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ODE's and Causal LTI Systems

Va¥y),  d" 'y d y(t) ¥a x(o)
GNW-F ay — 5y Tt alT-l- a,y(t) = b, di

+ ot bld;—gt)+ b, x(t)

N: the highest order of derivatives of the output y(t) (LHS)
M: the highest order of derivatives of the input x(t) (RHS)

N < M : (M-N) differentiator — magnify high frequency components of noise (seldom used)
N > M : (N-M) Integrator

om0 ) 0
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Different Indexing Schemes

atdz)tll\(,t)+ aN_ldN;t{,(th o aldy< )+ a,y(t) bjd::ﬂgt)-l- bM_le;;x_gt)+ bld;(tt)+ b, x(t)
N > M| : }
T2, ey D2 y0) =B e, E vy, DX
N = M| ; {

dl;);\(’t)+aldl;:y( )+ o 1dy( )+aNy .d x( b, Zth)i(lt)+ +bN_1d;(t)+bNX(t)

{N > M] (D" +a,D" '+--+ay_,D+ay) y(t) = (byD"+b, D" '+---+b,_,D+b,)x(t)
N = M| (D"+a,D" " +--+ay_,D+ay)y(t) = (boDN+b1DN_1+”'+bN—1D+bN)X(t)
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ODE Solutions and System Responses

d" y(t) "y(d) dy(t) d" x( d" " x(t) d x(t)
qc ta, 4! teeetdy ; +aNy . b, FPLR + by_, di +bNX()
(D"+ a,D" '+ --+ay_, D+ay)y(t) = (b,D"+b,D" '+--+b,_ D+b,)x(t)
i ) 1 |

 Zero Input Response
» Zero State Response (Convolution with h(t))

Young Won Lim
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ODEs with u(t) & o(t)

y(0) < — h(t) G <) {e“fuu)

y(t)=0 (t=<0) h(t)=0 (t<0)

Causal Output Causal System Causal Input
x(t)=0 (t=<0)

Associated ODE

(D"+a, D" '+---+a,_,D+ay)y,(t) = 0 Homogeneous Solution
(D" +a, D" '+--+ay_ D+ay)y,(t) = 1 u(t)
(D"+a,D" '+--+ay_ D+ay)y,(t) = 1 e “‘u(t) Particular Solution
(DN+a1DN_1+---+aN_1D+aN)yp(t) =0 6(t)
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Responses to a causal input

OUTPUT INPUT
Initial Conditions

{ )
—at (t) “(t)
Known needed e u
condition s conditions S (t )
Zero state
condition

possible jumps in
initial conditions att =0

Direct Inspection finding any jumps in initial conditions

Balancing Singularities matching derivatives of singularity
functions in the both sides

7 Young Won Lim
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Discontinuous Initial Conditions

y''+3y +2y=x(t)

continuous

y”"'3y'+2y:b1X’(t)+b2X(t>

y''+3y'+2y=byx"(t) +b,x'(t) + byx(t)

y(07)# y(07) possible discontinuity
y'(07)=y'(0%)

CLTI System Response (4A) o] Young V\g;?(;llrg



Direct Inspection

x(t)

causal x(t)

x(t)

non-causal x(t)

x(t)

causal x(t)

CLTI System Response (4A)

ZIR, Total

° ZSR

9

possible jumps in
nitial conditions att =0

y(t)

non-causal y(t)
y(t)

=\

causal y(t)

Direct Inspection

y(07)  y(0")
y(7)  y(07)
y7) (07

finding any jumps in
initial conditions

Get the solution for
the I\VP with new
initial conditions

a linear ode with
constant coefficients has
a continuous solution

Taking only the part
where t > 0.

