CLTI Impulse Response (5A)

Young Won Lim
//////



Copyright (c) 2011 - 2015 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no
Back-Cover Texts. A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

Young Won Lim

8/1/15


mailto:youngwlim@hotmail.com

Impulse Response & Particular Solution

d¥y()  d"y(r) dy(t) dx(t) . d"'x(t) dx(t)
it T gt Tt T g rany (8 = byt e TR by =g e by x(0)
y(t) = h(t) : impulse response when x(t) = &(t) : forcing function

causal valid
system interval
t<O t=0 t>0
forcing function x(t) = 0 §(t) 0
rticul
Solution V{0 b,8() 0
homogeneous vy, (t) 0 y (t) y, (t)
solution N
= N>M b =0
impulse response h(t) yh(t)u(t) ( ) 0
h(t) =y, (tu(t) + b 6(t) (N=M) b0
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Impulse Response of Differential Equations

Homogeneous solution

_ Particular solution

y,(t) homogeneous solution
- characteristic modes only

!

h(t) =y (tu(t) (N>M)
h(t) =y (tu(t) + b d(t) (N=m)

linear combination of all the
derivatives of h(t) must add to zero
forany timet # 0

d"h(t)  d"7'h(t) dh(t)
aO dtN +al dtN_l +“.+aN—lT+aNh(t)
d“o(t) . dY"'o(t) dd(t)
= b, de” +b, de” ! +"'+bM—1T bMé(t)

yp(t) particular solution

- linear combination of the forcing function
x(t) and all its unique derivatives x"(t)

<

—
(s

~

y(t) = b b(t) {X(t) = 0(t)
p y(i)(t) — di6(i)(t) X(i)(t) — 6(i)(t)

linear combination of an impulse &6 and its
unique derivatives (the doublet, the
triplet, etc) : all these exist attime t = 0
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Particular solutions for x(t)=0(t) at t=0

Finding particular solution

Particular d"h(t)  d"'h(t) dh(t) d¥s(t) . dM'8(t) dd(t)
solution a, o +a, R totay = +a,h(t) =|b, T +b, R +---+bM_l—d +b,,8(t)
h(t) is dlfferenuated must match 6(t) is dn‘f_erentlated
up to n times up to m times
o h(t) d
: : — when h(t) does not
We can determine whether h(t) can contain f h(t)dt = 0 i e 7 A s G
an impulse or its unique derivatives 0" derivatives

[h(t)dt # 0  otherwise

0"
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h(t) can have at most a o(t)

d"h(t) d" 'h(t) dh(t) d'o(t) . d"'o(t) dd(t)
de" +GIF+°.'+GN—IT+aNh(t) = b, di +b, dii-1 +by_, dt bNa(t)

1 | :

If 8"")(t) is included in h(t), then the highest order term
DoV(r) — | 8"(y) b,D"8(¢) — | 8"(¢)
can't match
h(t) cannot contain 8()(t) at all mm h(t) can contain at most 6(t) M = N
h(t)
Tﬁ h(t) =|b,d(t)|+ char mode terms t>0 M = N
CLTI Impulse Response (5A) 6 Young Won Lim
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Particular solution at t=0

d y(t) d"y(r) dy(t) d"x(t) . d"'x(t) dx(t)
o +a, e +otay_, +ay y(t) = b, i +b, s +--+b,,_, T +b,, x(t)
General System S
when x(t) = &(t) : forcing function
y,(t) = byd"™ () + b, 8" V() + -+ b, 8" (t) +b,5(t)
d"y(t) d"y(r) dy(t)
ac ta, g teeetay +aN)4f) = X(t)
Base System S0
when x(t) = &(t) : forcing function
y,(t) = d(t)
CLTI Impulse Response (5A) 7 Young Won Lim
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 Requirements of an Impulse Response

CLTI Impulse Response (5A) o] Young W%r;lbilrg



Solutions of Differential Equations : h(t)

requirement at time t=0
All the derivatives of h(t) up to N must match a

corresponding derivatives of the impulse up to M
at time t=0

requirement at time t# 0

The linear combination of all the derivatives of h(t)
must add to zero for any time t£0

y, (Hu(t) is such a function

y, (1) is the homogeneous solution

CLTI Impulse Response (5A)

d" x(t) d""x(t) dx(t)
d +b, deM! by_, dt +bMX(t)
Casel N>M

The derivatives of the y (t)u(t) provide all the

singularity functions necessary to match the
impulse and derivatives of the impulse on the right
side and no other terms need to be added

