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Second Order ODEs

First Order Linear Equations

a,(x) 5% +a,(x)y = g(x) a(x)y"+ a(x)y = g(x)

Second Order Linear Equations

dy

—ralx) o +ax)y = g(x) a,(x)y"" +a,(x)y' +a)(x)y=g(x)

Second Order Linear Equations with Constant Coefficients

d° d » ,
- dyz+01dy+aoy g(x) a,y" +a,y' +a,y = g(x)
Zx“b;li”y:g(x) ay''+by'+cy=g(x)
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Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

dy+b y+cy=@ GJ’”"'b}""'CY:@
X’

d

try a solution y =e™

d’ | nx d o mx ale™ " +ble™}" +cle" =0
aL e w b (e clem = Al bleTT el
alm’e™] +b{me™} +cle™] =0 alm’e™} +b{me™} +cle™] =0
(am*+bm+c)-e" =0 (am*+bm+c)-e™ =0

auxiliary equation

(am*+bm+c)=0 (am*+bm+c)=0

CLTI Differential Equations (3A) 4 Young W%r/]SI;Ilrg



Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

dy+b y+cy=@ GY"*'b}""'CY@
X’

d

auxiliary equation

try a solution y = e™ =) (am*+bm+¢) =0

m, = (—b +b’—4ac)/2a

— yb’—4ac)/2a
y, = m, X , Y, = m,x - (A) b2—4ac >0 Real, distinct m, m,
y,=e"" = y,=e" (m  (B) p’—gac =0 Real equaim,m,
v, mx v, m; X - (C) p2—4ac <0 Conjugate complex m,m,
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Linear Combination of Solutions

DEQ
ay,""+by,"+cy, =0
adz—y+bd—y+c —0 < Y1 yi tcy,
dX2 dx y_ - ay211+by21+cy2:0
T C1+ CZ a(Yl"+Y2")+b(Y1'+Y2')+C(Yf")’z):0
a(Y1+.VZ)"+b(.V1+Y2)'+C(Yl"')’z):0
Yi=y, + Y, a(C,y,""+C,y,"" )+ b(C,y,"+C,y,") + c(C,y,+C,y,) = 0
Ya=Y1 — Y a(C1Y1+C2Y2)”+b(C1Y1+C2Y2)'+C<C1Y1+C2Y2>:0
Ys=Y; + 2y,
Ye =Y — 2V,
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Three Cases

! T T T 10

; %e~-(2%1) +%e ~-(3%t)
q - %e ™-(2*t)-%e "-(3*1) -

; %e~-(34)-%e ~-(2%t)

5 -%e "-(241)-%e "-(37)

| : 5
2P -
ok 0
2L . _

: : -5
-4+ B

; ; ; ; 10

2 -1 0 1 2 3 4 5 -

T T T 10 T
t*%e - (2*%t)+%e - (2%t) :
%oe ™-(2%)-t*%e ™ -(2%1)
t*%e ™ -(2*t)-%e " -(2%t)
-t*%e ~-(2*%1)-%e - (2%t)

%e "-I(2*t)*(sin(3!"t)+cu5(3*t|))
%e ™ -(2*t)*(cos(3*t)-sin(3*t))
Yoe ™ -(2¥t)*(sin(3*t)-cos(3*t))

Yoo ™-(2*1)*(-sin(3*)-cos(3*t))

i i i 10 i

_ m;x m, X
y=Ce " +C,e

—_ m; X m;
y=Ce " +C,xe

X

— m; x mx __
y=Ce " +C,e =

Cl e(a"'iﬁ)x + Cze(a—iﬁ)x
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Three Cases

overdamping

M I %(—g"-(Z*t)+“‘Ae"-(3*t)l—
%e ™ -(2¥)-%e ~-(3%)
Soe™-(34)-%e - (24) ——
-%ee”-(2%)-%e ~-(3%t) ——

T T T
| -2%%e " -(2*)-3*%e ™ (3%t) ——

. \ B o e
Y 2%%e - (2*t)+3*%e ™ -(3%t) ——
A : :

3*%e™-(34)-2%%e ~-(2%) —— .

