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An Improper Integration

Complex Number Real Number Real Number

é — i + ii %- Integration Variable

1

O/
R {5} N {S} The improper integral converges
real imag if the limit defining it exists.
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An Integration Function

For a given function f(t)

Complex Number Real Number
S = 0+im
t Real Number
Integration Variable

Complex Numbers Complex Numbers
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Complex Function Plot
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3(F(s,)) arg{F(s,)]
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Two Functions: f(t) & F(s)

s-domain function F(s)

For a given function f(t)
there exits a unique F(s)

flt) «= Fs)

" t-domain function f(t)

A f(t)

t

Real number domain function f(t)
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Laplace Transform

fo(x) L P F,(s) 1 [ f.(0e de = Ey(s)

) P
folt) e o P Fyls) e [ fed = Fys) P -
—) b

fo(t) mmml L P F.(s) cos(kt)

f.(x) Real-valued Function F,(s) Complex Function
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Some Laplace Transform Pairs

1 1
1 ) - e ! ) —
S s+a
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S
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LTI Systems (1A) 8 Young Won Lim



Partial Fraction Methods

..(ax1+b)... ‘ "‘+(aib>+“'

Tt - <a:\+2b>2 o (aikb)k "

el SRS

a (axz"';x"'c)k ‘ o (alejl-)l-)ic) ' (a)I:AZZ-I-Xb-I-x]i?C)2 T (aélil-xb-l-x]ikc)k r
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Cover-up Method (1)

2s—1 A B
= +

(s+3)(s=2)  (s+3) (s—2)

251 25—1 —6-1 _ .7
Gz °) m A=rTilea= o =g

2s—1 2s—1 4—1
(s+3)(s—2)(5_2) - B= (s+3) = 243 5
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Examples

2545 _ A A

(s—3)’ (s—=3)  (s—3)

o = G g = Ads-alea

(ii;z(s—S)Z = (sl = 10 = A,

sy ] = dlataa = 4

T
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Examples

A = Sx(s) s+l
1 d’ k
Ay = 5 5lX(s)(s+r) ],
Ay = ot S lx(s)lser)] o
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Differentiation in the s-domain

flt) <y F(s) Fls) = [ flore a

~tf(t) <) F'(s) %ms):Z%im)-e lde= [ fteye a
+Cf(t) Gl F(s) Lkl = [ Sftore]ae = ] (-epriere
Cf(l) Gy FO(s) Lkls) = [ Lftre]ae = ] (crieve
fl0) d— (1]
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Differentiation in the t-domain (1)

f(t) < Cm—) F(s) F(s) = {f(t)e dt
e = [ploe[ - ] (s)flere a
file) < sE(S)-100) = 0]+ 5] floye e = sFs) 10
(') Gy S(SE(s)=(0)) - £(0)
[() ey s(s(sF(s) = (0)) = £'(0)) = "' (0)
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Differentiation in the t-domain (2)

flt) Gl F(s)
f'(t) <l sF(s)—f(0)
f'(t) Gy S'F(s)=sf(0) = f(0)
ft) i SF(s) = s°f(0) = sf(0) = f'(0)
f(0) Gl SF(s)—s"f(0) = 5" (0) = = £ 0)
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Integration in the t-domain

f(t) <) F(s) gl(lt) <) GI(IS)
t Fls) f;f(r)dt P
Jif()dT G =

flt) <) F(s)

[ [
fle) = SUJ, fle)de) = Lq(0 g't) = 5G(s) - (0)
glt) = [, flr)dr B(s) = FLS)

g(0) = [ flx)dx = 0
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Translation in the s-domain
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Translation in the t-domain

fle—a)ult=ale di+ | fli—a)ult—a)e™ d

flt—a)e™ dt v=t—-a dv=dt

f(tFa)u(tFa) S e F(s)

v+a

O 8 2 8 O O %8

—
Oe—;8 N _
I
v;
Q..
<

shift right : always ok
shift left: only when no »
information is lost during =€ F(S)
improper integration by the left

shift
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Initial Value Theorem

limf(t) = limsF(s)

t20° s>

ff
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Final Value Theorem

limf(t) = limsF(s)

t=» o0 s=0

ff

hrn[sF }— hrnff e’ dt
limsF(s) = f(07) + hmff J-e™" dt
=f(07) +f(0) = f(07)
= f(e0)
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Laplace Transform and ODE's