Young Won Lim
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Balancing Singularities

x(t) y(t)

Not explicitly converting

’\ initial conditions

causal x(t) causal y(t)
3 |
(yp+y,)ult) e ult)
3(t)
(DN"'alDN_l"""+aN—1D+aN)Y(t) — (boDN"'leN_l"'"'+bN—1D+bN)u(t)
matching derivatives of singularity
functions in the both sides
Young Won Lim
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ODE Solutions and System Responses

A general solution of an ODE Linear ODE with
constant coefficients

yh(t) = Z C,-ex Characteristic Mode Terms —0 <t <+

yp(t) <= x(t) Similar form as the input x(t) —0 <t <+

A system response
lumped characteristic mode terms

y.(t) Natural response: y, () with all coefficients determined
yp(t) Forced response different
coefficients

independent of the causal input x(t)

yzi(t) Zero input response: y (t) with all coefficients determined
¥,(t) Zero state response
CLTI System Response (4A) 11 Young Won Lim
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System Responses and Causality

yalt) + y,(t)

Natural - )
aturai response ya\t)=0 ) not explicitly
assumed

Forced response Jt)=0 (¢ )

.
Zero input response  y,(t)=0 (t<0) Causal Input

> Causal System
Zero state response  y,(t)=0 (t<0) J Causal Output

Only considering
responses aftert =0 (t>0)
to the applied input x(t) (t=0)

Not considering

responses beforet =0 (t<0)

CLTI System Response (4A)

12 Young Won Lim
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Natural & Forced Responses in terms of y & Y,

Natural Forced
assumed solution form assumed solution form
x(¢) v, () x(t) y,(t)
zero input x(t) non-causal x(t) non-causal y(t)
Total
causal x(t) may create discontinuous x(t) y (t)+y (t)
initial conditions at t=0+ " P
natural response is obtained by these initial
conditions at t=0+
however, the obtained Yy, non-causal x(t) non-causal y(t)
and Y, are implicitly B .
assumed non-causal y(07)  y(0")
y(07) (07
y07)  y(07)
Young Won Lim
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ZIR & ZSR in terms of y_ & Y,

ZIR ZSR

assumed solution form assumed solution form

x(t) ylt)= x(t) Y, lt)=
yylt) (yp+y,)ult)
N N
causal x(t)
original x(t) The effect of x(t) (t <0)
is summarized as a original y,+y Valt)+ y,(t) =
ZIR with initial o
"""""" conditions at t=0+ y(t)u(t)
causal x(t)
yalt) = 2 ce™ h(t)* x(t) = (b06<t)+ Zdiew * x(t)
u(t)- (yy+y,) = ult): (Z ke + yp(t))
CLTI System Response (4A) 14 Young Won Lim
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e Valid Intervals
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Valid Interval of Laplace Transform

f(t) <==p F(s) =

f(t)e* dt

S 8

f't) s> sF(s)—f(0)

0 <t<w

;T

CLTI System Response (4A)

*

flo]

16
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Valid Intervals of ZIR & ZSR Laplace Transform

yU+3y 2y =D y(0)= , y'(0)=

SV (s)=sy(07)-y'(07)}+3[sY(s)-y(07)[+2¥(s)=X s)

0 <t<w

Zero Input Response

x(t)=0
S+5
V()= rilise2)
I S
BCENES

Gy =4e7 - 37

CLTI System Response (4A)

Zero State Response

y(07)=0, y'(07)=0
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Valid Interval of ZIR & ZSR IVPs

y”+af+by=f@)

Yy =Ynt Y,

y(07) = y,(07) + y,(07)
y'(07) = y,'(07) + y,"(07)= ¥y, + 0

Y1

y”+ar+by=0

'( )—Y1

Y

Nonzero Initial Conditions

y''+ay'+by=f(x)
y(07) =0
y'(07) =

CLTI System Response (4A)

yh+yp

Zero Initial Conditions

18

0 <t<w

Zero Input Response

Response due to the
initial conditions

Zero State Response

Response due to the
forcing function f

Young Won Lim
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Valid Intervals of Convolution Method