CLTI Differential Equations (3A)

critical damping

10

-10

t*%el"-(Z*t)+‘;ée"—(2*t)‘ —
%e™-(2*)-t*%e ~-(2*%t)
t*%e~-(2%t)-%e ~-(24) ——
-t*%e”-(2%)-%e M- (2%t) ——

10

underdamping

%e"-I(Z*t)*(sin(Bl*t)+cos(3*t|)) _—
%e™-(2*t)*(cos(3*t)-sin(3*t)) ——
Yoe™-(2*t)*(sin(3*t)-cos(3*)) ——
Y%e™-(2*t)*(-sin(3*t)-cos(3*t)) ——

-10

10

" 2rten-(24)-Ye ~-(24) ——
255%e A-(25)-34%e - (25) ——
3%0%en-(250)- 254 %e - (25)

2#5%e - (2t +%e N-(24t) ——

- 5

0 1 2 3 4 5
t

10
%e™-(29
Yoe™-(2
2R *(3*g|
Yoo ™-(2

8

—
—
~
~——
I
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Three Cases

overdamping critical damping underdamping
flt)=(C.e™+Ce™) g(t) = (C,e™ +C,te?) h(t)=[e™(C,cos(3t) + C,sin(31))]
fr(t)=(-2C e =3C,e) g'(t)=(—2C e +C,(-2t+1)e ) h'(t)=[e*(-2C,cos(3¢) - 2C,sin(3¢))]

+[e”*(—3C,sin(3t) + 3C ,cos(3t))]

= e *'[(-2C,+3C,)cos(3t)]

+e ¥[(-3C,—2C,)sin(3t)]

flt)+f'(t)= glt)+g'(t)= h(e) +h'(t) =
(—Cle_Zt — 2C26_3t) (_Cle_m . Cz(_t"'l)e_zt) e_ZI[(_C3+3C4)COS(3t)]

+e *[(-3C,—C,)sin(3t)]
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Complex Exponential Conversion

Homogeneous Second Order DEs with Constant Coefficients

dy+b y+cy=@ GY"*'b}""'CY@
X’

d

mlz(—b+m)/2a - mlz(_b+mi)/20 :0(+iﬁ ylzemlx
— (b b—dac)2a W) m=(-b-dac—b )20 =a-ip | y,=e""

b2—4ac <0 Conjugate complex m, m y = Clemlx + Czemzx — Cle(aﬂ'ﬁ)x + Cze(a_us)x

Pick two homogeneous solution

y, = {e(oc+il3)x + e(a—iﬁ)x}/z — eaXCOS(BX) <C1:+1/2, C2:+1/2)
y, =[x el i = e**sin (Bx) (C,=+1/2i, C,=—1/2i)

y = C,e""cos(Bx)+ C,e"sin(px)=e"*(C,cos(Bx)+ C,sin(px))
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Fundamental Set Examples (1)

Second Order EQ
a+if)x
Ay dy e
+b +cy=0
dx d x - plaiblx
— 1 1 a+ip)x (o—i ax
Y3, = S MRt 5 (e 1P 4 gl B = o aog(B x)
(a+ip)x (a—ip)x
— 1 _ 1 e —e [2i =e""sin(p x
W= E-E e S
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Fundamental Set Examples (2)

Second Order EQ
d2y dy - — y3 e(oc+i[5)x
a—>5 +b—= + cy= 0 .
d x d x - — y3 e((x—l[S)x
y; =e*cos(Bx) — e“*[cos(Bx)+isin(px)]
. = ¢“sin (B x) e“*[cos(Bx) —isin(px)]

CLTI Differential Equations (3A) 12 Young Won Lim
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General Solution Examples

