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Solutions of Differential Equations : h(t)

requirement at time t=0
All the derivatives of h(t) up to N must match a

corresponding derivatives of the impulse up to M
at time t=0

requirement at time t# 0

The linear combination of all the derivatives of h(t)
must add to zero for any time t£0

y, (Hu(t) is such a function

y, (1) is the homogeneous solution
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d" x(t) d""x(t) dx(t)
d +b, deM! by_, dt +bMX(t)
Casel N>M

The derivatives of the y (t)u(t) provide all the

singularity functions necessary to match the
impulse and derivatives of the impulse on the right
side and no other terms need to be added

Case2 N=M

Need to add an impulse term Koé(t).. and solve for
K, by matching coefficients of impulses on both
sides

Case3 N<M

The N-th derivative of the function we add to y, (tju(t)

must have a term that matches the M-th derivative of
the unit impulse. We have to add these terms

K, u. _ (t)++Ku/(t)+ Kyu,lt)

m—n -m-—n

=K, 8™ "(t)+-+ K,8"(t) + K,8°(¢t)
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Requirements at tZ0 (1)

d¥h(t)  d""h(t) dh(t) d¥o(t) . d"'o(t) do(t)
+ bt +a. h(t b +b +---+b +b,, 0(t
dc a, q ay_4 dt ay ( ) 0 q” 1 e M-1" g M ( )
requirements att # 0
h(N)(t)+alh(N_1)(t) -~ +ayh(t)=0 (t#0)
The linear combination all the derivatives of 5(t)
of all the derivatives of h(1) exists only t=0.
must add to zero for any time tz0 It is zero for any time t£0
CLTI Impulse Response (5B) 4 Young Won Lim

7/25/15



Requirements at tZ0 (2)

d“h(t) d"'h(t) dh(t) d¥o(t) . d"'o(t) do(t)
+a +o4a, +ayh(t) = b +b +b,,_ +b,, 0(t
dtN 1 dtN_l N—-1 dt N ( ) 0 dtM 1 dtM_l M-1 dt M ()
u(t)=0 the linear combination of all
: step function the derivatives of yp(t)
results to zero
. homogeneous solution
[ [ ] [
u(t)=0 weayy e ayy, =0
for t<0, u(t)=0
y,(t)u(t) when t#0

for t>0, y(hN)"' al}’;qul)"' et ayy, =0

derivatives of { y,-u| produce
derivatives of 6 when t=0

‘ A possible candidate of  h(t)
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Requirements at t=0 (1)

d"h(t d" 'h(t dh(t d¥ o (t d¥ 18 (t do(t
dtls )+a1 dtN_(l )+---+aN_1 d(t )+aNh(t) = | b, dtl\g )+b1 dtM_(l )+---+bM_1 d<t )+bM6(t)

requirements at t = 0

All the derivatives of h(f) up to N

Need to add a o(t) and its derivatives

must match the corresponding in case that (N < M)
derivatives of an impulse (t) up to M Need to integrate v (i)-u(t) several times
at time t=0 in case that (N > M)
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Requirements at t=0 (2)

d¥h(t)  d"""h(t) dh(t) d¥o(t) . d"'o(t) do(t)
+a +---+a +a,h(t b +b +b,,_ +b,, 0(t
dtN 1 dtN_l N-1 N () 0 dtM 1 dtM_l M-1 dt M ()
(N<M)
d d" ! d"5(t)  the highest order
— t)ul(t = ————1c,0(t); +
dtN{yh( Jult) dtN_l{CO (e} b, de™ derivatives of d(t)
yh(t)-u(t) gives the highest order (N-1)
Need to have the following terms
(N<M) (N<M)
d" N d"5(t)  the highest order
M—n dtMé(t) * T Mo dt”’é(t) % by de™ derivatives of 3(t)
d" d"
moﬁé(t) + + mM—thMé(t) —
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Requirements at t=0 (3)

d"h(t dV ' h(t dh(t d”s(t d" 15 (t do(t
dtlg )+a1 dtN_(l )+---+aN . ( )+aNh(t) = b, dtl\g )+b1 dtM_(l )+---+bM_1 d<t )+bM6(t)
d" d"
moﬁé(t) + + mM—th_Ma(t) -

all the derivatives of y (t)-u(t) may not

include all the required the derivatives of _Need to add a o(t) and its derivatives
3(t) at the time t=0 in case that (N<V)

in case that N < M.

