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● Everlasting Exponential Inputs
● Causal Exponential Inputs
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Exponential and Sinusoid Functions

es t
exponential function 

= eσ t + iω t (s = σ + iω)= eσ t(cos (ω t ) + i sin(ω t))

eζ t

sinusoid function 

= eiω t (ζ = iω)

ℜ{s} < 0 (σ < 0) ℜ{s}= 0 (σ = 0) ℜ{s} > 0 (σ > 0)
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Causal & Everlasting Exponential Functions

ℜ{s} < 0 (σ < 0) ℜ{s}= 0 (σ = 0) ℜ{s} > 0 (σ > 0)

ℜ{s} < 0 (σ < 0) ℜ{s}= 0 (σ = 0) ℜ{s} > 0 (σ > 0)

● everlasting exponential function 

● causal exponential function 

t =−∞from

t = 0from

es t u(t )

e s t
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Everlasting & Causal Functions 

t =−∞applied at 

● everlasting exponential function 

● causal exponential function 

t = 0applied at 

es t u(t )

es t
t =−∞applied at 

● everlasting sinusoid function 

● causal sinusoid function 

t = 0applied at 

eζ t u(t )

eζ t

(s = σ + iω) (ζ = iω)
● exponential function ● sinusoid function 
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Sinusoidal Inputs and States

● everlasting sinusoid function 

● causal sinusoid function 

non-zero state at t = 0+

       zero state at t = 0–

continuous state between t = 0– &  0+

state at t = 0–  = state at t = 0+ h(t )

t = 0+t = 0−

h(t )

t = 0+t = 0−

continuous states

possible discontinuity

 ZSR

forced

input applied 
at t = 0 

input applied 
at t = -∞ 
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States before t=0 and after t=0 

h(t )eζ t

h(t )eζ t u( t)

y(0)
(0−

)

y(1) (0−
)

y(2) (0−
)

⋮

input applied 
at t = 0 

input applied 
at t = -∞ 

continuous initial conditions

may be discontinuous

non-zero 
conditions
at time 0+

created by 
the causal 
signal

0
0
0
⋮

y(0)
(0+

)

y(1)(0+
)

y(2)(0+
)

⋮

y(0)
(0+

)

y(1)(0+
)

y(2)(0+
)

⋮

Steady State 
Response

Zero State 
Response

 ZSR

forced

● everlasting sinusoid function 

● causal sinusoid function 
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Initial Conditions for Causal Sinusoidal Inputs

zero input response

zero state response
+

[−∞ , 0− ] [ 0+ , +∞ ]

natural response

forced response
+

y zi(0
−) ≠ 0

y zs (0
−) = 0

yzi(0
+)

y zs(0
+)

yh(0
−)

y p(0
−)

yh(0
+)

y p(0
+)

+ +

y (0−) y (0+)

+ +

continuous

causal 
sinusoid
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Initial Conditions for Everlasting Sinusoidal Inputs

zero input response

zero state response
+

[−∞ , 0− ] [ 0+ , +∞ ]

natural response

forced response
+

y zi(0
−) ≠ 0

y zs (0
−) = 0

yzi(0
+)

y zs(0
+)

yh(0
−) = 0

y p(0
−) ≠ 0

yh(0
+) = 0

y p(0
+)

+ +

y (0−) y (0+)

+ +

continuous

continuous

continuous

everlasting 
sinusoid
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Sinusoidal Inputs and System Responses

h(t )

h(t )

 forced

ZSR

input applied 
at t = 0 

input applied 
at t = -∞ 

Causal
Inputs

Everlasting
Inputs

ZIR + ZSR

y
n
 + y

p

ZIR + ZSR

y
n
 + y

p

(O)

(∆)

(X)

(O)
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System Responses and Valid Intervals

[−∞ , +∞ ]

expression assumes  −∞ < t < +∞

expression assumes  

t < 0 partmust disregard 

−∞ < t < +∞

valid interval

[ 0 , +∞ ]valid interval

already suppressed t < 0 part

input applied 
at t = 0 

input applied 
at t = -∞ 

Causal
Inputs

Non-causal
Inputs [ 0 , +∞ ]

expression assumes  −∞ < t < +∞

expression assumes  −∞ < t < +∞

valid interval

[−∞ , +∞ ]valid interval

not valid t < 0 part

ZIR + ZSR

y
n
 + y

p

ZIR + ZSR

y
n
 + y

p
valid also for t < 0 part
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Sinusoidal Inputs and ZSR & SSR

h(t )eζ t

∑
i

K ie
λ i t + βeζ t

     natural           forced

h(t )eζ t u( t)

