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Three Differential Equations

Y, particular solutions
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First Order ODE — general solution examples (1)
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Causal LTI System Equations

d"y d" 'y dy d" x d"'x dx
o + aldtN Tt Ayt ayy(t) = boﬁ + bldtN_l + oo+ bN*E + by x(t)
(D"+a, D" '+---+a,_,D+ay)y(t) = (b,D"+b,D" '+---+b,_ D+b,)x(t)

Q(D) = (D"+a,D" '+---+a,_,D+ay)
P(D) = (b,D"+b,D" '+---+b,_,D+b,)

 Zero Input Response
e Zero State Response (Convolution with h(t))
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Interval of Validity

de" + aldtN_l + aN—lE + aN.Y(t) = bodtN bldtN_l + bN—ld + bNX(t)
y(o) € n() <mmm x()
y(t) x(t)
{
t>0 t=>0

 Zero Input Response
e Zero State Response (Convolution with h(t))

CLTI Differential Equations (3B) 8 Young Won Lim



Natural Response

* Natural Response

Homogeneous Solution Homogeneous Solution

0 o Q(D)y,(t)|= 0
t t ..
Y1+ a, );”t + ay,(t)=0 characteristic modes response

At At Ayt At linear combination of the
— 1 + L NG = e"" Natural o
y,,(t) Kie K,e Kye Z Kie characteristic modes.

i the same form as that of the
zero input response

only its constants are different

yzi(t) _ Clexlt + C2ex2t - cNex”t _ Zciekit IR < different initial conditions
yzi(t) {y(N_l)(O_)’ T y(l)(o_): y(O_)} ¢
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Forced Response - undetermined coefficients

* Forced Response

Particular Solution

Particular Solution

d’y,(t) dy,(t) (1) = Q(D)Jy,(t)| = P(D)x(t)
de Ldt - non-characteristic mode response
d”x(t) dx(t)
by 2 b, b,x(t)
dt dt
y,(t)=p x(t) =k
y,(t) = Be"' x(t)=e"' T#M\
y,lt) =pre” x(t)=e" T=k e ch. mode
yp<t) = Btzem x(t) = %' C=M\ e, tet' ch. mode
Yp(t) = (tr + ﬁr—1tr Lt Bt + Bo)eCt X(t) = (' + OLr—ltr_l +oo-+t o+ O‘o)egt
y,(t)=pcos(wt + D) x(t)=cos(wt+0)

coefficients B; are determined

by substituting the possible y,(t)

into the given differential equation, then
equating the similar terms

CLTI Differential Equations (3B)

only for inputs with the finite derivatives

Q(D)ly,(t)| = P(D)x(t)

~_
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Interval of Validity

t>0 t =0
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 Three Initial Value Problems
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Three Initial Value Problems

y'"'+P(x)y' +Q(x)y =f(x)

)’<Xo> = Yo
y'(x(:) - V1

See “Differential Equations
with Boundary-Value
Problems”, by Dennis Zill,
Warren Wright

y oy P(X) y’ + Q( X) y = 0 Homogeneous DEQ Zero Input Response

Y<X0) - Yo

y'(%) =y,

y an P(x)y' + Q(x)y - f(x) Nonhomogeneous DEQ Zero State Response

J <X0) y ! Zero Initial Conditions

y '(Xo) =0 Initially at rest

- . : Y Won Li
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e Green's functions and impulse responses
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Green's Function and IVP's

y'+Px)y' +Qy=flx) | (x) = 2]
yix) = 0 | W)
Y(Xo) =0

) = BE

’ W(x)
yp:u1(x).)/1 +u2<x).)’2 = fzo_yzé;)(i)(t)dt]y1(x) +

W(t)

-fx _Y1(X).V2(t)

flt)dt

Y1(t)y2(x) — Y1(X)Y2<t)

1010
y.()f(t)

= [,
= szG(x, t)f(e
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)d t

J‘zo Y1(t>f(t) dt]yz(x)

(6)
(£) ¥, (x)

J‘X Y1

fit)d

Wi(t)

f(t)dt]
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Green's Function

" Y Y,

the same Green's function

Y1(t)Y2(X) — Y1(X)Y2(t)

