Root Locus (2A)

Young Won Lim
10/15/14



Copyright (c) 2014 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and
no Back-Cover Texts. A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim
10/15/14


mailto:youngwlim@hotmail.com

The Original Transfer Function

http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf

Root Locus (2A) 3 Young e



The New Transfer Function

KG(s) _ KN(s)/D(s)
1+KG(s)  1+KN(s)/D(s) R(s) —> Gl > Y(s)

_ KN(s)
~ D(s)+KN(s)

D(s)+KN(s) = 0
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Conditions for new roots (1)

Find roots s

D(s)+KN(s) = 0

Conditions for a root s,

(K=0) A (D(s,)=0) ) 0+O0N(s) =0
D{s
(K#0) A (D(sy)#0) A (i((f")) = real) ~ Dfs,) _NESO; N(s,) = 0
0
(D(s,)#0) A (K = — 2 = reql # 0)
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Conditions for new roots (2)

Find roots s

N(s,)=0 = D(s))#0 (& nocommon root)

D(s,)+ KN(s,) = D(s,) # 0 © cannot be a root

N(s,) #0 foraroot s,

K=0 =) D(s,)+O0N(s,) =0 ~ D(s,) = 0 :original poles
K #0 ) D(s,)+ KN(s,) =0  D(s,) # 0
D(s,) = —KN(s,) # 0 K = —ﬁgzz; # 0
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Check for new roots

Find roots s

D(s,) =0 . K=0 ~ D(sy))+KN(s,) =0
Sy Is on the root locus of the pair (N, D)
D(s)<0 ) g=_2 . D(s)+KN(s,) = 0
N(So)
%) = real S, i1s on the root locus of the pair (N, D)
D(S())

K>0 —G(lso) = —ﬁtg >0 positive root locus of the pair (N, D)
K<0 —c;(150) = —ﬁgj; <0 negative root locus of the pair (N, D)
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Rule: Uniqueness of K

A either s, is not on the root locus
forany s, {
or S, IS on the root locus
. " then there is a unique K
D(s,)+ KN(s,) = 0
http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Rule: Real number condition of K

D(s,) #0 )
D(s
N(s,) G k=D b e kN(s) = 0
= real N<So)
D(So> | _ _
- Sy Is on the root locus of the pair (N, D)
N(s,)y _
N(So) _ N(So) 1 K>0 Arg{D(sO)}_TE
arg =qn = —— N(s)
D(s,) D(s,) K K <0 Arg (34} =0
arg| )| _ o [lsim2)(s=2)(s0=2) | = arg(s,2,) + arg(s,~2,) + - + arg(s,~z,)
D(s,) (sy=p1)(55=P2) (50— P,) —larg(s,—p,) + arg(s,—p,) + - + arg(s,— p, )]
arg(s,—z,) + arg(s,—z,) + -+ + arg(s,~z,)  (2¢#1)n K >0 positive root locus
_[arg(so_p1) + arg(so_pz) +oeot arg(so_pn>] S
 (2q)m K <0 negative root locus
/
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Number of Roots

D(s)+KN(s) = 0 Gls) = N(s)
D(s)
n roots s+ bs" '+ +b
 s"+as" '+ ta,
_ (s=2)(s=2,)+(s-2,)
(s=p)(s=p,)-(s=p,)
K=-1
' n-1roots ' nN-2 roots

<

-1 root at infinity 2 root at infinity
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Roots when K=0

K=0 —) D(s,)+0N(s,)) =0 1 D(s,) =0

The roots of D(s) :
The original poles

6(s) = M)

_ (s—z)(s-2,)-~(s-2,)

~ (s=py)(s=p,)--(s—p,)

http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Roots on real axis (1)

positive root locus

So
N(So)
ar =(2g+1)m
Po Z P * Z, |2 g D(SO) ( q )
X O X1 0O X

= (SO_P1) Arg(so_pl) =0
— (So_zo) Arg(so—zo) =0
> (So_po) Arg(so_po) =0
So—2,) <= Arg(s,—z,)=m
So_pz) D Arg(so_pz) =T

N(s,)
D(s,)

—[Arg(s,—p,) + Arg(s,—p,) + Arg(s,—p,)]=0 = (2g+1)x  Not on the positive root locus

Arg ’ = Arg(s,—z,) + Arg(s,—z,)

http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Roots on real axis (2)

positive root locus

So
N(s,)
Do Zy * P Zy P arg L= (2q+1)ﬂ?
. D(s,)
X Oo=4X 0 X
- (5,—2,) Arg(s,—z,) =0
— (5,— D) Arg(s,—p,) =0
(5= p)) <t Arg(s,—p,)=m
(50_21) B — Arg(so_z1) =X
(s,=p,) = Arg(s,—z,)=m
Arg ggzz” = Arg(s,—z,) + Arg(s,—z,)

—[Arg(s,—p,) + Arg(s,—p,) + Arg(s,—p,)]=n = (2¢g+1)x  on the positive root locus

http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Roots when K- oo (1)