- C> h(t) C> y(t) causal system h(t)

non-causal input x(t)
is also permissible

*
jx(v)h(t—v) dv = y(t) ‘t—v > 0 ‘
causal system restriction
¥
_fh(v)-dv = y(t) ‘t—v > 0 ‘

causal system h(t)

h(t) C> - C> y(t) non-causal input h(t)

is also permissible

CLTI System Response (4A) 19 Young V\g;%llrg



Valid Intervals of System Responses

ZIR + ZSR X(t) * h(t)
non-causal x(t)
y(t) y(t)

N L

0 <t<w —00 <t <
General Assumption General Assumption
x(t)=0 (t<0) Causal Input
h(t)=0 (t<0) Causal System h(t)=0 (t<0) Causal System
y(t)=0 (t<0) Causal Output

CLTI System Response (4A) 20 Young V\g;;\éllrg



Causal and Everlasting Exponential Inputs

ZIR + ZSR X(t) * h(t)

non-causal x(t)
y(t) y(t)

N L

0 <t<w —0<t<w®

Suitable for causal exponential inputs Suitable for everlasting exponential inputs

— .
— At

CLTI System Response (4A) 21 Young V\g;;\(;llrg




The effect of an input fort < O

ZIR + ZSR
causal x(t)
x(t)=0 (t<0) Y,(t)
h(t)=0 (t<0) h(t)=0 (t<0)
y(t)=0 (t<0) NG

CLTI System Response (4A) 22

x(t) * h(t)

non-causal x(t)

The effect of x(t) (t<0)

iIs summarized as a
ZIR with initial
conditions at t=0+

Young Won Lim
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Causal and Non-causal Signals

TOtaI = 7SR + ZIR together with Laplace transform,

the time interval [0, «) is assumed

x(t) y(t)

. 0 <t<w

causal x(t) causal y(t)
No restriction in the time interval
X(t) * h(t) But by considering only [0, ») time
interval, this will be the same as the
x(t) y(t) above
L& —0 <[ <
non-causal x(t) non-causal y(t)
Young Won Lim
CLTI System Response (4A) 23 reiE



Getting causal signals

x(t) y(t)=x(t)* ht)

\ X(t) * h(t)
non-causal x(t) non-causal y(t)
x(t) y(t)
x(t)ult) [x(t) * h(t)]ult)
Total = (x(t) * h(t)) u(t)
)
causal input causal output non-causal x(t)

CLTI System Response (4A) 24 Young V\g;;\(;lrg



Partitioning a non-causal input

\ Total = (x(t) * h(t)) u(t)

non-causal x(t)

o) (1<0 y

The effect of x(t) (t <0)
Zl R is summarized as a
- ZIR with initial
conditions at t=0+
x(t) {£=0) (y,+ v, bult)
- /SR
CLTI System Response (4A) 25 Young Won Lim
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Effects of past input

20

15

10

0.5

-, 3% 858 0 U3yl Q > 1JI

15 20

x(t) = u(t)-u(t+20)
10

2 5 .I_ 5 _U_
— [’

TS0 UsYlNe<=1400 =34l

-10

y(t+20) = x(t+20)*h(t§)
-15

[

™l LTy — ]
—l =

F.2% 3512 (02-3)v 2% T UsUlDe = |

20

15

10

y(t) = x(t)*h(t)

(| T — Ty o
— [

(30Z).23% @512 I 2% T UBUl 0Z = 3

Young Won Lim
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Interval of Validity of a System Response

4 N

x(t) y(t)

t>0 t>0

\ / an impulse is excluded

causal x(t) causal y(t) I

an impulse can be present ) ( t)
In x(t) and h(t) att =0

discontinuity at t =0
creates initial conditions

(N-1) 0—) (N—1)(0—) y(N—l) O) (N—l)(0+)
"(07) "2(07) ") ||y (0"
: The initial conditions in the : : :

X<1>(0-) o EEETEETTEEETED term_ “.Z'ero Sta.tg” refers -------e------ : y(l)(o—) y<1)(0) y(1>(0+)

x(07) this initial conditions y(07) y(0) y(0*)
Usually Needed IC

known IC

CLTI System Response (4A) 27 Young Won Lim
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Initial Conditions for ZIR & ZSR

