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Total Response = ZIR + ZSR (Ex1)
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Total Response = ZIR + ZSR (Ex2)

homogeneous solution ZIR yo(t)

x(t) y{t) y(t)

k \__
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Total Response = ZIR + ZSR (Ex2)

ZSR
x(t) () 0
x ] _
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x(t) x(t) x(t)
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Forced Response Examples

d"y d" 'y dy o dVx d"'x dx
de" + aldtN_l + aN—ldt aN)&t)'_ bodtN bldtN_l + bN—ld + bNX(t)
5(t) wond h(t) ) y,(t)=0
0
u(t) ! wond h(t) ) y,(t)=A
t
t-u<r>/ wp h(t) mmmp V(0= AC+B
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Exponential and Sinusoid Functions

exponential function sinusoid function

st ot+imt ot __ iot

e = e (S:()’+i(D) e = e (Z;_I(D)

= ¢e’(cos(wt) +isin(wt))

R{sj<0 (c<0) R{s}>0 (c>0)
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Everlasting & Causal Function

(s = o+iw)

 everlasting exponential function

applied at { = —

St

e

» causal exponential function

appliedat t =0 appliedat + =0

e* ult)
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« everlasting sinusoid function

appliedat t = —w

e

e causal sinusoid function

e~ u(t)
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Sinusoidal Functions and Initial Conditions

severlasting sinusoid function ecausal sinusoid function
State att = 0— = state att = 0+ zero state at t = 0—
continuous state betweent=0- & O+ non-zero state at t = 0+

sin(ot) sin(w t)u(t) N

AN
Y
>

cos(wt ) cos (ot )u(t) creates

zero conditions non-zero conditions
attime t=0" -'attime t=0"
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Steady State Sinusoidal Response

input applied continuous initial conditions

¥*(07) |y(0%)
S W) b)) ey Dleady State
y(Z)( 3! )(0+) Response

non-zero created by
conditions the causal

input applied may be discontinuous ~ attime g* signal

m att=0
o |»7(0)
t 0 W (p* Zero State
Cul) m—) w0 | e o
AW :
v
I
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Total Response to exponential inputs

T

input applied //ZIR \  ZSR
att= -

D cie™ +h(t)xe” = h(t)xe"
o mmm) N

|
Z K, e“+ Be™ =Be™ =y,(t)

watura forced

zero conditions
input applied ZIR ZSR t> Steady state

att=0
Zce + h(t)*e~" wm h(t)xe"
0 pr—

—
—
~
~—
o O

ule)  —

ZKl.eM+ Be™ = pet =y (t)

natural forced t>0 Steady state

for a pure imaginary C
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Steady State Response

input applied Total Response

& -y k()

e )

input applied Steady State Response = ZSR (t- o)

m att=0
B Yo
e u(t) ‘ h(t) y(ol)l)ﬂ = h(t)*e"

. AWA o'l
|V =pe  =y,(0
for a pure imaginary C
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Steady State Responses (t & o)

ZSR ZIR ZSR

<
=
—
~
N——

Natural Response Forced Response
zero y,(t)=0 x(t)=98(t)
yp(t) constant y,(t)=p x(t)=k

diverges y,(t) =P t+p, x(t)=rtu(t)

oscillates y,(t)=pe" x(t)=e" T#M

zero y,(t) =e"(acos(wt)+ Bsin(wt) c<0
x(t)=e'  s#EM,
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Transient Responses