∑
i

K ie
λ i t + βeζ t

input applied 
at t = 0 

ZIR                  ZSR

natural           forced

input applied 
at t = -∞ 

zero conditions

lim
t → ∞

y p = lim
t → ∞

β eζ t

0
0
0
⋮

0

∑
i

ci e
λ i t + h(t)∗ {eζ t u (t )}

Steady State Response

Zero State Response

non-causal h( t) ∗ {eζ t } lim
t → ∞

[h(t )∗ {eζ t
}]

h(t) can contain mode terms
which approach to zero
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Steady State Response of a ZSR 

∑
i

K ie
λ i t + βeζ t

     natural           forced

∑
i

K ie
λ i t + βeζ t

ZIR                  ZSR

natural           forced

zero conditions

lim
t → ∞

y p = lim
t → ∞

β eζ t

0

∑
i

ci e
λ i t + h( t)∗ {eζ t u (t )}

Steady State Response

Zero State Response

h(t) ∗ {eζ t } lim
t → ∞

[h(t )∗ {eζ t
}]

t → ∞

t → ∞
lim
t → ∞

y p = lim
t → ∞

β eζ t

lim
t → ∞

[h(t )∗ {eζ t
}]

Steady State Response
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1st Order System 

h(t )es t H (s) es t

input applied 
at t = -∞ 

1st order 
→ single mode
→ complex conjugate  
→ real  

complex exponential
→ complex 

eμ t eλ t

causal x(t)

non-causal x(t)

H (s) =
Y (s)
X (s)

=
1

(s−λ)

λ

μ = σ + jω
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1st Order System – Convolution Expression

h(t )es t H (s) es t

y (t) = eλ t ∗ eμ t

= ∫
−∞

+∞

eλ τ eμ(t−τ)d τ

= eμ t
⋅∫

−∞

+∞

eλ τ e−μ τ d τ

= eμ t⋅H (μ)

input applied 
at t = -∞ 1st order → real  

complex 

eμ t eλ t

causal h(t)causal x(t)
τ > 0t−τ > 0

causal h(t)Non-causal 
x(t) τ > 0

Non-causal 
h(t)

causal x(t)
t−τ > 0

Non-causal 
h(t)

Non-causal 
x(t)

eμ t
⋅∫0

t
e(λ−μ) τ d τ

eμ t
⋅∫0

+∞

e (λ−μ) τ d τ

eμ t
⋅∫−∞

t
e(λ−μ) τ d τ

eμ t
⋅∫−∞

+∞

e(λ−μ) τ d τ

= eμ t
⋅

1
(λ−μ)

[e(λ−μ) τ ]−∞

+∞

1
(μ−λ)

eμ t

H (s) =
Y (s)
X (s)

=
1

(s−λ)

λ
μ

Integration Interval
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Improper Integrations and ROC's 

[e+(λ−μ)t − 1]

[e+(λ−μ)∞
− 1]

[e+(λ−μ)t
− e−(λ−μ)∞

]

[e+(λ−μ)∞
− e−(λ−μ)∞

]

(λ < μ)

eμ t⋅
1

(λ−μ)
⋅[e+(λ−μ) t − 1]

eμ t⋅
1

(λ−μ)
⋅[−1]

eμ t
⋅

1
(λ−μ)

⋅[e+(λ−μ) t
]

eμ t⋅
1

(λ−μ)
⋅[−∞]

1
(μ−λ)

⋅[eμ t
− eλ t

]

1
(μ−λ)

⋅eμ t

−1
(μ−λ)

⋅eλ t

∞

causal h(t)causal x(t)
τ > 0t−τ > 0

causal h(t)Non-causal 
x(t) τ > 0

Non-causal 
h(t)

causal x(t)
t−τ > 0

Non-causal 
h(t)