D
y'(x) <G s¥(s) - y(0)
y''(x) <l $¥(s)-sy(0)- y'(0)
1
e G )

(5] (0)-y/ (0] + 31 ¥16)-y(0) +2[¥08] = L5

(s> + 35+ 2)¥ (s) = k, s+k,+ 3k, + %3
S
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Partitioning

5¥(s)-sy(0)-y'(0)] + 3[s ¥(s) -y (0)] + 2[¥(s)] = ﬁ

(s2+35+2). = (k,s+k,+3k,) + %

depends only on depends only on
initial conditions input e**
I(1’ kz
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Decomposed Y(s)

output input
depends only on No Input
2
(S + 35 + Z)YZI-(S) = (k1$+k2+3k1) initial conditions
I(1' kz
output input
2 1 depends only on No State
(5 +3s+ Z)st(s) - m input e
output input
2 1
(s"+3s+2)¥(s) = (kss+k,+3k,) + —
S

depends only on depends only on
initial conditions input e**
I(1' kz
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ZIR & ZSR

LTI Systems (1A)

Zero Input
Response

Zero State
Response

1

k,s+k,+3k,
Yzi(s) (5+1)(S+2)
- 1
Tls) = (s+1)(s+2)(s+3)
k,s+k,+3k,
Y(s) = (s+1)(s+2)

24

" (s*1)(s+2)(5+3)
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Laplace Transform and IVP's

y"'+3y'+2y=0) y(0)=k, y'(0)=k, ZIR 1P
) d— 105 =

yreayszy=e® YO YO
) t— V) = oo

y'"+3y +2y = y(0)=k) y'(0) =)
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To include impulse inputs

)
y'(x) ) s¥(s)- y(0)
y(x) ST - sy(07) - y(0°)
1
e G )

08)-5(07)-y'10)] 35 08) (0] 20¥16) = L5
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ODEs with an input g(x)

usually known i.c. y(07 )=k, y'(07) =k,
i.c. to be calculated y(0+) =m,, y’(0+) = m,
solution to be found y(t) (t>0)
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ZIR & ZSR

2 —
yrr+3yr+2y:@ y(o): ; yr(o): (S +38+2)Y(S)—kls+k2+3k1+X(5)

SY(s)=sy(0)—y'(0)+3(sY(s)—y(0))+2Y(s)=Xs) v(s) = i(<s+ll)<(+3;<) . )lf)((s) ;

Zero Input Response Zero State Response
x(t)=0 y(0)=0, y'(0)=0
Y(s)= kil Y(s)= Z(s) x(t)=e"
(s+1)(s+2) (s+1)(s+2)
1 1 1 1 1 1 1 1
=+4 -3 —+= - = -
) T se2) "3(s+2)  2(s+1)  6(s—1)
<) — g0t -2t Gy = —le_t + le_zt + leﬂ
y=4e —3e y ) 3 6
Young Won Lim
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Transfer Function

2 —
yrr+3yr+2y:@ y(o): ; yr(o): (S +38+2)Y(S)—kls+k2+3k1+X(S)

s’Y(s)=sy(0)—y'(0)+3(sY(s)—y(0))+2Y(s)=X(s) v(s) = k1\5‘\k/ék1 X(s)

e+1(s+2) " {s+1)(s+2)

Zero State Response

y(0)=0, y'(0)=0

_ X(s)
Yls)= (s+1)(s+2)
Y(s) 1

X(s) B (s+1)(s+2)

Transfer Function
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Transfer Function & Impulse Response

2 —
yrr+3yr+2y:@ y(O): : yr(O): (S +38+2)Y(S)—k1$+k2+3k1+X(5)