K > —) D(s)+KN(s) = KN(s) = N(s)=0

The roots of N(s) :
The original zeros

-1 -1
Gls) N(s) s"+b;s" 4+ +b, " D(s) s"+a,s" +--+a,
S| = = — = =
-1 -1
D(S) Sn+alsn +".+an N(S) Sm+blsm +.co+bm
- 2 . a,—b
— Sn m 1 + 1 1 + -
Sn—m + (al—b1> Sn—m—l + S
s"+b,s" '+ +b, s+ as"t o+ -+ g,
Sn + blsn—l +
(611_171)5n_1 +-
- /
http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Roots when K- o (2)

D(s s"+a,s" '+ +a
—K — — 1 n
o T -1
N(s) s"+b,s" +-+b_
_ a,—b
= s""1 + 22— +
S
1 [ m+2qm
a,—b - - a,—b
— Sn—m 1 1 1 Kn m n—m ~ S + 1 1
S n—m
1 b 1 1 i T+2qm a—b )
- — - 1 1
(—K)"" ~ s|1 + a;,—0y fa-m s, = K mel - centroid
S n—m
(1+x)k ~ 1+kx (x<1) A
)\‘ — . al bl
1 n—m
(_K)n—m ~ s|1 + a; bl
(n—m)s
<= »
1 —
(Kejﬂ)n—m ~ s + a, bl 2t
n—m n—m
http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Centroid (1)

6(s) = 2

D(s)
B s"+b,s" 4+ 4 b b, = _Zzi — _Z Rz

= i [

1
s"+a,;s" +--+a,

(5—2))(s=2,)--(s=2z,) a, = =2 p; = -2 R(p

~ (s=p)(s=p,)--(s—p,) j j
1 [m+2gm
S() = Kn—m n—m . al bl
n—m
a,—b — . 1= .
n—m n—m n—m
6 = 2q+1)m qg=20,1,:--,n—m+1 Angle of asymptotes
n—m

http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Centroid (2)

GUNG)_ (sma)ls=z)(s—2)
) = D) = mp)s=pJ)—(s=p)
A= — al_;bl = 22 = 2 Rp)-2 %z Centroid
§) = N(s) _ (s+z,)(s+z,) - (s+z,)
C) = Bls) = Tsep,)(s+p)—(s+p)
A= 4+ al:bl = DN LIN = 2 Rip 2 Rz Centroid

http://www.cds.caltech.edu/~murray/courses/cds101/fa03/caltech/pph02_ch29.pdf
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Angle of departure from a pole

arg(s,—z,) + arg(s,—z,) + -+ + arg(s,—z,)
—larg(s,—p,) + arg(s,—p,) + -~ + arg(s,—p,)] = (2g+1)m K >0 positive root locus

arg(p, + ce’—2 )+ arg(p, + ce’™—z,) + - +arg(p, + ce’—7 )

Sy = p1+eeje" 0 It j0
—larg(p, + ee’*—p,) + arg(p, + e’ “—p,) + -+ arg(p, + ee’ —p,)| ~

arg(p,—z,) + arg(p,~z,) + - +arg(p,~z,)
— larg(ee’™) + arg(p,—p,) + - + arg(p,—p,)] = (2q+1)n

arg(p,—z,) + arg(p,—z,) +---+arg(p,~z,)
— [84+ arg(p,—p,) + -+ + arg(p,—p,)] = (2¢+1)n

n+arg(p,—z,) +arg(p,—z,) + - +arg(p,~z,)
— [arg(p,—p,) + -~ +arg(p,—p,)] = 6,
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Angle of arrival from a zero

arg(s,—z,) + arg(s,—z,) + -+ + arg(s,—z,)
—larg(s,—p,) + arg(s,—p,) + -~ + arg(s,—p,)] = (2g+1)m K >0 positive root locus

s, = z,+ce’™
arg(z, + ee’™—z,) + arg(z, + ee’™—z,) + - + arg(z, + ee’™—z,)

—[arg(z, + eeje"—pl) +arg(z, + eeje"—pz) +-+arg(z, + eeje"—pn)] ~

arg(ee’™) + arg(z,—z,) + - + arg(z,~z,)

z, — larg(z,—p,) + arg(z,—p,) + - + arg(z,—p,)] = (2q+1)=n
0, + arg(zl—zz) + -+ arg(zl—zm)
— larg(z,—p,) + arg(z,— p,) + - + arg(z,— p,)] = (2q+1)=n

n—larg(z,—z,) + - +arg(z,—z, )]
+[arg(z,—p,) + arg(z,—p,) + -~ + arg(z,—p,)] = 6,
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Breakaway Points (Repeated Roots)

D(s)+ KN(s) = (s=s))(s=s,)

I\
AN

:%(D(s)+ KN(S))] =0
d d
ED(s)+KEN(s)]_ =0
D(s,)
%D(SO)_ N(s,) S N(s) = 0 Check this for repeated roots
N(so)%D(so)_D(so)%N(so) =0 N(s)%D(s)—D(s)%N(s) -0
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2 D1

D>
X

argls,—2,) + arg(s,~2) + -+ arg(s,-z,)
—larg(s,,— p,) + arg(s,—p,) + -+ + arg(s,—p,)] = (2g+1)m K >0 positive root locus

= —larg(s,,—p,) + arg(s,—p,) +--- +arg(s,—p,)] =
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A
X
X X >
X
A
kN % >
X
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