Non-causal 
x(t)

lim
t→∞

e+(λ−μ) t
= 0

ROC

eμ t
⋅∫0

t
e(λ−μ) τ d τ

eμ t
⋅∫0

+∞

e(λ−μ) τ d τ

eμ t
⋅∫−∞

t
e(λ−μ) τ d τ

eμ t
⋅∫−∞

+∞

e(λ−μ) τ d τ
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1st Order System – Laplace Transform

d
d t
y (t) − λ y (t) = x(t)

sY (s) − y(0−
) − λY (s) = X (s)

Y (s) =
X (s)

(s−λ)
+
y (0−

)

(s−λ)

Y (s) =
1

(s−λ)(s−μ)

=
1

(μ−λ) (
1

( s−μ)
−

1
(s−λ) )

y (t) =
1

(μ−λ)
(eμ t − eλ t )

h(t )es t H (s) es t

input applied 
at t = -∞ non-causal

eμ t eλ t
1

(μ−λ)
eμ t

Zero State y (0−)= 0

X (s) =
1

(s−μ)

Zero State Response

Steady State Response

y (t) = lim
t→∞

1
(μ−λ)

eμ t
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Characteristic Mode inputs

y (t) = eλ t ∗ eλ t

= ∫
−∞

+∞

eλ τ eλ (t−τ)d τ

= eλ t
⋅∫

−∞

+∞

eλ τe−λ τ d τ

H (s) = ∫
0

+∞

h( τ)e−s τ d τ

= eλ t⋅H (s)

H (s)h(t )

causal h(t)causal x(t)
τ > 0t−τ > 0

causal h(t)Non-causal 
x(t) τ > 0

Non-causal 
h(t)

causal x(t)
t−τ > 0

Non-causal 
h(t)

Non-causal 
x(t)

es t⋅∫0

t
1d τ

es t⋅∫0

+∞

1d τ

es t⋅∫−∞

t
1d τ

es t⋅∫−∞

+∞

1d τ= eλ t
⋅ t

h(t )es t H (s) es t

input applied 
at t = -∞ non-causal

eλ t eλ t
1

(μ−λ)
eμ t
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Eigenvalue H(s) to an everlasting exponential input 

Ax = λ x

d
dt
y (t ) = λ y (t )

A x λ

d
dt

y (t) λ

matrix eigenvector eigenvalue

linear map eigenfunction eigenvalue

L x (t) = λ x (t) L x(t) λlinear map eigenfunction eigenvalue

∫
−∞

+∞

h( τ)es(t−τ)d τ = es t⋅∫
−∞

+∞

h( τ)e−s τd τ = es t⋅H (s)

L x xλ

Eigenvalue
A constant with 
a parameter s

∫
−∞

+∞

h(t−τ)es τd τ
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y
p
(t) to an everlasting exponential input 

H (s) =
P(s)
Q( s)

(DN
+a1D

N−1
+⋯+aN−1D+aN ) ⋅ y (t ) = (b0D

M
+b1D

M−1
+⋯+bN−1D+bN) ⋅ x ( t)

dN y (t )

d tN
+a1

dN−1 y (t )

d tN−1 +⋯+aN−1

d y ( t)
d t

+aN y (t ) = b0

dM x (t )

d tM
+b1

dM−1 x (t )

d tM−1 +⋯+bN−1

d x( t)
d t

+bN x (t )

(DN
+a1D

N−1
+⋯+aN−1D+aN ) ⋅ y (t ) = (b0D

M
+b1D

M−1
+⋯+bN−1D+bN) ⋅ x (t)

es tβ es t

(sN+a1 s
N−1+⋯+aN−1 s+aN ) ⋅ βes t = (b0 s

M+b1 s
M−1+⋯+bN−1 s+bN) ⋅ e s t

β =
(b0 s

M+b1 s
M−1+⋯+bN−1 s+bN)

( sN+a1 s
N−1

+⋯+aN−1 s+aN)

D r e st =
dr

d tr
es t = sr e st

Q(D)e s t = Q (s)e s t

P(D)e s t = P(s)e s t

=
P(s)
Q( s)

= H (s)

y p (t) = x(t) =
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Causal Exponential Total Response

t ≥ 0

Y (s) = ∑
i

K i

(s−λ i)
+
H (s)
(s−ζ)