Second Order EQ
2 linearly independent Fundamental Set of Solutions
ad_y + bd_y +Ccy = 0 (a+ip)x (a—ip)x
dx’ d x {yL Y2}:{e , € }
A T
Cl + Cz y2 Cle(a+i[3)x + Cze(a—iﬁ)x
General Solution
linearly independent Fundamental Set of Solutions
{Y3, Y4}:{eaxCOS<BX)’ eaxsm<BX>}
c,e’*cos(px) + c,e**sin(px)
s al+ c; [0 v
g £ =e"*(c,cos(px) + c,sin(Bx))
General Solution
i i i Young Won Lim
CLTI Differential Equations (3A) 13 vl



Finding a Particular Solution
- Undetermined Coefficients
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Three Differential Equations

y, Pparticular solutions

d _
dr a, dt + ay(t) = x(x) PR | + Vo

d’y(t)

EQ 2
dzdytgt) . aleEt) Fay)=xx) < + Yh
EQ3
D o api0=ni0 | Py

general solutions
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Particular Solutions

DEQ
d particular solution
y + b y fcy w < by a conjecture
d X’ !
(1) FORM Rule

When coefficients are constant (Il) Multiplication Rule

And Aconstant or ... k
A polynomial o1 ... P(x) = a x"+a,,x""+-+ax +a,
_ ) An exponential function or _________._.___ X
g(x) = €
A sine and cosine functions o ......... sin(Bx)  cos(Px)

Finite sum and products of the
above functions

""" e“*sin(fx) + x°

And

g(x) # Inx tan x sin” ' x

> | =

CLTI Differential Equations (3A) 16 Young W%r/]SI;Ilrg



Form Rule

DEQ
EERVT e
d X ' (1) FORM Rule
When coefficients are constant (Il) Multiplication Rule
glx) =2 y, = A
g(x) = 3x+4 Y, = Ax+B
g(x) = 5x° y, = Ax*+Bx+C
g(x) = 6x°—7 y, = Ax*+Bx+C
g(x) = sin8x y, = Acos8x+Bsin8x
g(x) = cos9x y, = Acos9x+Bsin9x
g(x) — ele yp — Aele
glx) = xe'" v, = (AxsB)e™
g(x) = e'*sin12x y, = Ae''sin12x+Be" *cos12x

CLTI Differential Equations (3A) 17 Young W%r/]SI;Ilrg



Multiplication Rule

DEQ

use y,=x"y,  y,=xy,

ny b y+Cy = m ----- ' if Yo=V1 Yp=DX2

|
|
|
: Any yp contains a term which
+ V. g is the same term iny_
Usey, multiplied by x"

n is the smallest positive
integer that eliminates the
duplication

Associated DEQ

ny+b y+cy:@ :

‘ oMl +o. B —

CLTI Differential Equations (3A) 18 Young W%r/]SI;Ilrg



Example — Form Rule (1)

DEQ

dy+3dy+2

y=lx) |+

-

Associated DEQ

Iy + v

dx’

dy+3dy+2y_@

(m+2)(m+1)

|

CLTI Differential Equations (3A)

Cl "'Cz

19

m +3m+2=0
=0

ypll+3ypl+2yp
=3A+2(Ax+B)
=2Ax+3A+2B

- X

2A=1 A:%
3A+2B =0 B:—%

2 4

Young Won Lim
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Example — Multiplication Rule (2)

DEQ

y11_2y1+y:28x

= Ae* mm) Axe' mmp Ax‘e

Associated DEQ yi=¢ y, = Xxe
dy <3 y11_2y1+y:0
TR ’
- Y2
¢y + () .
' i ' Young Won Li
CLTI Differential Equations (3A) 20 oung Won Lim



Example — Multiplication Rule (3)

DEQ

y11_2yv+y :6xex

= Axe'mmp Ax’c'mmp Axe

+ |yl LHS:2Ae
Associated DEQ yi=¢ y, = Xxe
dy <3 y11_2y1+y:0
o tr=0
¢y + () .
' i ' Young Won Li
CLTI Differential Equations (3A) 21 oung Won Lim



