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Two types of improper integrals
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Shift only vs. Flip-Shift
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Correlation and Convolution Integrals
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Correlation f x(t)y(t+t)dt = f x(t—t)y(t)dt

Lo —o0
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Conventional Notations

+00 +00

Correlation _J; x(t)y(t+t)dt = :[o x(t—t)y(t)d=
Convolution IZ x(t)y(t=T)d :Ji x(t=7)y(t)d
real x(t), y(t)
ny(r) = Jix(t)y(Hr) dt = Jix(t—r)y(t)dt = Ryx(r)
Mwy(e) = [ xl—x)y(r)dr = [ x(x)yl-x)dt = y(epex(o
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Conventional Notations
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Correlation and Convolution

real x(t), y(t), h(r)

+ o0 + o

Correlation R,(v) = [ x()y(rv)de = [ xle=v)y(e)de

— —o0

+00 +00

Convolution x()xh(t) = [ x(t=v)h(x)dt = [ x(t)h(t—1)dx

o —

x(=t)
R(0) = x(—xiey(x) W Rx) e X(Y())
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Correlation of y(t) with o(t)

CT Correlation (2A)
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Correlation of y(t) with x(t) (2)

T A A

Ixu) **** _ y(0 _ R, (¥ _
1 1 1 T

| - "
Fxo _ y(0 _ R, (%) _
1 1 1 .

T A + A +

tx(t) y(t) R, (7)
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Convolution: delayed response of h(t) (3)

Linear System A
Ié(t) =  h(t) =) y(t)
1 s(i—v) W h(i—v) :

(

x(v) 8(t—v) q x(v) h(t—v) A x)h(t—v)
T/IX input value at time v — x(V)
, delayed impulse response —>x()

A (t) A

= y(t) =
H' fx (v)§(t—v) fx(v)h(t—v)dv
1 > >
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Correlation and Convolution

real x(t), y(t), h(r)

Correlation R, (T)

CT Correlation (2A)

Young Won Lim
9/9/14



Correlation and Convolution

real x(t), y(t), h(r)

+ o0 + o

Correlation R, (t) = [ x()y(te+v)de = [ x(c—1)y(c) dt
x(t) = fx(v)f)(t—v)dv y(t) = fx(v)h(t—v)dv
x(t—t) = fx(v)é(t—r—v)dv y(t+t) = fx(v)h(t+'c—v)dv

f fx(v)x(§)6(t—v)h(t+1:—§) dg dv] dt

_ ffx(v)x(g)-I:é(t—v)h(ur—%)dt]di dv

= ffx(v)x(?g) :jof)(t—v)h(v+r—§) dt] de dv
= [ [ x(v)x(g) h(v+T—E) dE dv
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Correlation and Convolution
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Convolution: Commutative Law

XER = a0

x(v) h(v) P h(—v) Shit h(t—v
1
x(v)h(t—v)dv = y(t)
h(v)x(t—v)dv = y(t)
| S S
Flip Shift
h(v) x(v) —p x(—=v)—p x(t—v)

A = BEl = v
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Convolution: delayed response of x(t) (1)

Impulse response h(t) N
I 5(t) m | k() | = y(t)
> >
1 1
Impulse response x(t) A
I 5(t) » Bl = y(t)
>
1 1
A
h(t) delayed response y(t) =7
by 1
--------- > >
‘ 1 1
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Convolution: delayed response of x(t) (2)

Time Invariant

Th(t) = E§ =

\J
|

A Time Invariant A

' = EE =

A Time Invariant A

1 3
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Convolution: delayed response of x(t)