ZIR ZSR ZIR ZSR

i

ke
i

h(e) = byd(¢) + X d,e™

Natural Response Forced Response

> K
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ZSR to an everlasting exponential input

input applied zero initial conditions
L (1 a;, =, dy_ aN)
5(0) o I Q(D)y(t) = P(D)x(t)
(e) 8 Q(D)[h(t)* x(t)] = P(D)x(t)
. ; Q(D)[e"H(s)] = P(D)e"
e
(b, b by_1, by) H(s)Q(D)e'" = P(D)e"
y(t) = h(t)*e* Detzd—retzsret
dt
= [ h(x)e" “dr
‘J‘:" ( Q(D)e’ = Q(s)e”
= e“-_f h(t)e *"d= h((tt)<=0)0 P(D)e’" = P(s)e”
= e'"|H(s) H(s)Q(s)e’" = P(s)e"
i —sT _ P
H(s) = __[Oh(r)e dt H(s) = ng;
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Forced Response to a causal exponential input

input applied
att=0
1,a,, —,day_;, dy ZIR ZSR
(1, a, -, 2y, ay) Q(D)y(t) = P(D)x(1)
D> ¢ +h(t)
) QDIlper] = P(R)e
."1) At ct t t
2 Kie"+ pe BQ(D)e™ = P(D)e"
natural forced
dl”
DreCt - 4 Ct — CreCt
—
AN Q(D)e” = Q(E)e”
\ P(D)e™ = P(t)e™
initi_al condition_s initial condition+s
attime t=0 attime t=0 C : NOT a characteristic mode

s PO
)+ ) (), -, Y, y(09) 5 K, Q(c)

y,(t) = KM +K,e™ +- +Kye™' = Y Ke™
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Everlasting Exponential Total Response

;r][ptuf applied zero initial conditions Laplace Transform of h(t)
- (1:‘11: "')aN—l’aN)
6 t +00
(t) 0 H(s) = [ h(z)e "dt
‘ () 0 o
0 ”
! by, ,,N/H(f )e - Polynomials of Differential Equation
P(s)
H(s) =
<= 30)
for a given s = C
Transfer function (t-domain)
ZSR
t
y(t) = H(g)e™ 0 <[ < +00 H(s) %
— — ,tt
y(t) = H(T)x(d) x(t)=e Transfer function (s-domain)
Y(s)
= H =
Y(s) = H(s)X(s) )= X
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Causal Exponential Total Response

input applied Laplace Transform of h(t)
2D (1:‘11 ay l’aN) ZIR ZSR
Yo che H(S) — Ih(T)e_STdT
‘ ae) ‘ o
Z K.e™ +pe™ _ _ _ _
by, by, -+, by_y, by) Polynomials of Differential Equation
\\\\\\\‘55-—_ natural forced
steady H(s) = P(s)
tat
for a given s = e Qls)
natural torced Transfer function (t-domain)
t
y(6) = T K + H(Q)e" (>0 H(s) %
— At __ .ttt
Y(t) B Zl: Kie® + H )X(t) X(t) - ¢ Transfer function (s-domain)
K, Y (s)
Y = H X H =
) [Z (5=h) (S>] ) )= X0
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Impulse Matching Example

C(I;_}Z/ N 5% e Gl = % + 1x(t) h(t) + 5h(t) + 6h(t) = &(t) + 18(t)
: {h(o—) =0 {h(o+> - K
h(07) =0 h(0") = K,
(D> + 5D + 6)y(t) = (D + 1)x(t) hO) = K.5(c)
(A + 50 + 6) = (A+2)(A+3) = 0 {ii(o) = KiS(t)+K26(t)
h(t) = (c,e*+c,e™) - u(t)
h(t) = (=2c,e'=3c,e ™) ult) h(0) + 5h(0) + 6h(0) = &(c) + 18(c)

+ (c,e”*+c,e”) - 8(t)

{ h(0") = (c,e’+c,e’)-ult)

(K,8(t)+ K,d(t)) + 5K,8(t) + 6h(0)

