t−θ+arg{G(+ jω)})
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Impulse Response h(t)
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