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State Definition

The state of a system, y(t ), at time t = ¢ _is the information
at ¢ that together with the input x(¢), t 2 t , determines
uniquely the system’s output y(f), forall t = ¢ .

Integrator Example

y(t) = f x(t)dt y(f) cannot be calculated without
knowing the effect of x(t) for all past t

= x(t,) + f x(t)dt The state summarizes
X\ . the effect of the past input on the future output
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Inputs to a system

the input to a system consists of an input & state pair

Yt xO t21, =y, t21,

[O+y(t), x(O+O0], t=t - y(O), t=t

[0, x(© ], t=t -y (D), t=t1. Zero State Response
[y(to), 0], t= t, - yzi(t), t>t. Zero Input Response
[0, ()] t=t - h(D), t=¢, Impulse Response

the output that occurs

when all inputs from t=-c to t=0 were held at zero,
le, the output was at its zero state

and then an impulse function is applied
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State and Convolution

t

y(t) = fx(r)h(t—*c)dr

—0o0

- -ZSR e
+ —0<t <400 Tt
y,(t)

Yy (t)

response due to x(t)u(-t)  response due to x(t)u(t)

<

—
~

~—
Il

ZIR

(t<0) (t=0)

0

before t= -
:jisep?onf((a)u?-tc))ret ’ y (t) = yx—(t)'u(_t) = _LX(T)h(t_T)dT (t < 0)
due to x(t)u(-t) =
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Responses after t = 0

() (o |
y(t) = :‘;x(t)h(t—r)dr
x(t)u(t) assumed - (yy +y, Jult) ZSR
fS(;)rrl';lf]'[lorl .
/ Yuult) = {x(r)h(t—r)dt
assumed
x(t)u(-t) colution Y ZIR

<
e
o
~
<
o
I
8=
>
=
-
.
|
2
Q.
=
y
_

ZSR + ZIR

Natural + Forced
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« Initial Conditions and System Responses
> ZIR & Initial Conditions
> ZSR & Initial Conditions
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ZIR & Initial Conditions

0
(D"+a,D"'+---+a,_,D+ay)y(t) = (b,D"+b, D" '+---+b,_ D+b,)x(t)
Non-zero initial conditions (y™(07), y*2(07), -, y"(07), y*(07))
(1,01, ":aN—lraN) y

,,,,,,,,,,,,,,,,,,,,,,, (1)
77777777777777777777777 h(t) Yo o

(v i)

y
: TN

t=0" t=0 t=0"

Only y (1) is present at t=0-
and y (f) exists for t=0

Application of the input

non-zero initial (N-1) (=) = o (N-1) 0ty = k x()=0att=0
conditions y o (07) =y 0) =y (07) = kyo
Y 2(07) = YW I(g) = Y I(oY) = kyo, does not affect y_(t)

di, k;#0 "

W(n-\ = W(ay — Wty — inductor current

y (07) y (o) y (07) K capacitor voltage

y(0) =  y0) = y(0) =k
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ZSR & Initial Conditions

(D"+a,D"'+---+a,_,D+ay)y(t) = (b,D"+b,D" '+---+b,_,D+b,)x(t)

All initial conditions are zero y¥0(07) = y¥ (o) = ... = yW(o7) = y(07) = 0

<
—
~
SN——
0o ) S
»
_
<
S
~
SN—

TG
(bO’bl’ T bN1’bN7 \

Zero state non-zero

at =0, initial
conditions
at t=0",

possible discontinuity
(finite jJumps)

9 Young Won Lim
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Coefficients of a ZSR

(D"+a,D"'+---+a,_,D+ay)y(t) = (b,D"+b,D" '+---+b,_,D+b,)x(t)

All initial conditions are zero y¥(07) = y¥ (o) = ... = yW(07) = y(07) = 0

coefficients in h(t)
ZSR in a convolution form |

Ylt) = x(t) % h(t) = x(¢) * Z die™ + boé(t))

coefficients in vy, (t)

ZSR in a unit step form !