Case2 N=M

Need to add an impulse term Koé(t).. and solve for
K, by matching coefficients of impulses on both
sides

Case3 N<M

The N-th derivative of the function we add to y, (t)u(t)

must have a term that matches the M-th derivative of
the unit impulse. We have to add these terms

K, u_ (t)+-+Ku/(t)+ Kyu,lt)

m—n —m-—n

=K, 8" ")+ + K,8"(t) + K,8"(¢t)

Young Won Lim
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Integrals of

t t
f f yult)u(t) dt---dt —) yu(t)u(t) linear equation with constant coefficients
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Case Examples

in most systems N= M

h(t) =
yult)u(t)

(N>M)
d"h(t) d"'h(t)
a | g T Fayh(o
d" (¢ dV 5 (t
bO dtN_(l )+ ( ) +bN—2 dt bN—lé(t)
M=N-1
(N=M)
d"h(t) d" 'h(t)
ac e T Fayh(o
d¥o(t) . dV7'o(t)
by— 5 b —— by o(t)
M=N
(N<M)
dh(t) d"7'h(t) va, ht)
de™ 1 ddv! N
d"'o(t) . dVolt) do(t)
bO dtN"'l +b1 dtN +"'+bNT
M=N+1

seldom used N< M

CLTI Impulse Response (5A)
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 An Impulse Response of a Causal LTI System
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ODE's and Causal LTI Systems

th(t)+ d"'h(t) dh(t)

d"o(t)
de” eVt ¢ +aNh<t) = b,

de”

d"5(t) do(t)
deM! +otby dt

+b, +b,, 5(t)

N> M : (N-M) integrator

N < M: (M-N) differentiator — magnify high frequency components of noise (seldom used)

CLTI Impulse Response (5A) 13 Young W%r/wﬁilrg



n(t) can have at most a o(t) for most systems

y(t) ¢mm h(t) ¢mm x(1) Y 4 @y s gy YU+ agy = box™ + b x™ Y & o+ by XV + byx

h(e)em p(e)ems(¢c) h™N + a,h™ + o+ ay WY + ayh = bpd™ + b 0N + o+ by 87 + byd

b 6(N) the highest order
0 derivatives of 5(t)

if h contain § cs'Nv —

cannot be matched

. . + (N) the highest order
if h contain 8"’ C&'"™N*" ZF  Dyd derivatives of ()

cannot be matched

. . + (N) the highest order
if h contain 8% ceNY == b,yd derivatives of (1)

t=o h(t) can have at mostanimpulse byd(t)

. . . . >
no derivatives of §(t) possible at all in most systems N = M

CLTI Impulse Response (5A) 14



n(t) can have at most a o(t) (N = M)

N =M Q(D)y(t) = P(D)x(t)
N M (N = M)
(D" +a, D" '+---+a, ,D+a,)h(t) = (b,D"+b, D" '+---+b, 1D+bN'
the highest order term the highest order term
in the LHS in the RHS
if 8'(t) isincludedin h(t)
% > () 5™ V(1) == 5™ (¢) == contradiction
t
h(t) cannot contain d0)(t) at all — h(t) can contain at most o(t)
onlywhen N = M
CLTI Impulse Response (5A) 15 Young Won Lim
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 An Impulse Response and System Responses
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Causality

Causal Signals: Causal System: Causal Signals:
the input signals the response h(f) cannot the output signals
starts attime t = 0 begin before the input starts attime t = 0

x(t) mmmd h(t) wwmd y(t)

t=>0 t=>0 t=>0
y(t) _ Tx(t)h(t—r)dr x(t)=0 (t<0) causal signal: x(1)=0 (t < 0)
“o0 h(t—t)=0 (t—t<0) causal system: h(t)=0 (t<O0)
y(t) = x(t) * h(t) = [ x(v)h(t—7) d+
. causal signal: y(t)=0 (t<0)
= _fo_x(t—t)h(t) dt

0 toinclude an impulse function &(t) in h(t)