ZIR ZSR
x(¢) y(t) x(¢) y(t)
N N
zero input x(t) non-causal y(t) causal x(t) causal y(t)
y(07)=y(07) y(07)  y(0")
y(07) = y(0) y(07)  y(07)
y(07)=y(0") y(7)  y(0)
continuous, but all zero not all zero
not all zero
possible
jumps
Y Won Li
CLTI System Response (4A) 28 oung Yt



e System Response

@) Zero Input Response | M0o0 (10)  Covi Sputar
(b) Zero State Response J(()=0 (t<0) Causal Output

(c) Natural Response
(d) Forced Response

CLTI System Response (4A) 20 Young V\g;;\(;llrg



Types of System Responses

 Zero Input Response State only » Natural Response Homogeneous
n n—1
y&) yZi(t> (cjit{ + a, (ciit"_)ll +--+a,y(t) =0
L0 R P
Yo"
« Zero State Response Input only * Forced Response Particular
dn dn—l
x() 0| valo T4, e va, (o) =
n n—1
) n |0 —) I RN
0
Young Won Lim
CLTI System Response (4A) 30 vl



Comparison of System Responses (1)

» Zero Input Response State only

Yo yZl(t)

@O 0 [ )

(N§1)

Yo

Response of a system when
the input x(t) is zero (no input)

« Zero State Response Input only

Y(t)

@)

Q h(c)

Response of a system
when system is at rest initially

()

p—)

» Natural Response Homogeneous

Solution due to
characteristic modes only

* Forced Response Particular

n n—1
TFra v vayl) =

tn
d" x d" 'x
b b -« + b t
[ 022 L2 |

Solution excluding the effect of
characteristic modes

CLTI System Response (4A)

Young Won Lim
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Comparison of System Responses (2)

 Zero Input Response State only
Y(o ) yzi (t)
0 o h(t) Y 0,
vl

response to the initial conditions only

« Zero State Response Input only

~
—
~
~—
(-}

~
-
o

Y(t)

—)

response to the input only

» Natural Response Homogeneous
ny dn—ly ( )
+a +--+a,yl(t)]= 0
de" ' dt" 4

all characteristic modes response

* Forced Response Particular

nhon-characteristic mode response

CLTI System Response (4A)

Young Won Lim
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Comparison of System Responses (3)

e Zero Input Response State only  Natural Response Homogeneous
response to the initial conditions only all characteristic modes response
8
{y(N_l)(O_)’ T y(l)(o_)’ y(O_)} y”(t) = Z Kie t
» Zero State Response Input only  Forced Response Particular
response to the input only causal x(t) non-characteristic mode response

h(t)*x(t) — (boé(t)_l_zdiexit

» x(t) 7, (0

u(t)-(yh+yp) = u(t)(zl: kl.e}“’t+yp(t))

CLTI System Response (4A) 33 Young V\g;;\(;llrg



Forms of System Responses

 Zero Input Response State only  Natural Response Homogeneous
_ At N=1(a= . ((a= _ t)] = K. et the coefficients K's are determined
yli(t) - Zl_lcie ly (07), -, y(07), y(07)} yn( ) ZI: : by the initial conditions.
yn(t) + yp(t) {y(N_l)(0+): ) y(l)(0+): y(0+)}
« Zero State Response Input only * Forced Response Particular
convolution form Impulse matching Bet or
t)= r r—
al6) = x(0)# [T+ b,3(0) IO= ey
l ( ) similar to the input, with the coefficients
direct inspection Yp determined by equating the similar terms
~ step function form balancing singularities
t)=ult)-[> ke +y (t
{ Yislt) (t) (Z i yp( )) y (0 < x()

CLTI System Response (4A) 34 Young V\g;;\éllrg



e Zero Input Response

CLTI System Response (4A) 35 Young V\é%(bllrg



Zero Input Response : y..(t)

(DN+a1DN_1+"'+aN—1D+aN)y(t) = (boDN+b1DN_1+'"+bN—1D+bN)X(t)