Ys(t) = ult) - {y,(¢) + y,(¢)} = ult)- (Z ke + yp(t))
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ZSR In a convolution form

causal causal causal
signal system signal
Ot
( ) x(t) mmmd  h(t) mmmd y(t)
> (1=0) (t=0) (t=0)
1

S(c—v) W) h(t—v)

T/X x(v)o(t—v) ‘ x(v) h(t—v)
T : input value at time v

‘ - - X(V)
v 1 delayed impulse response
- X(V) h(t - v)

Zero State (initially at rest at t=07)

i >
x(v)h(t—v)
K»
vV 1
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ZSR In a unit step form

X(t)u(—t) assume | Yy ZIR

\ t > 0 part of the

response to x(t)u(-t)

x(t)u(t) assume (yh + yp)u(t) /SR
t > 0 part of the
/ response after t = 0 to x(t)u(t)

ZSR + ZIR

Natural + Forced
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e Finding ZSR in a convolution form
> Impulse Matching

e Finding ZSR in a unit step form
> Direct Inspection
> Balancing Singularities
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Finding ZSR in a convolution from

ZSR in a convolution form y,(t)=x(t) * h(t) = x(t) *

(N-1(n-) = 0 initially (N) _ (i) (N-1("y = k non-zero initial
h(N—z)(O—) at rest h(N_<1())) fN—1(k,-,5(i)) a._s-sur.ned h(N_z)(0+) N1 | onditions
h 7o) =0 KYV(0) = fyolk,d")  finite jumps H"2(07) = kyo
: : 3 : i, k #0
n'(07) =0 h(0) = fi(k,0") n'(07) =k
h(07) =0 HU0)= £, (k,,0") h(0") = k,
(D"+a,D""'+--+ay_,D+ay)h(t) = (b,D"+b, D" '+--+b,_,D+b,)d(t)
Impulse Matching
CLTI System Response (4B) 14 Young Won Lim
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Finding ZSR in a unit step form

ZSR in a unit step form Vult) = ult) - {y,(6) + y,(6)) = ule)- Z ke + y,(t)

Homogeneous Equation
(D"+a,D" '+ +ay_, D+ay) y,(t) = 0
(DN+a1DN_1+'"+aN—1D+aN)yp<t) = (byD"+b, D" '+---+b,_, D+b,)x(t)
Non-homogeneous Equation

Homogeneous Solutiony_ y,(t) = Z ke

y,(t) =0 x(t)=8(¢)
Particular Solution y 4 Al = ¢ x(e)=lult)
’ Y,(t) = B,t+B, x(t) = tult)
Cy,(t) =pe x(t)=eu(t) TN
CLTI System Response (4B) 15 Young Won Lim
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Assoclated Linear ODE's

e e s y(o)=2 x(6)=ult)
y(0)+ 3y (0)+25(0) = x(0) T e
Associated Linear ODE when x(t) = u(t)
y (0 +3y (We2y() = 1 AIS T

Associated Linear ODE when x(t) = e *u(t)

y'(6)+3y'(t)+2y(t) = e \ y(t)=y,(t)+y,(t)

Natural Response +

Find the general solution of the Linear ODE Forced Response

all determined coefficients

y(t)=y,(t)+y (t) Direct Inspection
P Balancing Singularities yu(t) =y (1)
CLTI System Response (4B) 16 Young Won Lim
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Methods of finding coefficients iny

y () +3y(t)+2y(t) = x(t)

Direct Inspection finding any jumps in initial conditions

Balancing Singularities matching derivatives of singularity
functions in the both sides
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Comparisons of the two solutions

OUTPUT OUTPUT

INPUT C1) INPUT u(t)

]
Initial Conditions Existence of derivatives of delta functions
att=0 determines the
¢ — coefficients iny,
known need_e_d
condition ° conditions f
Zero _s_tate 1
condition Direct Inspection Balancing Singularities
Young Won Lim
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Solution's continuity at t=0

y(t)=y,(t) + y,(t) y(t) = (ya(t) + y,(e))ult)

4t 4 t
2 2t
0 0
2 L continuous because of | 2 | Epossiblejump at t=0
- the linear constant ‘Delta function may exist
4| - coefficient ODE ] 4 | ‘when M =N
2 1 0 1 2 3 4 5 2 -1 0 1 2 3 4 5

* the general solution of the Linear ODE
« take only the portion wheret >0
* ignore the portion where t <0,

Explicitly assume that the solution is
zero fort < 0, and
(yh+yp) fort >0

Direct Inspection Balancing Singularities
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Direct Inspection

Not limited to finding ZSR only

Can be used in finding Total Response

zero state assumed

Xy(t) = {y(t) + y,(0)} ult)

y(t) = y,(t)+y,(t)

Known I.C.