A(0) = (—2c,e°—3c,e°) - ult) K, d(t) + (5K, +K,)d(t) +--- = d(t) + 13(t)
{h(O*‘) = c,*c, = +1 = K; K, =1 K, =1 = h(0+)
h(0") = —2¢,—3c, = —4 = K, SK 4K, = 1 {Kz = _4= h(0")
c, = —1
c, = +2
h(t) = (—e*+2e™") - u(t)
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Simplified Impulse Matching Example

f_tg . 5% £ 6yt) = % + 1x(t) h(t) = byd(¢) + [P(D)y,()]ult)
(D> + 5D + 6)y(t) = (D + 1)x(t) (D+1)y, (t) = (—2e*"+3e " )+(e*—e )

(A + 50 + 6) = (A+2)(A+3) = 0

yalt) = (e +c,e™) ¥.(0) =0
{yn(t) = (=2c,e **=3c,e ) {yn(o) =1 hle) = (=e™+2e ) ule)
{yn(O) = (c,e’+c,e’) =0
y,(0) = (=2c,e"=3c,e’) =1
{yn(o) = ¥, =0
y,(0) = —=2¢,—3¢, =1
c, = +1
c, = —1

Young Won Lim
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Step Response

T 459 s 6y = 92 4 k() h(e) = (~e "+2e")ult)
h(t) 4mm h(t) 4w 5(¢) s(t) = h(t) * u(t) = zh<r)u(t—r)dr
[ -d [ -a h(t)=(—e*"+2e°")-u(7)

S(t)ZIh(T)d‘E _ le—z _ge—ht
0 2 37 |
( 1 e 2 3,1
s(t) = [ (e +2e7)u(r)dx =5¢ T3¢ *g
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Step Response : ZSR of u(t)

The Method of Direct Inspection

Zz_t;zz N 5% v 6yl = 94X 4 1x(0) (D* + 5D + 6)y(t) = (D + 1)x(¢)

(A + 50 + 6) = (A+2)(A+3) = 0

yult) = (c,e™+c,e™) (t>0)

2

d d
E Sy 6(0 = 800 + uly x()=ule) = x(t)=1 (t>0)

6(1) (I) I() - the highest order yp(t) * Sy”(t) * Gy"(t) =1 (t>0)
t)+ ult)+--- tult)+--- . hy
\\\~)umuump o singularities yp@)==A 6A = 1 yp“)::é
y(07) = y(07) y(07)=0 _ +
U= sorer Uto=s )
Y0 = (e e Yo (50)
{y<o> = (cre)+ 2 =0 ylt) = (~2c,e=3c,e™)  (t>0)
yt) = (-2e,e™-3c,e™) =1 y(0) = (ere) 4 (0
_ y(0) = (=2¢,—3¢c,) (t>0)
s(t) %e 2t—§e s, L (t>0) Y
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Step Response : ZSR of u(t)

The Method of balancing singularities

dz_}zz N 5% + Byle) = % + 1x(0) (D* + 5D + 6)y(t) = (D + 1)x(t)
at (A> + 50 + 6) = (A+2)(A+3) = 0
y(t) = (y(0)+y,(6)-ult) yult) = (c,e+c,e™) (¢>0)

= (cre™+ce ™ + ) ult)

-3t . 1

y(t) = (cre*+ce™ +5)-8(¢)
+(—2c,e*"=3c,e™) - ult)

_1
= (c+c,+5)-8(t)+(—2c,e*=3c,e”*) - u(t) y,lt)= A 6A =1 y,lt)= 6

Y(t) = (C1+C2 + %) : 6(t) + (_2C1_3C2) : 6(t)

+(4c,e?+9c,e®) - ult)

5y(t) = (5c,+5¢,+¢) - 8(t) +(—10c,e > —15c,e ") - u(t)

6y(t) = (6c,e?+6c,e+1)-ult)

{ (C1+C2+€1) =0 { Ci+C, = _% {Cl = +% 1 e 2 5 1
(3C1+2C2+%) =1 3c,42¢, = % c, = _% s(t) = Ee —ge +E ~u(t)
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Step Response : ZSR of u(t)

The Method of Balancing Singularity Function

‘j—t};+5%+6y(t):%+1 (t)
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Impulse Response h(t)

BN

N
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