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Exponential and Sinusoid Functions
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Causal & Everlasting Exponential Functions

« causal exponential function
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Everlasting & Causal Functions

« exponential function * sinusoid function
(s = o+iw) (T = iw)
 everlasting exponential function « everlasting sinusoid function
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Sinusoidal Inputs and States

» causal sinusoid function —m SR
zero state at t = 0— p| h (t) I 7 |\
non-zero state at t = 0+ —A A A +
\/ t=0 t=0

input applied possible discontinuity
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continuous states
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States before t=0 and after t=0

non-zero created by
conditions the causal
may be discontinuous attime 0* signal

e causal sinusoid function
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« everlasting sinusoid function

continuous initial conditions
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Initial Conditions for Causal Sinusoidal Inputs

[—oo 0_] [0 +oo]
zero input response y(07) # 0 = y4(07) continuous
+ + +
zero state response ¥s(07) =0 =+ Y,5(07)
causal - +
ausal 0 0
sinusoid y(07) # y(0°)
AWA I
\/
natural response yal07) y4(07)
+ + +
forced response y,(07) y,(07)
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Initial Conditions for Everlasting Sinusoidal Inputs

[~0, 07] 0", +oo
zero input response ya(07) # 0 = y,(07) continuous
- + +
zero state response y5(07) =0 =+ Y,5(07)
everlasting 0" — 0*
W sinusoid y(0) y(07)
natural response ya0) =0 — ¥:(0°) = 0 1 continuous
- + +
forced response y,(07) # 0 — y,(07) continuous
i Young Won Lim
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Sinusoidal Inputs and System Responses

Causal S
Inputs _\A ZSR @"'ZSR (O)

> h(t) s
input applied
Lt S —hA y,+ Y, )
Everlasting
Inputs /\/\A forced ZIR + ZSR (X)
. . | h(t) m—
input applied

at t = -oo W @"')D (O)
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System Responses and Valid Intervals

ZIR + ZSR expression assumes —oo < t <+
Causal already suppressed  t <0 part
Inputs w valid interval [0, +oo]
input applied y +y expression assumes —oo <t <+
att=0 NN : P -
v, must disregard t <0 part
valid interval [0, +oo]
ZIR + ZSR expression assumes —oo < t <+
Non-causal W not valid t<0 part
Inputs valid interval [0, +oo]
input applied y +y expression assumes —oo < t < +o
att = - n p :
valid also for t<0 part
valid interval [—, +oo]
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Sinusoidal Inputs and ZSR & SSR

zero conditions Zero State Response
input applied ZIR ZSR
att=0 At Ct
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\ /4 Steady State Response
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Steady State Response of a ZSR

zero conditions Zero State Response Steady State Response
ZIR ZSR
t = o
Zciex"t+h(t)* {ettu(t)} - lim [h(t)*{elt}]
i t > o
N t > o
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natural forced
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/- AN
\ Z Kie;\itl!' Be™ ‘ lim y, = lim Be
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CLTI Time Response (7A) 14 Young vg(/32n3|7|1r2



1% Order System

input applied
att=-o

e mmmd () H(s) e H(s) = Yls) _ 1

t At
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1% Order System - Convolution Expression

input applied
att=-e 1% order — real A
complex W
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y(t) = e“ * e Integration Interval
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Improper Integrations and ROC's
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1% Order System - Laplace Transform

e
e’ mm=)  ht) H(s)e"
e e (Mix) e” Zero State Response
9 y(e) = nyle) = x(o Y(s) = o
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Characteristic Mode inputs

input applied
att=-c non-causal
h(t) H(s)
e’ mmm)  h(t) H(s) e
1 +00 o
o ot o e H(s) = }[h(r)e dt
y(t) — oMk ot |
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Eigenvalue H(s) to an everlasting exponential input

AX = AX A matrix X eigenvector A eigenvalue
i y (t) = A y (t) i linear map y ( t) eigenfunction % eigenvalue
dt dt
L x (t) = AX (t) I linearmap X(t) eigenfunction % eigenvalue
Lx X\
4 o D 4 a B
[ h(x)e'" dr = e [ h(xv)ed<| = e |H(s)
i st Eigenvalue
Jl h(t—t)e dt A constant with
—o0 a parameter s
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yp(t) to an everlasting exponential input
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Causal Exponential Total Response

ZIR ZSR
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natural forced
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Everlasting Exponential Total Response

S(t)
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Forced Response to a causal exponential input

input applied
att=0 ZIR
0
0
h(t) 0
: Z Kiex,.t + BeCt
natural
natural forced
y(t) = 2 Ke" +pe’ (¢ >0)
Y(s) = ¥ —+ H(T)X(2)
i (5_}"1')

For a forced response  any complex C

For a steady response  a pure imaginary C

2 e’ +h(t)* {eu(t)}

Steady State Response
lim yp(t) — ﬁeCt

t > oo

Transient Response

[y(0) = lim y,(0) = Tk

t > o
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Forced Response to a causal exponential input

(by, by, -, by_y, by)

(1’ Ay, == Ay, aN)
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Total Response to an everlasting exponential input

input applied
att=-x non-causal
h(t) H(s)
h(t)
H(s) = [|h(z)e " dt
0
y(t) = h(t)*e* convolution works for
non-causal input x(t) also
_ T h s(t—‘c)d But if a causal system is assumed
- J (t)e T h(t)=0 (t<0)
— st r —sT h(t)=0 +00 +oo
= e - Lh(r)e dT (t<0) J‘h('ﬂ)e_”d't — J'h(T)e—srdr
e 0
= e’ |H (S) Unilateral
Laplace Transform
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Total Response to an everlasting exponential input
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Impulse Response h(t)

N
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