(1 , a1 , ⋯, aN −1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

∑
i

ci e
λ i t + h(t)δ( t)

h(t )

eζ t ∑
i

K ie
λ i t + βeζ t

y0

y0
(1)

⋮

y0
(N−1)input applied 

at t = 0 

ZIR                  ZSR

natural           forced

natural              forced

y (t) = ∑
i

K i e
λ i t + H (ζ)eζ t

for a given s= ζ

steady 
state 

(pure imaginary) 
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Everlasting Exponential Total Response

(1 , a1 , ⋯, aN −1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h(t )δ(t )

h(t )

es t H (s)es t
input applied 
at t = -∞ 

y (t) = H (ζ)eζ t
−∞ < t < +∞

Y (s) = H (s)X (s)

for a given s= ζ

forced

ZSR

(pure imaginary) 

forced
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Forced Response to a causal exponential input 

h(t )

eζ t u(t) ∑
i

K ie
λ i t + βeζ t

0
0
0
⋮

input applied 
at t = 0 ZIR                  ZSR

natural           forced

For a forced response

For a steady response a pure imaginary ζ

any complex ζ

= βeζ tlim
t → ∞

y p(t )

Steady State Response

Transient Response

{y(t ) − lim
t → ∞

y p(t)} = ∑
i

K ie
λ i t

∑
i

ci e
λ i t + h( t)∗ {eζ t u (t )}

Y (s) = ∑
i

K i

(s−λ i)
+ H (ζ)X (ζ)

y (t ) = ∑
i

K i e
λ i t + βeζ t

(t > 0)

natural           forced
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Forced Response to a causal exponential input 

Q(D) y ( t) = P(D)x ( t)

Q(D)[βeζ t ] = P(D )eζ t

βQ(D)eζ t = P(D)eζ t

β =
P(ζ)

Q(ζ )

Q(D)eζ t
= Q(ζ )eζ t

P(D)eζ t
= P(ζ)eζ t

D r eζ t =
dr

d t r
eζ t = ζr eζ t

: NOT a characteristic modeζ

(1 , a1 , ⋯, aN−1 , aN)

(b0 , b1 , ⋯, bN−1 , bN)

Q(D) = (DN+a1D
N−1+⋯+aN−1D+aN)

P(D) = (b0D
M+b1D

M−1+⋯+bN−1D+bN)
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Total Response to an everlasting exponential input 

h(t )

es t H (s) es t

y (t) = h(t )∗ es t

= ∫
−∞

+∞

h(τ)es(t−τ)d τ

= es t⋅∫
−∞

+∞

h( τ)e−s τd τ

H (s) = ∫
0

+∞

h( τ)e−s τ d τ

= es t⋅H (s)

input applied 
at t = -∞ 

h(t )= 0
( t < 0)

H (s)h(t )

convolution works for 
non-causal input x(t) also

But if a causal system is assumed

non-causal

∫
−∞

+∞

h (τ )e−s τ d τ = ∫
0

+∞

h (τ )e−s τd τ

h(t) = 0 ( t < 0)

Unilateral 
Laplace Transform
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Total Response to an everlasting exponential input 

Q(D) y ( t) = P(D)x ( t)

Q(D)[h (t )∗ x ( t)] = P(D)x ( t)

Q(D)[e s tH (s)] = P(D )e st

H (s)Q(D)e s t = P(D )e st

D r e st =
dr

d tr
es t = sr e st

Q(D)e s t = Q (s)e s t

P(D)e s t = P(s)e s t

H (s) =
P(s)
Q( s)

H (s)Q( s)e s t = P(s)e st

(1 , a1 , ⋯, aN−1 , aN)

(b0 , b1 , ⋯, bN−1 , bN)

Q(D) = (DN+a1D
N−1+⋯+aN−1D+aN)

P(D) = (b0D
M+b1D

M−1+⋯+bN−1D+bN)
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Impulse Response h(t)



Young Won Lim
9/23/15

References

[1] http://en.wikipedia.org/
[2] J.H. McClellan, et al., Signal Processing First, Pearson Prentice Hall, 2003
[3] M. J. Roberts, Fundamentals of Signals and Systems
[4] S. J. Orfanidis, Introduction to Signal Processing
[5] B. P. Lathi, Signals and Systems


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29