SY(s)=sy(0)—y'(0)+3(sY(s)—y(0))+2Y(s)=Xs) v(s) = i(<s+ll)<(+3£<) . )lf)((s) ;

Transfer Function Zero State Response
0)=0, y'(0)=0
%:H(S) Y( ) y ( )
B
Y(s)= H(s)X(s) <= y(c)=h(c)+x() (s+1)(s+2)
Y(s) 1
H(s) — h(t) X(s) (s+1)(s+2)
Transfer Impulse .
Function Response Transfer Function
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exponential function
st ot+imt

e = e

S = o0o+iw

« everlasting exponential function

appliedat t = —o

st

e

 causal exponential function
appliedat t =0

e* u(t)

LTI Systems (1A)

Everlasting & Causal Exponential Function

sinusoid function
st imt

e = e

S = iw

« everlasting sinusoid function

appliedat t = —o©

iwt

e

e causal sinusoid function
appliedat t =0

eiu)t U(t)

31
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Sinusoidal Functions and Initial Conditions

severlasting sinusoid function scausal sinusoid function
appliedat t =— appliedat t =0 e u(t)
zero state (no initial conditions) non-zero state att = 0+
sin(ot) sin(w t)u(t) N
cos(wt ) cos (ot )u(t) creates
N\A w J

zero conditions non-zero conditions
attime t=0" -'attime t=0"
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ZSR to an everlasting exponential input

input applied zero initial conditions
att:-oo (1:01: vy, Ay g, aN)
ot
(1) )

= e fh(r)e_”dt h((tt)<=0)0

H(s) = J‘h(r)e_”dr

Young Won Lim
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Forced Response to a causal exponential input

input applied

att=0 ZIR ZSR

D> ¢ +h(t)

—
1n
Z K.eM + e

natural forced

— AWA
\V

initial conditions Initial conditions
attime t=0" attime t=0"

At

yn(t) = Kle

yn(t)+yp(t) {y(N_l)(O+): ) y(l)(0+)’ Y(O+)} Ki

A A A
+ K,e™ +-- +Kye™' = ZKie !
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Everlasting Exponential Total Response

;r][ptuf applied zero initial conditions Laplace Transform of h(t)
- (1:‘11: rydy g, aN)
6 t +00
(t) 0 H(s) = [ h(z)e "dt
‘ h(t) |9 ;
0 st
! b N,,N/H(j )e - Polynomials of Differential Equation
P(s)
H(s) =
) Q(s)
for a given s = C
Transfer function (t-domain)
ZSR
t
y() = H(E)e"  —so<i<ton His) = |24 |
x(t
— — Gt

y(t) = H(T)x(d) x(t)=e Transfer function (s-domain)

Y (s)
= H =
Y(s) = H(s)X(s) 5) = X9
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Transfer Function & Frequency Response

input applied zero initial conditions input applied zero initial conditions
att= - att=-o

(1; al; Ty aN—l) aN)

(1: al: ) aN—l) aN)

e Cex Transfer , i Con Frequency
H(S) — _fh('c)e d T | function H(JUJ) = _fh(‘c)e " response
Y Won Li
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Frequency Response

Laplace Transform of h(t)

+00

H(s) = [ h(t)e"d=

S=0+jw

Polynomials of Differential Equation

Transfer function (t-domain)

y(t)

x(t)

H(s) =

x(t)=e"

Transfer function (s-domain)

LTI Systems (1A)

S=0+jw
S=0+jW
S=0+jw

Fourier Transform of h(t)

+00

H(jo) = f h(t)e ’""d=

— 0

Polynomials of Differential Equation

P(jw)

HU©) = 5(70)

Frequency response (t-domain)

H(jw) =

v

<

=3
I

S=jw
S=jw
S=jw
S=jw

Young Won Lim
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ZSR to everlasting sinusoidal inputs

et/ ) ) 3‘ H(+jw)e"" = |H(+joo)|e”“rg{H(”“’)}-e”‘”t
0

= o L H(jo)e = H(= o) e

0

e+ e w0

0

; [+jot+arg{H(+jw))] _ [—jot+arg{H(=jo)]]
= |H(+jw)e +|H(=jo)le
— |H(_I_jw)l{e[+jwt+arg{H(+jw)}] + e[—jwt—arg{H(ﬂw)}]}