Linear System

I o1 -

>
1
S(t—v) ‘ x(t—v)
A h(t) h(v) 8(.t—v) ‘ | h(v)x(t—v)
input value at time v
il _ —h(v)
v 1 delayed impulse response
— h(v) x(t - v)
h(t) =
h(t) [ h(v)8(t=v) dv )
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(3)

y(t)
) >

vV 1

y(t) =
fh(v)x(t—v) dv

1
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FIR and IIR

Impulse response h(t) N
5(t) m | D) | = y(t)
> >
1 1
Finite Impulse Response Finite Duration
Impulse response x(t) A
(1) = EE = y(0
> >
1 - 1
Infinite Impulse Response Infinite Duration
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Impulse Response

x(t) Impulse response A y(t)
5{1) = k() =
> >
R 1
4 A
T 5(t—0.5) S§I8y5ed response
> >
1 1
4 A
5(t—1) delayed response
by 1
> >
1 1
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LTI System

v x(t) v y(t)=?
t,—1 t,—-5 1t g t, g
- N O N
5(t—t,+1) — h(t) —m h(t—t,+1) —» h(t) —»
x(t) = y(t) =
5(t—t,+.5) = h(t) — h(t—t,+.5) 5(t—t,+1) + h(t—t,+1) +
§(t—t,+.5) + h(t—t,+.5) +
5(t—t,) —» h(t) —» h(t-t) 5 (t—t,) h(t—ty)
N J U /
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Computing y(t;) : Output at t = t,

A A
S(t—t,+1)
> | h(t—t,+1) .
tmlon=5 6 -1t
x(t) = d(t—t,+1)+ d(t—t,+.5)+ 8(t—t,) A
d(t—t,+.5)
h(.5)
h(t—t,+.5)
>
t,—.5 t,+.5
A A
.V(tl):p s(c—t,)
h(0)
h(t_t1)
>
“ t, t,+1
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Computing y(t,) : delayed impulse response h(t)

delayed impulse response — h(t)

A x(t) A y(1) Y
Pt
h(1)
> .
t—1 -5 164 1 t, t,+1
x(t) = 8(t—t,+1)+ 8(t—t,+.5) + &(t—t,) y(t,) = h(1)+h(.5)+ h(0)
A x(t) A y(t)
t,—1 -5t g 1 t, tT+1
x(t) = 8(t—t,+1)+ 8(t—t,+.5) + &(t—t,) y(t) = h(t—t,+1)+ h(t—t,+.5) + h(t—t,)
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Computing y(t,) : flip and shift x(t)

x(t) = 8(t—t,+1)+8(t—t,+.5) + 8(t—t,)

I Change of variables t — v
x(v) = 8(v—t+ 1)+ d(v—t,+.5)+ d(v—t,)

L Flip around y axis and then shift to the right by ¢ v — t—v
x(t—=v) = d(t—v—t,+1)+ 8(t—v—t,+.5)+ d(t—v—t,)

y(t) = [ x(t=v)h(v) dv
— : §(t—v—t,+1) h(v) dv — h(t—t,+1) impulse response delayed by t,—1
+ F §(t—v—t,+.5) h(v) dv — h(t—t,+.5) impulse response delayed by ¢, —.5
* jé(t —t,) h(v) dv — h(t—t,) impulse response delayed by t,

y(t) = h(t—t,+1)+ h(t—t,+.5)+ h(t—t,)
y(t;) = h(1)+h(.5)+ h(0)

Young Won Lim
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Computing y(t,) : flip and shift h(t)

h(t)

I Change of variables t — v

h(v)

I Flip around y axis and then shift to the right by ¢ v — t—v
h(t—v)

fx(v)h(t—v) dv
— ~6(v—t1+1)h(t—v) dv — h(t—t,+1) impulse response delayed by t,—1

y(t)

+ : §(v—t,+.5)h(t—v) dv — h(t—t,+.5) impulse response delayed by t,—.5

+ ) 8(v—t)h(t=v) av — h(t—t,) impulse response delayed by t,

y(t) = h(t—t,+1)+ h(t—t,+.5)+ h(t—t,)

y(t;) = h(1) +h(.5) + h(0)
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Computing y(t,) : commutativity (1)

y(t) = :x(v)h(t—v) dv y(t) = | x(t—=v)h(v) dv
= [s(v—t,+1D)h(t=v)dv w h(t-t+1) = [8(t=v—t,+1)h(v) dv
| 8(v—t,+.5)h(t=v)dv ™ h(t—t+.5) @ 5(t—v—t,+.5)h(v) dv
[ 5(v—t,)h(t—v) dv = h(t—t,) = + [ 8(t=v—t,)h(v) dv