Needed I.C.

Continuous
Singularities
At t=0

(N-1)(— (N=1)(+
In (07), Yn (0%), finite jumps in the
(N=2)( A~ (N=2)( A+ ] P
Y. (07), ya (07), initial conditions
e (n) [+ (n) (-
_ J y"(07)=y"(07) +k
y(07), yW(or),
Ya(07) y. (0"

Converting Initial Conditions

by Direct Inspection

Discontinuous
Singularities
At t=0

CLTI System Response (4B)
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Balancing Singularities

Vult) = ult) - {y,(6) + y,(0)) = ule)- Z ke +y,(t)

Assumed ZSR and its derivatives

y,.(t) =y, (0)+y,(6)] ult) ¥
y'(t)= o(t) + u(t)

y' )= o o)+ ool + )

(D"+a,D""'+--+ay_,D+ay) y(t) = (byD"+b, D" '+---+b,_ D+by)x(t)

Balancing Singularities

CLTI System Response (4B) 21 Young Won Lim



Singularity Functions and Generalized Derivatives

t
A singularity of order -3 U (t) 8% (¢t)
continuous at t=0
A singularity of order -2 tu(t) 6(_2)(t)
A singularity of order -1 u(t) 8" Y(t)
discontinuous at t=0
A singularity of order zero  d(t) 8'(¢t) T
A singularity of order one  §(t) 8(t) 1
A singularity of order two  §(t) 8'(¢)

CLTI System Response (4B) 22 Young Won Lim



Direct Inspection (1)

/ ‘ all continuous at t=0

(N—U(O ) — (N—n(o_
(N—z)(o ) — (N—Z)(O—)
W) = o)
y(07) = y(07)
CLTI System Response (4B) 23 Young Won Lim

5/16/15



Direct Inspection (2)

all continuous at t=0

t t t° t?
e =14+—+—+—+-
12! 3!
") =y
(N-2) — (N=2)( n—
(0 (0) o
: : eu(t)=|1+—+—+—+ u(t)
(1)( o+ _ (1)( n— 120 3!
y (o) = y'o)
y(07) = y(07) The highest order term = u(t)
CLTI System Response (4B) 24 Young Won Lim
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Direct Inspection (3)

(N—1)(0 ) — y(N—l) 0 )+ 1
(N—z)(o ) — (N—Z)(O—)
o) = )
y(07) = y(07)
CLTI System Response (4B) 25 Young Won Lim
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Direct Inspection (4)

a, y™ () + a, y" U (e) + a, y" 7 e) + +ay_ y(t)+ayh(t) = x"(t)
aiau) aiu(t) aitum 5(t) x(t)=ul(t)

(N—U(O ) — (N—U(O— " 53
(N—z)(o ) — (N—Z)(O—)
W) = o)
y(07) = y(07)
CLTI System Response (4B) 26 Young Won Lim
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« System Response Example (1)

y''(e)+3y'(t)+2y(t) = x(t)

e Casel x(t) = u(t)
e Casell «x(t) = e*ult)
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Assoclated Linear ODE's

y''(e)+3y'(t)+2y(t) =

Homogeneous Equation

Non-homogeneous Equation

Homogeneous solution

CLTI System Response (4B)

sy 2y = 0 | [ yr(0+sy (20 = 1
m’>+3m+2 = 0 y,= A
(m+2)(m+1)=0 0+30+2A = 1
m=-—1, -2 1
L V=3
\yh:cle +c,e )L (t>0)

~

Example (I-1)

x(t)=eu(t)

-
y''(t)+3y'(t)+2y(t) = e

~

—3t

V,= Ae™?!
(9A-9A+2A)e™ % = 7
1 _3
y,=5e
2 (t>0)
g Y

Particular solutions

(t>0)