h(e) = yl)ule) + myd(c) (N=M) |
h(t) = .}’h(t)u(t)+m06(t)+m16(t)+'°'+mM—N6(M_N)(t) (N<M) /‘
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Requirements at t=0 (4)

d¥h(t)  d"'h(t) dh(t) d¥o(t) . d"'o(t) do(t)
de" +a, g toeetay dt +aNh(” = b, q" +b, qe +by_, dt +bM6(ﬂ
d" d" (1210 d"5(t)  the highest ord
_dt e highest order
F{ b= ™ (eod(e)} + b, deM derivatives of 3(t)
h(t) gives the highest order (V1)
h(t) must have the following terms
N-M-1
h(t) = _L_L y(O)u(t) de---dt
(N<M)
d" qMt [ gh-M-t _am! d"8(t)  the highest order
F{h(t)} - dtM”{dtNMl (h(¢)) dett yi(t)ult) b, de derivatives of &(t)
CLTI Impulse Response (5B) o] Young Won Lim

7/25/15



Requirements at t=0 (5)

th(t)+a d"'h(t) dh(t)

die" di" !

d¥o(t) . d"'o(t) do(t)
h —|p b
tay (t) 0 a +D, Ji + -1 44

All the derivatives of h(t) up to N

must generate the derivatives of an Need to integrate yh(t)-u(t) several times
impulse &(t) only up to M in case that (N>M)
in case that N > M

_Oo..._oo (N>M)
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. Impulse Response Representations in terms of
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Derivatives of

h = y,u
B = 0y gy g

h? = y(hz)u + 2y511)u(1) + yhu(z) 2y(hl)(0)6(t) + yh(O)é(l)(t)
h? = yf’)u + 3y£2)u(1) + 3y(hl)u(2) +y, u® 3y(hz)(0)6(t) + 3y(hl)(0)6(1)(t) + yh(O)é(z)(t)
All the derivatives of h(t) up to N incurs
h(t) = y,(t)u(t) the derivatives of an impulse &(t) up to N-1
N
) = G n(0ulo) K" TR e K30 K00
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Three different h(t)'s

h(t) = y,(t)ult)

CLTI Impulse Response (5B)

All the derivatives of h(t) up to N incurs
the derivatives of an impulse d(t) up to N-1

All the derivatives of h(t) up to N incurs
the derivatives of an impulse d(t) up to N-2

All the derivatives of h(t) up to N incurs
the derivatives of an impulse d(t) up to N-3

13
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Derivatives of three different h(t)'s

h(t) = y,(t)u(t) W™ (¢) KM () + K,V () 4+ +Ky . 8Y() +K,0(t)
h(t)=jyh(t)u(t) dt h™(¢) K8V 7)) +K,0" () 4 4Ky ,0(1)
h(t)Zﬂyh(t)u(t) dt dt () K 0" () +e +Ky50(1)
CLTI Impulse Response (5B) 14 Young Won Lim
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All the derivatives of h(t) up to V

hV(t) +a1h(N_1)(t) + +aN_2h(2)(t) +aN_1h(1)(t) +aNh(0)(t)
a” a’! d d
(a) dt—N{yhu} dtN_l {yhu} E[yhl,l} E{yhu} yyu
dN—l dN—2 d t
(b) W{yhu} P (ynu) E{yhu} ypu _fooyhu dt
dN—2 dN—3 t t t
(c) Wb’hu} dtN_g{yhu} Ynl Lyhu dt L_Lyhu dt dt
(N=M+1) (N-1=M) -1 = gM (M—N+1=0)
(N=M+2) (N-2=M) N2 = g™ (M—N+1=-1)
(N = M+3) (N-3=M) N3 = g™ (M—N+1=-2)
Young Won Lim
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Negative powers denote integration