Flip and Shift h(t)

AX(V) —t,+.5) A h(tl—V)

tt+1

H X |

t —1 tl_'S t tl_l tl v

Young Won Lim
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Computing y(t,) : commutativity (2)

y(t) = [ x(v)h(t=v) dv y(t) = [ x(t=v)h(v) dv
= [s(v—t,+1D)h(t=v)dv w h(t-t+1) = [8(t=v—t,+1)h(v) dv
| 8(v—t,+.5)h(t=v)dv ™ h(t—t+.5) @ 5(t—v—t,+.5)h(v) dv

[ 5(v—t,)h(t—v) dv = h(t—t,) = + [ 8(t=v—t,)h(v) dv

Flip and shift input x(t)

S(t—v—t,+.5) x(t,—v) A h(v)

6(tvt+1 S(t—v—t,)

T T h(0)| h(.5) h(1)
> >

Young Won Lim
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Computing y(t;) : commutativity (3)

—v—t,+.5) A (v—t,+.5) Flip around y-axis
—v—t,+1) (v—t,+1)
—t, —t1+5 t1+1 — t,—.5 tl

Shift to the right by t,

—v—t,+.5) d(—v+.5)
v) ) V+1

m” 1 .

A

6(t —v—t,+ 5 A
S(t—v—t,+1)  8(t—v—t,) x(t,—v) h(v)
T T h(0)|  h(.5)  h(1)
1
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Computing y(1),

y(t)

x(t)

'

delayed impulse
response at t=1

h(t)

x(0)h(1)

%

delayed impulse
response at t=1

h(t—.5)

>

delayed impulse
response at t=1

h(t—1)

d

>

x(t)

delayed impulse

response att  x(0)h(t)

1 >
delayed impulse

response att  x(.5)h(t —.5)

1 >
delayed impulse

response att=1 x(1)h(t — 1)
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Computing y(1) : shift & flip x(t)

x(® | x(1=v)h(v) y(t)
elayed impulse i
0) response att=1 X (0)h(1) x(0)h(1)
h(t)
A x(.5) _— i
ﬂ rosponse a1 X(5)h(:5) \ X(S)h(5)
h(t—.5)
° > L >
1 1
x(1)
impu :
rosponse at i1 X(1)A(0) X(1)h(0)
l h(t—1)
> o >
1
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Computing y(t)

: shift & flip x(t)

x(1=v)h(v) y(1) , X(t=v)h(v) y (t)
x(0)h(1) X(t—> x(t —t)h(t)
v = x(0)h(1)
h(v) . h(v) .
v 1 v
t
(1) x(.5)h(.5) . xﬁt + .5)h(t —.5)
h(y _ h(v) = x(ahi=5)
v 1 f v
t
x(1)h(0) x(t—t+1)h(t—1)
x(1—v) x(t—v) 3 (l)h(t . 1)
A h(v) . h(v) .
v 1 ? v
t
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Computing y(t) : the earliest and latest inputs

X (t-v)  the earliest input value y (t)

A x (0)

x(0)h(t)

o N x(1)h(t — 1)
~ the latest input value
x (1)
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Computing y(t), y(s)

. XtV oy
x(t—t)h(t)
= x(0)h(t)
h(v) -
v
t
A
x(t—t+.5)h(t—.5)
x(t—v) = x(.5)h(t —.5)
h(v) ° >
1 v
t
A

x(t—t+1)h(t —1)
x(1)h(t — 1)

N
t
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= x(1)h(s — 1)
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Computing y(t) : earliest and latest inputs

the latest input value
that affects the output value y(t)

the earliest input value
that affects the output value y(t)

h(v)

>
: \»
this value of h(t)

is used first
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Computing y(t) : delayed impulse response

x) y(t)="?
T A
Wﬁv |
> >
L«—f v 1 ? |74
t these inputs affects f
T the output value at t
lh
/ _
7~ delayed impulse response
the earliest
input value

~ the latest input value
that affects the output value y(t)
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Computing y(t) : multiplication sequence

000000000
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