Yo yZl(t>

(1) d’ d
h(t) Yo, y(t) + al% + az}’(t)

(v4)

Yo

Q(D)y,(t) = 0 (D"+a, D" +-+ay_D+ay) y,(t) = 0

linear combination of {y_.(t) and its derivatives} = 0

ce’" only this form can be the solution of ,(t)

A

Q(r) =0 - (M4 a2 4 bay htay) ce™ =0
=0 = 0

CLTI System Response (4A) 36 Young V\g;;\éllrg



Characteristic Modes

(DN"'alDN_l"'"'+aN—1D+aN)y(t) = (boDN+b1DN_1+'"+bN—1D+bN)X(t)

Qx) = W+a A" '+ +ay A+ay) = 0

Q(}\) = (7\ - ;\'1)()\ - )\'2) (7\ - ;\‘N) =0 A, characteristic roots

v ()= ce™ o+ e o w ey = Y e e characteristic modes

i

ZIR | alinear combination of the
characteristic modes of

the system the initial condition before t=0 is used
(1, a,, -, ay_q, aN) {y(N_l)(O_)J ) y(l)(o_): y(o_)}
y — — + + +
,,,,,,,,,,,,,,,,,,,,,,,, (01) — {y(N 1)(0 )) ’y(l)(o )’ )’(O )}
0 h(t) P
y(;)N any input is applied at time t=0, but
in the ZIR: the initial condition does
x(t) ~ 0 (bo, by, -+, by_y, by) yzi(t> — Z . ot not change before and after time t=0

since no input is applied

CLTI System Response (4A) 37 Young V\g;?(;llrg



Zero Input Response IVP

(N=1)/ ~— — (N-1) = (N=1)( A+ = k
dVy(t)  dV'yl(t dy(t Nz(‘)) N (0) N (0+) -
dytls)”l dtwy_—g)*-*aw—l—ﬁi)+aNy<t> =0 W) = Yy 0) = yMU0") | = ke
(D" +a,D" "+ +ay_D+ay)|- y(t) = 0 yo) =y = 0 =k
y(0) =  y(0) = y(0) =k

ZIR Initial Value Problem (IVP)

x(t)=0
y,(t)  zero Input Response
) b)) ) L
A
input is zero only initial conditions _/ N .
drives the system t=0 t=0 =0
yzi(o_) = yZl(O) = yzi(0+)
yzi(o_) = yZl(O) = yzi(0+)
y.zi(o—) = .YZI(O) = yzi(0+)
Young Won Li
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e Zero State Response
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Zero State Response y(t)

+00

Zero State Response y(t) = x(t)*h(t) = f x(t)h(t—1)dt Convolution
Impulse response h(t)
causal system h(t): response cannot begin before the input

h(it—t)=0 t—1<0

causal input x(t): the input starts at t=0
x(t)=0 t<0
A
Causality y(t) = f x(t)h(t—t)dt , t=0
b e
CLTI System Response (4A) 40 Young Won Lim
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Delayed Impulse Response

(DN+a1DN_1+"'+aN—1D+aN)y(t) — (boDN+b1DN_1+”'+bN—1D+bN)X(t)

All initial conditions are zero y¥U07) = .« = yW07) = y90) = o0

superposition of inputs

— delayed impulse the sum of delayed

Impulse responses

0
) W a6 ) (0 = b ()

- Ix(r)h(t—r)dt

scaling delayed
impulse
response

CLTI System Response (4A) 41 Young V\g;;\(;llrg



Convolution Integral

‘Z

(1,a ,Ay_y, ay)
p(t)
0
L x(c) W) h0) 0 ) (0
0
At
(bo, by, -, by_1, by)
x(t) = AlimOZ:x(nA'c)p(t—nA'c) y(t) = lim
20 p At>0 p
L p(t—nAT) 4o
= AhrToZn:X(nAT) A< At

—00

= lim Z x(nAt)d(t—nAT)AT

At=>0 5

> x(nAat)h(t—nAt)At

= f x(t)h(t—7) d~

CLTI System Response (4A) 42

Young Won Lim
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Pulse and Impulse Response