Forced Response - variation of parameters

y''+py'+qy= f(X) Nonhomogeneous DEQ Zero State Response
ylx) =0 Zero Initial Conditions Green's function
y '(Xo) =0 Initially at rest (Impulse Response)
X t - t X
yo=ulXy +ulx)y, = [ 7 )yZ(sz(gl(XM( ) f(e)de = [ G(x, 0)f(t)dt

y,(x) = [ Glx. Of(e)de
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Variation of Parameter [¢c — u(X)]

y'"'+P(x)y +Q(x)y =0 y'""+Plx)y +Q(x)y =f(x)

Yh=CY1 +C), yp:u1<x>.)’1 +u2(x))’2

re ' — d +u1'y1 +u1'.)/1 +u1'y1'
y," +Plx)y,"+Qlx)y, = E[Jruz,yj +P[+u ,yJ + Lu ,y} =f(x)
2 2 2

{ youp '+ y,u," =0 Yi Ya||ui'| — | O
yi'uy'+ y,'uy = f(x) Yt ya U f(x)
W = .)’1' Y2' W, = 0 Y2' W, = .)’1' 0
Y1 Y2 f(x) v i flx)
_ W ynMf¥) _ W, _ yiXf(Y)
“1(X)—W— W uz(X)—W— "
CLTI Differential Equations (3A) 23 Young Won Lim
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Superposition

DEQ
d’ d
dx}; 2l di v EY :"' 3"' (2x*+3) + (cos8x)
d’ d
Y, pdy

dx’ d x vy . <_m Yo = ce" 4 c,e™

d d

dx);+bdi:+cy:2x2+3 <—m yp1:AX2+BX+C

2

Z};-'-bfli{/-l-cy: <_m Y, = Ecos8x + Fsin8x
X

d
W[yc+yp1+.yp2] + ba[.yc+.yp1+yp2] + C[yc+.yp1+yp2] — 2X2 + 3 + COS8X

CLTI Differential Equations (3A) 24 Young W%r/]SI;Ilrg



ODE's and Causal LTI Systems

d" y(t) d" "y(t)
GNT-I-GN_I dtN + +(11

ho(c) T (o) input

;
a” d" ! d d" x( d" 'x
y(t) y(t)+._.+al%+anl_ b —(t) oo

+a,._ +b_ =
N dt” M=t gt

o
c
~—
Ee)
c
~—
<
—
~
—
—

- x(t) input

CLTI Differential Equations (3A) 25 Young W%?Slygl_rg



Base System & Derived System

(N)

yN o+ ay

YU ay YWY+ ayy = x

base system

x(t) mmmd  p () ) w(t) notation: y* = 4 ¥ = 4y i)

(N)

yN o+ ay

Ny w gy v+ ayy = box™ + byx!

derived system

X(t) ‘ h(t) ‘ y(t) notation: x'V = nglﬁ = :—:Vx(t)

CLTI Differential Equations (3A) 20



General System & Base System

general system

y(N) s a1y(N_1) L aN—ly(l) + dyy = bOX(N) s b1X(N_1) w0 bN—1X(1) + by X
Yy a yY Y v ay v+ ayy = bx™ =) b,hy" d;erir:/atives
of the
yN o+ aly(N_l) + o+ aN_ly(l) + ayy = blx(N_l) = b,hN ~ impulse
~ response of
y(N) s a1y(N Vs aN—ly(l) + dyy = - the base
y(N) + aly(N o4 4 aN_ly(n + ayy = byx - byh, system
ho= b AN 4 b N1 b nU s boh h(t) = Impulse response
= Doflo = * Dyl + =+ Dy_1flg + Dyl of the general system
base system
Y+ @y e ay Y+ ayy = x = | h

h () = Impulse response
of the base system

CLTI Differential Equations (3A) 27



Superposition of derivatives of a delta function

+ oot ayg D+ ayy =[N R+ - + I + Dy o

5(¢) mwmmd  h(t) mmmd h(t)

— (N) (N-1) (1) B
h(t) = byhy ' + byhg + -+ + by hy' + byhy = P(D)ho(t) superposition of
the derivatives of
delta function
by byh —
)  hy(t) p—) WY 4 g BNY 44 agh, < byd
[ ) [ ) o [ ] [ ) [ ) o o [ ] ° ° ®
bl 6(N_l) bl h(N—l)
‘ ho(t) ‘ hg2N—1) n alh(ozN—z) oo ot aNth—n _ bN_16(N_1)
boé(N) boh(N)
‘ ho(t) ‘ thN) + alhE)ZN—l) + o+ aNhE)N) _ boé(N)
N