29

\ (t>0)

Young Won Lim
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Taylor Series Expansion

Example (I-2)
y"'(t)+3y'(t)+2y(t) = x(t) x(t)=e? (t=0)
x(t) = e x(0) =1
xU(t) = (=3)e”™ x(0) = (-3)
X(t) = (=3)e™ x?(0) = (-3)’
X(t) = (=3)e™ x*(0) = (-3)
x(t) = x(0)+ x(li(!())t+ X(zz)(!o)t2+ X(B;Eo)t3+-
TG IRC PN 1)
e fu(t) = u(t)+ (;?)tu(t)+%t2u(t)+ (_3?!’)3t3u(t)+
L highest order singularities
CLTI System Response (4B) 30 Young Yon Lim



Using Direct Inspection (1)

Example (I-3)
y(t)=y,(t)+y,(t) (t=0)

y () +3y(t) +2y(t) = x(t)

continuous at t=0 continuous at t=0 highest order singularities

yY(0*) = yY(o) y(0%) = y(07)

o en Y0 =yN0) =0 = oyt =y, () +y,(6) (=0

For Total ,
Response  y(0*)= y(07) =k

)y lt)=y,(t)+y,(t) (t=0)

CLTI System Response (4B) 31 Young Won Lim



Using Direct Inspection (2) x(t)=ult)

Example (I-4a)

y''(t)+3y'(t)+2y(t) = ult) y(e)=(ce” +c,e™+5) (t20)
For ZSR y(l)(0+) = y(l)(o_) =0 y'(t) = (_C1e_t - 2C23_2t) y(l)(0+) =—-c,—2¢,=0
y(0")=y(07)=0 y(t)=(ce”" +ce+) y(0")=c, +c,+= =0
c,=—1 1 1
(gt L o L
1 ya(0= (e s leal) (i20) ]
c,==
2
W(g*) = vV(p~) = 2 (r) — — 2 W[+ — _3
For Total yror) =yro)== y'(t)=(—c,e" —2c,e™*) y'(0")==c,—2¢c, ==
Response E 2
y(0")=y(07)=1 y(t)=(c,e” +c,e*+=) y(0')=c, +c, 4= =1
G zg 5 1 For natural response
P ylt)=(5e' =27+ 2) (620 - y,(t)
2 =y (t)=y,(t)
CLTI System Response (4B) 32 Young Won Lim
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Using Direct Inspection (3) x(t)=e"u(t)

Example (I-4b)

vy () +3y (0)+2y(t) = e ult) y(t)=(cie +c,e*+-e) (t20)
) ) ) . 3
Forzsr Y07 =y00)=0  yi(0)= (e —2c,e =S ™) Y07 =—c,~ 26,5 =0
y(0")=y(07)=0 y(t)=(cie” +c,e ™ +-e) y(0')=c, +c+==0
c =X
17 y(t)=(et—e 4 Lo (120 ]
_ zs 2 2
c,=-—1
ForToial Y07 =y0) =2 yr(e)=(—ee —2c,e=2e™) Y07 = —c, — 26,5 =3
Response 2 , 32 2 2
y(0*)=y(07)=1 y(t)=(c,e +c,e* +=e™™) y(0')=c +c,+==1
‘, ¢, =4 . 1 For natural response
| , ylt)=(de = Ze™+2e™) (t20)| w) y,(t)
C2:_§ :yt(t)_yp(t)
CLTI System Response (4B) 33 Young Won Lim
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Without Converting Initial Conditions

Example (I-5)

Balancing Singularities

No need the converted initial conditions at t = O+

Only for zero initial conditions at t = 0- (ZSR)

Yilt) = (yp + y,)-ult)
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Using Balancing Singularities (1) x(t)=ult)

Example (I-6a)

y'"' (t)=(c,e+dc,e " ult) + (—c e —2c,e *")d(t) + (cl+c2+%)6 '(t)

= (c,e7+ac,e ™ ule) + (=, =2¢,)5 (1) + (e +e,+2)o" (1)
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Using Balancing Singularities (2) x(t)=e"u(t)