(bo, by, -+, by)

1

At x(t) mmsd  h(¢) wmd y(0)
AT (1’01, aN)
d(t) h(t)
S(t—nAt) h(t—nAT)
x(nAT)d(t—nAT)AT x(nAt)h(t=nAT)AT
lim x(nAT)8(t—nAT)AT lim x(nAt)h(t—nATt)A<
AT=>0 At=>0
lim D x(nAt)d(t—nAt)AT lim D x(nAt)h(t—nA<t)At
AT=30 p At=>0 p

f x(t)8(t—1)dx f x(t)h(t=1)d~
x(t) y(t)
DT Convolution 43 Young W. Lim
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Zero State Response |VP

*an impulse in x(t) & h(t)att =10 0*) = k W(0*) = k (N=2)(g*) = Kk (N=1)(0*) = k
creates non-zero initial conditions y( ) 00 Y ( ) 1 Y ( ) N-2> Y ( ) N-1
CLTI System Response (4A) 44 Young W57'1‘65'{2



» Classical Solution

CLTI System Response (4A) 45 Young V\é%(bllrg



Linear Equations with Constant Coefficients

d" x(t)
de"

d" ' x(t)
d tM—l

dx(t)
dt

d"y(t) d"'ylt dy\t
dytf5 )”“1 dtN)i(l h"'*"N-l%”NY(t) = b

+b, x(t)

+b,

(D" +a,D" '+--+a,_,D+ay)|- y(t) =|(b,D"+b, D" '+---+b,_ D+b,) - x(t)

the system’s natural response ya(t)
(homogeneous, complementary solution)
consists of all the characteristic mode
terms of the total system response

d y(t) d" 'yl Ayt
y( ) dtN)i(l )+...+aN_1%+aNy(t) =0

(DN+a1DN_1+"'+aN—1D+aN) - y(t) =0

The remaining portion of non-characteristic
Q(D)y,(t) = 0 mode terms form the system’s
forced response (particular solution) Y p(t)

Linear Equation with Constant Coefficients

- interval of validity (—co, +o)

CLTI System Response (4A) 46 Young V\g;?(;llrg



Classical Solution

* Natural Response

Homogeneous Solution
dy,(t) dy,(t)
‘T v a, 25 ay (i) =

 Forced Response

Particular Solution

d’y,(t) dy,(t)

{11_2 + al dt + aZyp(t) =
d*x(t dx(t
b, dt(z) +b1% +b,x(t)

 Total Response

Homogeneous Solution
Q(D)y,(t)|= 0
characteristic modes response

Particular Solution
Q(D)ly,(t)|= P(D)x(t)
non-characteristic mode response

CLTI System Response (4A)

Young Won Lim
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Limits of the Classical Method

cannot separate the internal conditions
and the external input

cannot express system response y(t) in
terms of explicit function of x(t)

Restricted to a certain class of inputs

only for inputs with the finite derivatives

The auxiliary conditions must be on the .
total response which exists only for t = 0

In practices, only the initial conditions at
t =0 Iisgiven,

We must drive the initial conditions at
t=0"

CLTI System Response (4A) 48 Young V\g;;\éllrg



Finding Particular Solutions

y(N)(t) + al.y(N_l)(t) oot aN—ly(l)(t) + aNh(t) - boX(N)(t) + b1X(N_1)(t) toeet bN—lx(l)(t> + bNX(t)

Particular y,(t) Depends on the form of the input x(t) for t >0

Solution
x(t)=t*  (t=0) x(t)=t* (t>0) y,(t)=At*+Bt+C (t>0)
x(t)=e¢"  (t=0) x(t)=e" (t>0) y,(t)=Ac¢ (t>0)
x(t)=u(t) (¢=0) x(t)=1 (t>0) y,(t)=A (t>0)
x(t)=98(t) (t=0) x(t)=0 (t>0) y,(t)=0 (t>0)