CLTI Differential Equations (3A) 28



General System: Impulse Response

y(N) + a1y(N_1) L aN—ly(l) t dyy = bOX(N) i blx(N_l) et W bN—lx(l) + by X
5(t) mmmd  h(t) mem) h(t)
h = bh™ + b,h¥ Y 4 . & by KV + byh, = P(D)hy(t)
T 3
Q(D) = (D"+a,D" '+:--+ay_,D+ay) Q(D)hy(t) = d(c)
P(D) = (b,D"+b,D" '+--+b,_,D+b,) Q(D)P(D)hy(¢t) = P(D)d(t)

o) mmmmh  hy(t) mmm=p h(t)

CLTI Differential Equations (3A) 29



Superposition of derivatives of an input

general system base system

x(t) mmmd h(t) mmmd y(t) x(t) wmmd  h(t) ) wit)

y(t) = byw™ + bw™ + . + b, W + byw = P(D)w(r)
by x byw
‘ ho(t) ‘ w4 alw(N_l) + + ayw = byx
e O o e O o e O o e o o
blx(N_l) blw(N—l)
‘ ho(t) ‘ wi2N-1 alw(ZN—Z) + n aNW(N 1) _ bN_lx(N_l)
box(N) bOW(N)
‘ ho(t) ‘ wN) alw(ZN—l) + o aNW(N) _ bOX(N)

CLTI Differential Equations (3A) 30



General System: Output

N-1)

yV o+ ay

X(t) wmmp  h(e) ) (0

O = B B s b b

P(D)w(t)

Q(D) = (D"+a,D" '+---+a,_,D+ay)

P(D) = (b,D"+b,D" '+--+b,_,D+b,)

x(¢)mmmy hy(c) ) w ()

CLTI Differential Equations (3A) 31
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ODE's and Causal LTI Systems

Va¥y),  d" 'y d y(t) ¥a x(o)
GNW-F ay — 5y Tt alT-l- a,y(t) = b, di

+ ot bld;—gt)+ b, x(t)

N: the highest order of derivatives of the output y(t) (LHS)
M: the highest order of derivatives of the input x(t) (RHS)

N < M : (M-N) differentiator — magnify high frequency components of noise (seldom used)
N > M : (N-M) Integrator

om0 ) 0
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Different Indexing Schemes

at,dl;{l\(,th ay._, N;t{,( )+ o aldy< )+ a,y(t) blt d:fﬂgth bM_le;;x_gt)+ bld;(tt)+ b, x(t)
N > M| : }
EA0 0 2 rva g () =S e, E gy, DO
N = M| ; {
dl;);\(’t)+aldl;:y( )+ o 1dy( )+aNy .d x( b, Zth)i(lt)+ +bN_1d;(t)+bNX(t)

{N > M] (D" +a,D" '+--+ay_,D+ay) y(t) = (byD"+b, D" '+---+b,_,D+b,)x(t)
N = M| (D"+a,D" " +--+ay_,D+ay)y(t) = (boDN+b1DN_1+”'+bN—1D+bN)X(t)

CLTI Differential Equations (3A) 33 Young W%?Slyllrg



ODE Solutions and System Responses

_  Zero Input Response
y (t) =1 (t,x (t)) » Zero State Response (Convolution with h(t))

Young Won Lim
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Converting Initial Conditions

CLTI Differential Equations (3A) 35 Young W%r/]SI;!I_rg



CLTI Differential Equations (3A) 36 Young WOGr/IBIiI.rg




Y1(t) =e

z
o
{I
m '
S

-1

1.5

2

4 2 0 2 4
X

2 X 1

1.5 valx) = [ etde = 1_§e_zx
o "
F
)
{I
a
S
o
=

H
. . . Young Won Lim
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