Example (I-6b)

y'' (t)= (cle_t+4cze_2t+%e_3t)u(t) + (—cle_t—202e_2t—%e_3t)6(t) + (cl+cz+%)6’(t)

- (cle_t+4cze_2t+%e_3t)u(t) ; (—c1—2c2—%)6(t) , (C1+cz+%)6'(t)
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Using Balancing Singularities (3) x(t)=ult)

Example (I-7a)

y''(e)+3y'(t)+2y(t) = uft)

y'' (t)=(c,e+4c,e* ult) +(—c,—2c,)d(t) + (c1+c2+%)6 (t)

3y (1) = (—BCle_t—Gcze_Zt)u(t)+(3Cl+302+%)6(t)

2y,,(t)=(2c,e”"+2c,e " +1)ult)

3 Ly,
u(t)=ult) + (201+c2+§)6(t) + (cl+c2+§)6 (t)

(2¢c,+c,+=) = 0 c, = —1 ~ .
[ ) 1 m | n= et ge el
e+, =) = 0 22
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Using Balancing Singularities (4) x(t)=eu(t)

Example (I-7b)

/ y'' (t)= (cle_t+4c2e_2t+%e_3t)u(t) + (—cl—ZCZ—%)é(t) + (cl+c2+%)6'(t) |

3y°,(0) =3(=c,e=2c,e = ult)+3(c e, 42 )0 (0

2y,,(t)=(2c,e”"+2c,e +e " ult)

e'u(t)=e 'ul(t) + (2c,+c,)d(t) + (cl+cz+%)6'(t)

Young Won Lim
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Finding ZIR

0= (o) = 3 Example (I-8)
"0")=y'(07)==2
y (6 43y (e)e2y(t) = ult) Y= =3

(07) = (e, =2¢) =3 c,=+2
= (ee vl ™) 0= (e = 1 o=-3
yl)=(Ze'=2e™)  (t=0)
] o) =yro) =2
y (0 +3y"(0+2y(0) = e ult)

CLTI System Response (4B)

Young Won Lim
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System Response Plots x(t)=ult)

Example (I-9)

CLTI System Response (4B) 40 Young Won Lim



System Response Plots with Valid Intervals x(t)=ult)

Example (I-10)

4
(7 5 ;
vl =(Ge'—2e™)  (t=0) :
1
1 0
y (t)=(—e t+—e_2t+5) (t =0) 1L
e
_3 L
-4 i
-4 3 2 1 0O 1 2 3 4
4 : . : :
3| i ]
yalt)=(5e=2e™) (¢20) . _
e
0 |
— l T S, .
y,(6)=(3) (e=0) .
S Y Valid Interval |
-4 Ly : .
-4 -3 2 1 0 1 2 3 4
t
CLTI System Response (4B) 41 Young Won Lim
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System Response Plots x(t)=e>"u(t)

Example (I-11)

CLTI System Response (4B) 42 Young Won Lim



System Response Plots with Valid Intervals

CLTI System Response (4B)

43

o N B O O

® @ BN

O [

@ o BN

x(t)=e " u(t)

Example (I-12)

Young Won Lim
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e System Response Example (Il)

y (0 +3y (025 (0) = x'(0) 0=,
y(07) =1
« Case |l «x(t) = u(t)
e Casell «x(t) = e ult)
CLTI System Response (4B) 44 Young Won Lim



Solutions of Linear ODEs

, Example (11-1)
y'(07)==
y"'(t)+3y'(t)+2y(t) = x'(¢) 2
y(07)=1
Homogeneous Equation x(t)=ul(t) Non-homogeneous Equation x(t)= e "ult)

f rr l \ ( T r \ [ \
y'"(t)+3y'(t)+2y(t) = 0 y'"'()+3y'(t)+2y(t) = 0 vyt + 3y (6)+2y(t) = e
m’+3m+2 = 0 y,=A y,=Ae”"

(m+2)(m+1) =0 0+30+2A = 1 (9A—9A+2A)e™ = ¥
m=-1, —2 1
yp = 0 yp = Ee_3t
= ae e JARN J U Y
Homogeneous solution Particular solutions
Young Won Lim
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Using Direct Inspection (1)