CLTI Impulse Response (5A) 17



h(t) as a ZSR (t = 0)

t=>0 t=>0 t>0 A
16(0 h(t)
. x(t) mmmd  h(t) mmmd y(t) _ >
1 1
_ x(v)h(t—=v)
‘ﬂv) de-v) W -y I
L x(v)o(t—v) ‘ x(v) h(t—v) _
v i vV 1
input value at time v - X(V)
delayed impulse response - X(V) h(t - v)
A
x(t) = y(t) =
Tm Tﬁ " x(v)d(t—v) dv ‘ [ x(v)h(t=v) dv
1 No initial condition is used 1 g
to compute the output
Zero State (initially at rest at t=07)
CLTI Impulse Response (5A) 18 Young Won Lim
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h(t) as a ZIR (t > 0)

dh(t)  d""h(t) dh(t) d’o(t) . d"o(t) do(t)
dt 1T g N toeetay +aNh(ﬁ) = | b, q" +b, qi +”'+bM;1_:ﬂf"+bM6(O
h(t) = y,(t)ult)
Tal . The solution of the IVP
Interval of Validity : (t > 0) e
Zero Input (no input fort>0) creates nonzero i. ¢ K (0") = ky.,
5(t)=0 for t>0 HY2(0") = kyo,
h(l)(0+) = k,
h(0%) = k,
3(t) h(t) h(t)
: ! .
t >0 t >0 t>0
an impulse may be present No impulse is assumed
ZIR (no inputfort>0)
CLTI Impulse Response (5A) 19 Young Won Lim
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Impulse Response h(t)

3(t) ht)
) wond h(t) )
5(07)=0 5(07)=0
T
RN SN
t=0" t=0 ¢=0" t=0" t=0 ¢t=0"
* general y(t) cannot be a ZIR h(t) : ZIR with the newly created I.C.  (t > 0)

for a general input x(t)

(generally x(t) # 0 for t > 0) 0. +
h"Y(07) = Ky t=0 h(t) = char mode terms
* but an impulse input vanishes HY2(0") = kyo, (¢0)
(x() =3(t) =0 fort>0)
HY(0") = k t=0 h(t) = b,5(t) at mostanimpulse
(N>M) h(0%) = k,
non-zero i. c. t=0 h(t) = b,8(t)+ char mode terms
Ji, k#0

h(t) : ZSR to an impulse input

CLTI Impulse Response (5A) 20 Young Wcé?lbiln;



Assumed Finite Jumps

:O+

 generates energy storage
. +
e creates nonzeroi. c. at t=0

(N=1)[ ey initially (N) - Kk (i) (N-1(n*) =
h(0) =0 at rest h(e) ni® + 20, kid R™(07) = kvt | on-zero initial

H07) =0 e L I — L Ul S R

W) =0 O N N W(0%) = ky
§ ,- mpulse R
ho) =0 W0 = kd +X k8" paching ho") = ko

Assumed finite jumps

CLTI Impulse Response (5A) 21 Young W%?lbiln;



System Responses and Valid Intervals

ZIR + ZSR expression assumes —oo < t < 4o
Causal already suppressed  t <0 part
Inputs w valid interval [0, +oo]
input applied y +y expression assumes —oo <t <+
att=0 B AWA noop i
v, must disregard t <0 part
valid interval [0, +oo]
ZIR + ZSR expression assumes —oo < t < 4o
Non-causal W not valid t<0 part
Inputs valid interval [0, +oo]
input applied y +y expression assumes —oo < t < +o
att = - n p :
valid also for t <0 part
valid interval [—, +oo]
CLTI Impulse Response (5A) 29 Young Won Lim
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Initial Conditions for Causal Sinusoidal Inputs

[—oo 0_] [0 +oo]
zero input response y(07) # 0 = y4(07)
+ + +
zero state response ¥s(07) =0 =+ Y,5(07)
y(0°) =+ y(0")
AWA I
\/
natural response yal07) y4(07)
+ + +
forced response y,(07) y,(07)
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Initial Conditions for Everlasting Sinusoidal Inputs

[—oo 0_] [0 +oo]
zero input response y(07) # 0 = y4(07)
+ + +
zero state response y5(07) =0 =+ Y,5(07)

AN I [
yavavS I [

<
&
|
<
—
=

natural response y(07) =0 — y,(07) = 0
+ + +
forced response y,(07) # 0 = y,(07)

CLTI Impulse Response (5A) 24 Young W%?lbiln;



Sinusoidal Inputs and System Responses

Causal e
Inputs —m ZSR " ZIR+ZSR (O)

> h(t) s
input lied
Ui S —ho y,+ Y, )
Non-causal
Inputs /\/\A forced ZIR + ZSR (X)
_ _ ) h(t) e
input applied

at t= - A Yt (0)

CLTI Impulse Response (5A) 25 Young W%?lbiln;