G(x, t) = W)
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General Solutions of the Initial Value Problem

rr 5 I 6 — -
y'a 5y +6y =fly N PAG P RGP
y(x,) = 0 ’ | w(t)
y'(XO) = O ZSR -2t —3x —2x 3t
— e — e e
m’+5m+6 = (m+2)(m+3) = 0 _ —e
m= -2, —3 _ [_eBt 3 4 o720, Zt]
-t _ -3t
Yi = € Yo = €
_ [e—z( -t) e—3(x—t)]
e—2t e—3t
W(t) = —2t -3t _e_St
—2e™ % —3e LTI = h(x—t) Impulse Response
y, = fXOh(x—t)f(t)dt
= (h*f)(t)  convolution
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Impulse Response by the Green's function

y''+3y'+2y=x' G(X t) _ Y1(t))’2(x)_)’1(x))’2(t)
Y(Xo) =0 i w(t)
}"(Xo) =0 ZSR ~ 'e—te—zx_e—lxe—zt
- _e—3t
y''+3y'+2y=x = [—e e_2X+e_xe+t]
Y<X0) =0
I — [e—(X—t)_e—Z(x—t)}
y'(x,) =0 ZSR
= g(x—t)
m’+3m+2 = (m+1)(m+2) = 0
m=—1, —2 glt) = le"—e™
el e h(0) = [Dg(e)u(c)
wio)= |8 ¢ = e = e ta2e?
_e—t _ze—Zt —e
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e Superposition of the derivatives of x(t)
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General and Base Systems

(N)

y t aly(

N aN—ly(l) t dyy = boX(N) + b1X(N_1) + - F bN—1X(1) + bN@

General System S

(by, by, -+, by)
x(t) mmmd  h(t) mmmd y(t) h(t) :theimpulse response of S
Olt h(t
( ) (1 a, aN) ( )
w4 alw(N_l) + .- + aN_lw(l) + ayw :@

Base System SO

x(t) wmmd  h(t) ) wit) h,(t) :the impulse response of SO
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Differential Equations of S & S_

(D" +a, D" '+---+ay, D+ay) - y(t) = (b,D"+b,D" ' +---+b, D+b,) - x(t)

y(N)+a1y(N_1)+---+aN_1y(1)+aNy = bOx(N)+b1x(N_1)+---+bN_1x(1)+bNx y(t) = x(t)
(bo, by, -, bN)
x(t) mmmd  h(e) wmd y(t) General System S
o) T
ay, e, ay

(DN+a1DN_1+---+aN_1D+aN) . w(t) = x(t)

W(N)+alw(N_1)+---+aN_1w(1)+an = X w(t) = x(t)
(0,---,0,1)
x(t) B h,(t) ) w(t) Base System S0
, Ay, o aN)
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Impulse Responses of S & S_

y( '+ aly(N_l) + -+ aN_ly(l) +ayy = box(N) + blx(N_l) + -+ bN_lx(l) + by X y(t) = x(t)
A 4 g i Y4 ivay B +ayh = b8+ b, 8" V4w, 8 +b,d h(t) &= 5(t)
1 (N) (N=1) ) I ) the impulse response
h = a_N(bo6 *b,07 -+ by 07+ byo — T —ah ay ") | interms of its derivatives

(bO) bl) ) bN)

x(t) ‘ h(t) ) y(t) General System S
h

(1’ a, -, aN)
wh e aw Vg, wWraw = x w(t) = x(t)
WY 4 a b+ ay WY +ayh, = 8 ho(t) = 8(t)
1 - the impulse response
hy = G—N(5 —h —a, B = —a, ) in terms of its derivatives
(0,---,0,1)
x(t) mmmd  h(t) ) w(t) Base System S0
bt} ATy
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Polynomial Forms of S & S

Q(D) =
P(D) = (boDN"' leN_l"" ++ by D+by)
(bo, b, -, bN) I
x(c) med h(e)  w—) y(0) Q(D)y(t) = P(D)x()
5(t) Ba o h(t) Q(D)h(t) = P(D)(t)
Q(D) = (DN+a1DN 1""""'aN—lD"'aN)
P(D) = (1)
(0,--,0,1)
x(t) mmmd  p(t) ) wi(t) Q(D)w(t) = x(t)
() s a ho(t) Q(DIh(t) = d(¢)
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Base Systems with derivatives of x(t)

The base system S0 with the input of x(t) (0, -, 0,1)

x(t) w(t)

w4 alw(N_l) + - 4 aN_lw(l) + ayw = X ‘ ho(t) ‘
(1 al: aN)
The base system S0 with the input of x®(t) " (0,--,0,1)

x(t) w ()
wh g w4 g, w? s g w! = 5 ey hy(t) e
{W(l)}(N)+al{W(l)}(N_1)+---+(1N_1{W(l)}(1)+(1N{W(1)} — 5 (1, ay, -+, ay)

The base system S0 with the input of x™(t) () (0,-,0,1)

x () w (1)
w4 awB Y vk gy WY s g ™ = XY ) () )
{W(N)}(N)+(11{W(N)}(N_1)+"'+GN_1{W(N)}(1)+GN{W(N)} — X(N) (1, a,, -+, ay)

- d2N71 - dN—l dN
N = G T (t)) (wNy T T gt
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Base System SO with derivatives of x(t)