Find y,(t)+ y,(t) forthe associated ODE (t > 0)
CLTI System Response (4A) 49 Young Won Lim
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Finding Total Responses

Direct Inspection

y(nN—l)(0+),
y(t) = (y, + y,) = T
Yya'(07),
Ya(07)
Balancing Singularities
For ZSR : all zero initial conditions at t= O- y"U(07) =
Y(t) = (y, + y,)ult)
For ZIR : use the initial conditions at t= 0-
vat) = (y) %k y(NI‘I”(O*),
y"(07)

CLTI System Response (4A) 50
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e Total Response

CLTI System Response (4A) 51 Young V\é%(bllrg



Partitioning a Total Response

N
y(t) = > ce’ + x(t) *h(¢)
k=1
Zero Input Response Zero State Response
y(t) = Yal(t) + yp(t) Classical
Approach
Natural Response Forced Response

CLTI System Response (4A) 52 Young V\g;%llrg



Total Response and Initial Conditions

ZIR [0-, o 0*, +o| ZSR +ZIR
| y(t) = y,(t) = t<0" y(t) = y,(t)+y,()
Zero Input response because the input has
+ not started yet y(0%) # y(07)
zero state response continuous att =0 possible discontinuity at t =0
y(07)=y,(07) =y,(0) y(07) = y,(07)+y,(07)
y(o_) = .);zi(o_) = YZi(0+) y(0+) — .y.zi(0+)+y.zs(0+)
0", +o| Y *+V.
y(t) = y,(t)+y,(t)
natural response ) }
+ yn(O );éyZl(O y(0+):yzi(0+)+yzs(0+)
,(07) # y,(0° 2 (0%) = v (0% )+ v (0"
forced response Il _) Yl _) Y(0+) = yzi(0+ )+yzs((i )
Y,(07) # y,(0 y(0%) =y,(07)+y,(07)
Y,(07) # y,(07) y(0%) = y,(07)+y,(07)

taking the partt > 0

CLTI System Response (4A) 53 Young V\g;?(;llrg



Total Response = ZIR + ZSR

y(t)

continuous
ZIR initial
conditions

N
D cie™
k=1

ZIR y,(t)

y(t) = y,(t) e |t<0

because the input
has not started yet

yal07) = y,(07)
yzi(o_) = yzi(0+)

x(t)

x(t)* h(t)
ZSR y,l(t)
possible
discontinuity att =0
in general,
the total response
| = discontinuous
s (07) ZSR initial
¥,.(07) = y, 0*) conditions

CLTI System Response (4A)

Young Won Lim
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Total Response = ZIR + ZSR

initial conditions homogeneous solution
t t
y( ) yh( ) ZIR yli(t) characteristic
mode terms
E> only
([
X(t) h(t) no impulse 7SR yzs<t) no delta function

* \ —

x(t) h(t) ZSR y (t) with delta function

impulse at t=0

* __
g
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Total Response =y +vy_

causal x(t)
N
it
yle) = 2. cie + x(t) % h(e)
k=1
Zero Input Response Zero State Response
y,(f) has a similar form as the input x(t) x(t) * Z d et + b,0 (t)) convolution form
y,(8) is included in ZSR i
u(t) : (Z k. e + yp(t)) step function form

_ Classical
y(t) = Yalt) ¥ y,(t) .
Natural Response Forced Response
CLTI System Response (4A) 56 Young Won Lim
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Forced Response Y, In ZSR

x(t)* h(t) x(t)

Z de" + bof)(t)) convolution form

Zero State Response

l forced response

example  x(t) =t te ™, e mmmp y,(t) = At+B

o0 ' Z kiekit
i

At
u(t)- Z kie™ + yp(t) step function form

CLTI System Response (4A) 57 Young V\g;;\(;llrg



System Responses

y(t) = y,(t) + Yalt)
Forced Response Natural Response

x(t)=96(t) Impulse Response yp(t) =0 yh(t)
T ’ %

x(t)=k Step Response yp(t) =B Yh(t)
’ %

x(t)=tu(t) . Ramp Response y,(t) = Byt+B, b (t)
. " %

x(t)=e" CT#M y,(t) = e Yalt)
' %

CLTI System Response (4A) 58 Young V%‘;;‘Gb'lfg



Total Response and Characteristic Modes

ZIR ZSR
> ke y,t)