Total Response for Causal Inputs

e, 0] 0", +oo]
| y(t) = y,(t) = t<0" y(t) = y,(t)+y,()
Zero Iinput response because the input has . )
+ not started yet y(0%) # y(07)
zero state response continuous at t = 0 possible discontinuity at t = 0
y(07) =y,(07) = y,(07) y(07) = y,(07)+y,(07)
y(o_) = .);zi(o_) = .)}zi(0+) y(0+) — y.zi(0+)+y.zs(0+)
0, +oo]
y(t) = y,lt)+y,(¢)
natural response y,(07)#y (0
* yu(07) # y,(07)
forced response ) . ) . +
y,(07) # y,(0 y(07) = y,(0%)+y,(07)
Y,(07) # y,(07) y(0%) = y,(07)+y,(07)
Interval of validity t > O
CLTI Impulse Response (5A) 26 Young Won Lim

8/1/15



CLTI Impulse Response (5A) 27 Young W%r;lbilrg



Impulse In, Impulse Out

di;(tt) + a,h(t) = b,5(¢) 5(t) €  h(t) 4mm h(t) 4mm 5(c)
dZ(tt) + a,h(t) = "“dz(f) + b,5(t) 5(t) ¢  h(t)¢mm h(t) dmm 5(t)
m=y'(0") Case N>M (b =0)
(1) el y(07) No delta function
T )  h(t) | )
5(07)=0 5(0*)=0 (1 a,)

o TR o
T )  h(¢) —)p T

CLTI Impulse Response (5A)
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Impulse input creates initial conditions

dd(t)

All initial conditions

arezeroat t =0 nonzero initial condition at t =0"

m=y'(0"
generates energy storage creates

i a,h(t) = b,d(t) 5(t) €  hit) -@- 5(t)

P + a,h(t) = boT + b, 5(t) 5(t) ¢ h(t)-@- 5(t)

Case N>M (b_=0)
No delta function

All zero Il zero

Initial M

Conditions onditl

y(07)=0 y(0*)= K,  IVP (Initial Value Problem) h(t)
y'(07)=0 y'(07) =K,

Case N=M (b #0)
delta function

(0’ bl) (bo:b1) determines K, ) '(0+)ﬁ)+)
(1, a) (1, a,) K, —

CLTI Impulse Response (5A) 29
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Convolution with an impulse input

e
v

L

—

CLTI Impulse Response (5A) 30 Young W%r/llbiln;



Derivatives of a o(t)

dyl(t dx(t dh(t dd(t
R - L I G N R L
if h(t) contains §"W(¢) (b, # 0)
8W(t) + -+ #  b,8"(t) + b,5(t)
the impulse response h(t) can contain at most (t) (by # 0) N= M

the impulse response h(¢) cannot contain any derivatives of §(t)

S(t) mm=p  h(t) md §(t), % M, g@ﬁi h(t) = byd(t) + char mode terms t>0

t>0" h(t) characteristic mode terms only
(t#0)

_ h(t) can have at most an impulse
t=0 b,d(t) and some finite jumps

CLTI Impulse Response (5A) 31 Young W%?lbiln;



Finding an impulse response nh(t)

General System S dh(t) + a,h(t) = bodé(t) + b, 5(t)
dt dt
h(t) = b,o(t) + Zcie_x”t u(t)

Impulse Matching

e h(t) -determine  y(0%), y'(07)

-then determine ¢, ¢,

Base System S0 dg(t) + a,h(t) = 8()
t
hle) = byd(e) + [(b,D*+ b,D + b)Y ese ™| Jue)
(0. 1 Simplifi i
plified Impulse Matching
e k() e -use y(07)=0, y'(0")=1
-then determine ¢, ¢,
(1, a,) ’
CLTI Impulse Response (5A) 32 Young Won Lim
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Simplified Impulse Matching

PO a s vy (v a() = o) Base System SO
>< T __ T If'y (t) is discontinuous, then
y,(t) must continuous - there should exist derivatives

. - of delta : 30)(t)
ya(0") =y, (07)=0

><T 1 T If y ®(t) is discontinuous,

yW(¢) must continuous ¢m then there should exist
W%y = (- derivatives of delta : 501
v, (07) =y, (07)=0

o= r

y(N_l)(t) must be discontinuous Ya(t) contains no impulse, but
I‘ ) 1) characteristic modes only
N-1)( A+ N-1)( n—

yo (07) =1, y,"(07)=0 N> M (=0)

n

CLTI Impulse Response (5A) 33
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