The base system S0 with the input of x(t)
X(t) (0’ )0’1) W(t)
W alw(N—l) oo+ aN_lw“) + ayw = ‘ ho(t) ‘
(1 al’ aN)
by [W(N) + 611W(N Y + + dy lw(l) + ayw = X } 0
bN_lﬂw(N”) + a,w + +ay w4 ayw' = x(l)} 1
2N-1 +
b, [W(ZN) + a,w*N Y 4 +ay WYy ayw® = X(N)} N
1 N (N—1) 1
byw™ + a,byw + + ay_byw"  + aybyw = byx v
N+1 (N)
by w™Y + ab, w + + ay by W 4 a by WY = by X" 1
2N-1 +
boW(ZN) + a1b0W( b+ + aN—lbOW(N Uy dNboW(N) = boX(N) N
\_ 2
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General System S with derivatives of x(t)

byw™ + a,byw™ Y+ + ay_byw"  + aylbyw = byx 0
bN_lw(N”) + a,by lw( A + ay by lw(z) + aNbN—lw(l) = bN_lx(” 1
bow(zN) + a,b, wiN-1 + byay 1W(N+1) + aNbOW(N) — bOX(N) N
y(N) y(N—l) y(l) y
y( )+ aly(N 1) + oo+ aN—ly(l) + aN — bOX(N) + blx(N_l) + oo+ bN—lx(l) + bNX
by, by, b
X(t) (0 1 N) y(t)
s k() e
(1’ al) ) aN>
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Equivalent Impulse Responses

() MARERUNSLI (Y wit)

mmm) h(t) mem) =  mm) b (t) =) 1 —)
(1 ay, aN) (1’ ay, aN)

(e o0l x) 0 0w) w(e)

) h(t) mmm) — =m) h () =) % —)
(1 a, aN) (1, a, aN)

ey A

) A (t) )y =

CLTI Differential Equations (3B) 28



Superposition of Base System Outputs

by x(t) by wit) \ x(t)
) 5 () —) B
(1 a, aN)
bN—1X(1)(t) bN—lw(l)(t)
m— ho(e) A ()
b, X(N)(t) b, w(N)(t)
) b)) E—p
(bO:bI’"': bN)
x(t) mmmh h(t) ) y(t) y(t) = byw(t)+by_ w(t)+ - +b,w"(t)
o(t) T h(t)
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Derivatives of Impulse Response

The base system S0 with the input of x(t)

w4 aw™ Vs kg W s oagw

The base system S0 with the input of x™(t)

w4 alw(N) T oen o aN_lw(z) + an(l)
{W(l)}(N)+al{W(l)}(N_1)+---+ClN_1 {w(l)}(1)+aN{w(1)}
w(t)
w(¢)
u(t)
u(t)

CLTI Differential Equations (3B)
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General System via Base System Responses

(by, by, -+, by)
x(t) mmsd  h(¢e) = y(0) y = bow™ e b w" Ve b w
6(t) (1, ay, -, ay) h(t) h = bOyE‘lN)+b1y£1N_1)+.“+bNyn
(0,---,0,1)
x(t) wmmd  p(c) ) wit) w = xM+ax" Vs rax
6(t) (1, ay, -, ay) ho(t) hO =0 v + alé(N_l) + + aN6
x(t) by w(t)
— b () ) Q(D)w(e) = x(t)
X(l)(t) b w(l)(t) Q(D)P<D)W(t) = P(D)X(t)
e p R (6) e > (o) y(t) = P(D)w(t)

CLTI Differential Equations (3B) 31



e |nitial Value Problems and System Responses
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Decomposing an Initial Value Problem

y (0 + ay(0) + ay(t) || byx"'(t) + byx'(t) + byx(t) y(t)=y (t)+ y,(t)
y(0*)=k, y'(0%)=k, Target Initial Value Problem

|
y''(t) + a,y'(t) + a,y(t)|=0 Zero Input yzi(t)

Zero Input Response

y'(t) + a,y'(t) + ayy(t) [=| byy''(t) + byy'(t) + b,x(t) yzs(t) — x(t)*h(t)
ys(07)=0 y,(0")=0 Zero State Zero State Response
CLTI Differential Equations (3B) 33 Young Won Lim
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Decomposing a Differential Equation

y'(t) + a,y'(t) + ay(t) =10 y,(t) Natural Response

+

y''(t) + a,y'(t) + ayy(t) 5| byy''(t) + b,y'(t) + b,x(t) yp(t) Forced Response

y'(t) + ayy'(t) + ay(t) = byx'(t) + b,x'(t) + b,x(t)

y(t)=y,(t)+ y,(t)

y(0 )=y, y'(07)=y, Target Initial Value Problem

CLTI Differential Equations (3B) 34 Young Won Lim
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