Natural Response

yn(t) = Z Kie)\it

y,(t)

Forced Response

ZIR

ZSR

yp(t) =0 X
y(t) =B X
y,(t) =B, t+B, X
y,(t) = pe™ X

CLTI System Response (4A)

59

Young Won Lim
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Characteristic Mode Coefficients

N
> c e + x(t) * h(t)
k=1
ZIR ZSR
characteristic At characteristic k At
mode terms ~ ¢i€ mode terms i
only may exist
ZSR includes
the particular
solution yp(t)
L
Yalt) + Yolt)
)
Natural Response Forced Response
lumped all the A charagtefistic ¢ pMt
characteristc ~ K;e ! mc}tﬁgs ptosesible
mode terms
CLTI System Response (4A) 60 Young Vgi‘sb'lfg



Determining Characteristic Mode Coefficients

the initial condition after t=0 is used

N

{y(N_l)(0+), e y(l)(0+), y(0%)] Z ckexkt + x(t) * h(t)
k=1

the same initial condition before t=0

{y(N_l)(o_): B y(l)(o_)’ y(o_)}

ZIR ZSR

any input is applied at time O, but in
the ZIR: the initial condition does not
change before and after time O since
no input is applied

the initial condition after t=0 is used

{y(N_l)(O+)’ T y(l)(0+): _)’(0+)} ‘

S0 the effects of the char. modes of Natural Response Forced Response
ZSR are included.

Yalt) + Y,l(t)

CLTI System Response (4A) 61 Young V\g;TGbllrg



Finding the Necessary Initial Conditions

ZIR Coefficients ZSR Coefficients
- N

y,(t) = Z c.e™ y,(t)=ult)- Z ke + y,(t)

initial conditions initial conditions zero conditions initial conditions
attime t=0" attime t=0" attime t=0" attime t=0"
continuous t>0 « direct inspection t>0

* balancing singularities
(use (yh+yp)u(t) without converting i.c.)

Natural Response Coefficients

r'/ ﬁ\\
— At _ At
y(0)= X Kie™ + 3,0 yalt) = x(0) % (X dye + by(t)
i i
" i Lo K
initial conditions initial conditions zero conditions initial conditions
attime t=0" attme t=0" attime t=0 attime t=0"
conversion
» direct inspection t>0 * impulse matching t>0
Young Won Lim
CLTI System Response (4A) 62 e



Finding the Necessary Initial Conditions

ZIR Coefficients ZSR Coefficients

yal0)= Y e yal6)=ult): (S e+, 0

y"(0%) y"'(0%)

t>0 - direct inspection t>0
 balancing singularities
(use (yh+yp)u(t) without converting i.c.)

Natural Response Coefficients

f/ ﬁ\\
y(t):ZKiekif+yp(t> yzs(t):x(t) * Zdiekit+b06(t>
i + (l) +
y'(0") h"(07)
- direct inspection t>0 « impulse matching t>0
9 )
CLTI System Response (4A) 63 Young Wg;;‘;'{g



Finding Causal LTI System Responses

 Zero Input Response

Yolt) = e (" 07), -, y(07), y(07)]

» Zero State Response

(1) y.u(6) = h(e)ex(e) hle) = b,5(0) + X d, e

(0, -, 0, 0] ‘ (R (0%), ---, h(0%), h(0")]

(2) yilt) = [ 2 be™ + y,(0)]-ult)

CLTI System Response (4A)

ya(t)

i

* Natural Response

 Forced Response

Ct
yp(t): {Be or

Homogeneous

Particular

(tr + [~)’r—1tr_1 et ﬁlt + Bo)

yalt)

+|y,(t)

64

Young Won Lim
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