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Computing a Transfer Function

Q(D) - y(t) = P(D) - x(¢)
Q(s) - Y(s) = P(s) - X(s)
Y(s) _ P(s)

input applied zero initial conditions
att = -
d(t)

h(t)

—

N

Laplace Transform of h(t)

P(S) (bo,bu "',bN—lsbN) i —sT
H(s) = H(s) = | hit)e " dt
( ) Q(S> (]'Jals ”';aN—l:aN) ( ) { ( )
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Special cases of H(s)

. input applied
§=0+j0 att=-w

general s s
cases e’ ‘ h(t) e’
|
1
o=0 ,
|
\J
S ) (o)
1
. 1
ER {e]u)t} E
\J
restricted 0 .
cases cos(wt) ‘ h(t) 9 ‘ H(jo) - cos(wt)
0
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Frequency Response

Laplace Transform of h(t)

+00

H(s) = [ h(t)e"d=

S=0+jw

Polynomials of Differential Equation

Transfer function (t-domain)

y(t)

x(t)

H(s) =

x(t)=e"

Transfer function (s-domain)

S=0+jw
S=0+jW
S=0+jw
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Fourier Transform of h(t)

+00

H(jo) = f h(t)e ’""d=

— 0

Polynomials of Differential Equation

P(jw)

HU©) = 5(70)

Frequency response (t-domain)

H(jw) =

v

<

=3
I

S=jw
S=jw
S=jw
S=jw
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Transfer Function & Frequency Response

input applied zero initial conditions input applied zero initial conditions

att=-o

(1; al; Ty aN—l) aN)

t= -
& (1:01: v, Ay, aN)

= e -_‘[Oh(r)e_”dr (¢ <0) = ej“’t-__[oh(r)e_jmdr (t<0)
= e' |H(s) = ¢ H(jow)
i Cex Transfer , i o Frequency
H(S) — fh(r)e dT | function H(JUJ) = fh(r)e " response
0 — 0
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Total Response to everlasting sinusoidal inputs

e+jwt ‘
e /" )

g‘ H(+J-(D)e+j0)t — |H(+jm)|e+jarg{H(+joo)}.e+ju)t

g ‘ H(_jm)e—jwt — |H(_](D)l e+jarg{H(—joo)}.e—jwt
0

0

e+jmt + e—jmt - he) |0 ‘ |H(+jw)le[+jmt+arg{H(+joo)}] + |H(—] (D)|e[—ju)t+arg{H(—ju))}]
: — |H(_I_jw)l{e[+jwt+arg{H(+jw)}] + e[—jwt—arg{H(ﬂw)}]}
2cos(wt) m) w0 0w |[H(jo) 2cos(ot+arg{H(jw)))
Acos(wt+o) W 8 ) A|H(jw)|cos(wt+a+arg{H(jw)})
Asin(wt+o) m) w0 o m) AlH(jo)sin(ot+a+arg(H(jo)))
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Sinusoidal Steady State Response (1)

input applied input applied zero initial conditions
LI (1,‘11 "')aN—I’aN) ol (1"11, "',GN—1:‘1N)
olt h(t
(0 (0 )
) 0 ) h(e) 9
eCl‘ Z Kiek,-t + Bef;t eSt 0
(b():blx ) bN—lJ bN) i (bO: bl: ) bN—l;bN)
natural forced
total response steady state response
natural forced forced
A,
y(t) = 2 Kie™ + H(T)e™ >0 y(t) = H(T)e™ (> oo

y(t) = ZKieh"t+H(Z;)x(t) x(t)=e" y.(t) = H@)x(t) | x(t)=e"
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Sinusoidal Steady State Response (2)

input applied
cli= 0 (1 a; ”')aN—lxaN) SO
o(¢) Yo c,e™" +h(t)
) )
(N+1) .
ez;t yO ZKle ,-t+BeCt
(bo, b1, Ty bN—lJ bN) i
natural forced
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steady state

response

yi(t) = H(0)-Ae”
= A-H(0)

yi(t) = H(jw) Ae!