(a) h(t) = y,(t)u(t) W k() = y,(0)uld) —  g(t)
t * t
(0) () = y(cu() he)= [ y(Out)de == ¢ )= [ gle) ar
(©) : * .
h2(e) = y,(t)u(t) ‘ h(t) = ﬂ y,(Ou(t) dede ——  g"(¢) E_L_Lg(t) de dt
CLTI Impulse Response (5B) 16 Young Won Lim
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Derivative of three different h(t) : g(t), g”(t), g©(t)

’ﬁN“t) +a1hmpdxt) + +aN—2hQKt) +aN_1h“Kt) +aNJﬁm(d
(@c g¢"(1) g™ () g*(t) g"(t) g(t)
by ¢" ") g" () g"(¢) g(t) g(t)
€  g"() g™ (¢) g(t) g () g (1)
g(t) =y, (t)-u(t)
(N=M+1) (M—N+1=0) h(t) = g™ " (¢) = g""(¢)
(N=M+2)  (M—-N+1=-1) h(t) = g™ " (t) = g" "(t)
(N=M+3)  (M—N+1=-2) h(t) = g™ ""(t) = g ()
CLTI Impulse Response (5B) 17 Young Won Lim
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Impulse response h(t) in terms of y (1)-u(f)

Ch(t) = gV = _j;jw y(t)u(t) dt---de (N>M)
< h(t) = glt)+ m,d(¢) (N=M)
N h(t) = g(t)+m06(t)+m16(t)+---+mM_Né(M_N)(t) (N<M)
CLTI Impulse Response (5B) 18 Young Won Lim
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Finding Impulse Response from Diff Equations

* Impulse Matching Method
» Simplified Impulse Matching Method

e Green's Function
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Impulse Response and Other System Responses

ylt
Impulse Response (®)

impulse or its
derivative functions

‘ h(t) ‘ may exist at t=0

PN /
- 0

AN

t=0 t=0"

[l —p

Step Response

A may not be continuous but
not contain an impulse
function at t=0

wend s(t)  memd
!

AN AN

t=0" t=0 t=0" t=0" t=0 t=0"
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X() =1

1 yi(6)+y(t) =1
) h(t) )
y(0)=2 ylt)=1+e" y'(t)=—e"
y(0)=1 y(t)=05(1+e") y'(t)=-05¢e"
y(0)=0 y(t)=1-¢" (t)=+e"

CLTI Impulse Response (5B) 23 Young Vgclnzn;lln;



x(t) = u(t)

Step Response

u(t) mesh  h(t) e s(t) y'(t)=[e"ult)+(1—e")d(t)]
"

i ;
' |

o(t) mwshi h(¢) w==h k)

CLTI Impulse Response (5B) 24 Young Vgclnzn;llrg



x(t) = &(t)

y(07)=0

All initial conditions are
zero at t=0

CLTI Impulse Response (5B)

t=0" t=0 ¢t=0"
Generates energy
storage creates
nonzero initial condition y(0)=1

at t=0"

%
/
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X(t) & x'(t) forcing functions

h'(t)=—ae ™ u(t) + e 8(t)

h'(t)=—ae ™ u(t)+ §(t)

CLTI Impulse Response (5B) 26 Young Vgclazn;lln;



Initial Conditions & Total Response

S(t) wmmd
S(t) wm)
S(t)  mwmmd
u(t) )
r(t) )

CLTI Impulse Response (5B)

b,8(t) + char mode terms t>0

b,o(t) + %char mode terms t>0

b,o(t) + %char mode terms t>0

C + f char mode terms dt t>=0

c+ f f char mode terms dtdt t=0

27
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linear combination of an
impulse and its unique
derivatives (the doublet,
the triplet, etc) : all these
existattimet=0

no impulse and its unique
derivatives attimet =0
Generally, the interval of
interest for y(t) ist >0
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Unit Step Function

Y1
g, (t) = undefined

)

ga(t) = Y2

(t<0)
(t=0)
(t>0)

(t<0)
(t=0)
(t>0)

o
fgl.(t)dt =0 (i=1,2,3,4)
e

The area under a single point is zero, regardless
of the point's value , if it is finite

The system response is the same

The transform is the same also

Any two functions that have finite values
everywhere and differ in value only at a finite
number of points are equivalent in the system
response or transform

CLTI Impulse Response (5B)

Young Won Lim
7/25/15



e Superposition of Input Functions
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