Example (l1-2)
y"'(0)+3y'(t)+2y(t) = x'(t) y(t)=y(t)+y,(t) (¢z0)
y''(t) +3y'(t) +2y (1) = x(1) x(t)=ult)
x(t) = e ult)
N f
jump at t=0 continuous at t=0 highest order singularities

corzsn Y 00=y00)+1=1 =y =y () +y,(0) (£=0)
y(0°)= y(07) =0
o=y )=k,

For Total w) y )=y, () +y,(t) (t=0)

Response  y(0*)= y(07) =k

CLTI System Response (4B) 46 Young Won Lim



Using Direct Inspection (2)

Example (11-3)
y' () +3y(t)+2y(t) = u'(t) yit)=lee+e,e™+0) (1=0)
For ZSR yPo ) =yP(0 )+1=1 y'(t)=(-ce" —2c,e™) y(l)(O+)=—C1—202 =1
y(07)=y(07)=0 y(t)=(c,e™ +c,e”™) y(0")=c, +¢c,=0
c,=+1
y(t)=(e"—e*+0) (t=0) ]
c,=-—1
For Total y(l)(0+):y(1)(0‘)+1:E y'(t)=(—c,e™ —2c,e™*) y(0*) = —c, - 2¢, =3
Response 2 2
y(07)=y(07)=1 y(t)=(c,e™ +c,e™) y(0)=c +c,=1
6= +% 9 . For natural response
7 y()=Ce = Ze#w0) (t20) | w0
o = 3,0, (0
CLTI System Response (4B) 47 Young Won Lim
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Using Balancing Singularities (1)

Example (11-4)

y''(t)+3y'(t)+2y(t) = u'(t)

Y,s(t)=(c,e " +c,e”*'+0)u(t)

Yy 'zs(t) = (_Cle_t_zCze_Zt)u(t)+(c1e_t+c2e_2)6(t)

= (_Cle_t_zCze_2t>u(t)+(cl+cz)6(t)
y'' () =(ce'+4c e ult) + (—ce —=2c,e ) (1) + (c,+¢,)0 (1)
= (c,e"+4c,eul(t) + (—c,—2c,)0(t) + (c,+c,)d'(t)

CLTI System Response (4B) 48 Young Yon Lim



Using Balancing Singularities (2)

Example (11-5)
y''(t)+3y'(t)+2y(t) = u'(t)
Cy ) = (e e+ Ac,e ult) + (== 2¢,)0(1) + (e, +¢,) 0 ()
3y’ (t)=(-3c,e”"—6c,e " )u(t)+(3c,+3c,)d(t)
2y, (t)=(2c,e™ +2c,e " ul(t)
5(t) = (2¢,+¢,)d(t) + (c,+c,)d(t)
JRere) =1 G2 e = (e - el

CLTI System Response (4B) 49 Young Won Lim



Finding ZIR

) Example (11-6)
. | ) yl0)=y0) =3
y"(6)+3y(t)+2y(t) = u'(t) (0 = ylo-) = 1 2
)= (e et =2e,e™) 0= (e m2e,) = 3 o=2
al0) = (et e e™) 3(07) = (erer) =1 =3
yl)=(Ze=2e™)  (t=0)
y0)=y(07)=3
y' () +3y'(¢e)+2y(t) = -3¢ (07 = y(07) = 1 The same ZIR
ylt)= (e =3¢ (t=20)
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System Response Plots x(t)=ult)

Example (l1-7)
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ZIR

() = 106 u(2) (6)= [ hle)xle=) d
e) = {me ™+ 2e=ul) Zj(—e +2e )10e_3(t 'dt
= —5e '+20e *'—15¢e""
x(t)=10e " u(t+c) y(t):jh(t)x(t—t)dt
h(t) = (—e™ + 27 u(t) .
= | (—e"+2e7°7)10 B3Y g4
=—5e "*+20e " —~15e "
x(t)=10e > (u(t+c)—ul(t)) y(t)= jh(r)x(t—r) dt
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2t
Y1(t) = €
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15 ¢ : v(x) = [e*dt = 1-3 e
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=
o
—
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Impulse Response h(t)

N
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