A-H(jw)e'

X(t) = A i
h() Yo
€= 0 ) y(‘
x(t)= Ae’™ | y& |
h() .VO:
% = _](1) t y‘o';L1
x(t)= Acos(wt) by
£ ‘ h(t) y%-
p— J(D y(ONl

Y (1)

H(jw) Acos(wt)
A-H(jow)cos(wt)
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Sinusoidal Steady State Response (3)

yss(t) — H(O).AeOt X(t)ZA -
= A-H(0) E=0
steady state
input applied fEIPRlTEE
att=0 (1,ay, -, ay_, ay) ZIR ZSR Forced
5(t) Vo Z ¢,e™" + h(t response
y(l)
.y 0 |- ‘
(1\.1—-1) N
e Yo > KM+ pe
(bo b, by bN) i
natural forced
Sl e
steady state
response
y(t) = H(jw)-Acos(wt) | x(t) = Acos(wt)
= A-H(jow)cos(wt) [E=jw
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Frequency Response

Y (1)

W,

AN

'JMVVV\
MM

_%WW

= H(jw) -Acos(wt)
= A-H(jw)cos(wt)

x(t) = Acos(wt)
E=jow
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Transient Response

Yslt

INPUT:
DIGITAL CHANGE

OR ANALOG STEP —

OUTPUT
RESPONSE

V1

) = H(0)-Ae"
A-H(0)

~—
~
~—

g X
I

S

Vo —

[«<—— SETTLING TIME —>
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Frequency Response in Control Theory (1)

VA’+B’cos(wt—0) wl G(s)  mi |G(jm)|\/A2+32cos(oot—6+arg{G(j(0)})

Acos(wt)+Bsin(wt)

— \/A2+B2[¢Af:BZ cos(wt )+ —=— sin(oot)}

= \/A2+B2[cos(e)cos(wt)+sin(6)sin(oot)]

= \/A2+B2cos(6—(ot)

= A*+B’cos(wt—0)

Acos(wt)+Bsin(wt)

=V A>+B’cos(wt—0)

A
)=
. B
sin(0) = \/A2+B2

CTFD Frequency Response (2A)

Young Won Lim
9/23/15



Frequency Response in Control Theory (2)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(0)})

Acos(wt)+Bsin(mt) As  Bw _ As+Bo
— ﬁ 2 2t 2 2 2
= A*+B?cos(wt—0) §+0 S5+ s +w
As+Bw As+Bw K K
y(s)= 253806 (s) = . —G(s)=———+—>—+F(s) Partial Fraction
2+ (s+jw)(s—jw) stjo  s—jo
[ As+Bo . As+Bw —Ajow+Bw : ;
K, = = = — = = —
= uials)| = [t BSG() o ARG ) LasB)G(- o)
_[As+Bw, _[As+Bw Ajo+Bw ~(, o v L, .
ko= A0 juals)] =106 = ALBUG( )= L(a-jB)G(+jo)
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Frequency Response in Control Theory (3)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(D)})

K K . . 1 ) .
Y(s)= —L1 + —2 4+ F(s) K,=2(A+jB)G(—jo) K,=~(A—jB)G(+jo)
Stjo  s—jw 2 2

A+jB =+vA*+B° % Stable System system modes
V +B VA +B epi > 0 eoi -> O pi<0’ 01<0

=V A’+B? (cos0 = jsin 6]
limf(t)=0 limsF(s)=0

N t=>o0 s>
— \/A2+B2eij6
Ignore  F (s)
Yss(S) — Kl + K2 Kl % A +Bz +JGG(_j(D) Kz = % VA2+Bze_jeG( .](D)

S+tjow Ss—jw
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Frequency Response in Control Theory (4)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(0)})

K, K, 1 1 1 . 1
- = 2(A+jB)G(- ~(A-jB)G
Y, (s) o s 5 (A+jB)G( J(D)S+jm+2( jB) (+J(U)S_J.(D
— l\/A2+Bze PG(—jw) 1_ + l\/A2+Bze G(+jm) 1_
2 stjo 2 S—Jjw
[ A2 2

yolt) = A;B G(—jw)e e’ +  G(+jo)e e

T | |
- JA;B G(+jw)e ™™ + Gl+jw)e )

= VJAMB® R(G(+jw)e ]

=  JAMB’|G(+jo) cos(wt—0+arg(G(+jw)))
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Impulse Response h(t)

N
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