0

2cos(wt) - o |0

0

) |H(jo)| 2cos(we+arg{H(jw)})

Acos(wt+o) = E‘ A|H(jw)|cos(wt+a+arg{H(jw)})

Asin(wt+o) mm #o E‘ A|H(jo)|sin(wt+a+arg{H(jw)})
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Sinusoidal Steady State Response (1)

input applied input applied zero initial conditions
att=0 (1,a,, -, ay_,, ay) ZIR ZSR att=- (1,a,, -~ ay_, ay)
5(t) Yo Zciew+h(t) S(t) 0 h(t)
- ¢
(N+1)
et Yo > KeM + pe”
(bo: bl: ) bN—l: bN) i
natural forced
total response steady state response
natural forced forced
y(t) = 2 Kie"' + H(C)e" (>0 yu(t) = H(T)e™ t = oo
y(6) = 2 Ke™ + H(T)x(1) x(t)=e yult) = H(@)x(t) | x(t)=e
K,
Y(s) = [Zm + H<s>]x<s> Y.(s) = H(s)X(s
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Sinusoidal Steady State Response (2)

input applied

att=0 (1,a,, -, ay_,, ay) ZIR ZSR
5(t) Yo | D.c;e +h(t)
- ) |
(N11)
ot Yo > KeM + pe”
(b()’blx ) bN—l: bN) i
natural forced
steady state
response
t)= A y(ol = . 0
X( ) - h(t) yos- yss(t) H(O) Ae
E=0 e = A-H(0)
x(t)= Ae'™ P t) = H(jw)-Ae’"
(- ] 1 g -0 = 02
E=jw Wi = A-H(jw)e'"
x(t) = Acos(wt) by L(t) = H(jw) Acos(wt
- ey o) Ty (7l = Hj) Acos(w]
E=jo i = A-H(jw)cos(wt)
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Sinusoidal Steady State Response (3)

y(t) = H(0)-Ae™ x(t)= A
= A-H(0) E=0
input applied
att=0 (1,ay, -, ay_, ay) ZIR ZSR
6(t) yo ZC e’ + h
yUJ
.y 0 |- ‘
(N11)
e Yo > KM+ pe
(bo bl * bN—l bN) i
natural forced
steady state
response
Y(t) = H(jw) Acos(wt) | x(t) = Acos(wt)
= A-H(jow)cos(wt) [E=jw

steady state
response

Forced
response

Forced
response

steady state
response

LTI Systems (1A)
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Frequency Response

Y (1)

W,

AN

'JMVVV\
MM

_%WW

= H(jw) Acos(ot) | x(¢)= Acos(wt)
= A-H(jw)cos(wt) |[E=jw

10
~'—Low Pass
§ 0 &
—_ -10 - —_—
o Bode Pole
T 20
=1
L
= 30
&
-40
=
1 10 100 1000 10000
Frequency
Y —/'—Low Pass
Q
7]
p
a? | —Bode Pole
8
[+]]
(7]
]
= !
a .
1 10 100 1000 10000
Frequency

http://en.wikipedia.org/wiki/File:Bode_Low-Pass.PN(

N
J VA

2

NN
J VA

ANAA
IV V\
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Transient Response

Yslt

INPUT:
DIGITAL CHANGE

OR ANALOG STEP —

OUTPUT
RESPONSE

Vi

LTI Systems (1A)

) = H(0)-Ae"
A-H(0)

~—
~
SN——

g X
I

S

Vo —

to t

«—— SETTLING TIME —>,

ty

43

Natural + Forced

response
transient
response
) —U = 6
— U = 2
—mu =1
1.6 k! = = =Step
)
2 12
) -
g | LR
& 0.8 : gl
b “
& 1IN,
3 N5
|
1

(=]
o -~
bl _:

1.5 3.5

Time
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Frequency Response in Control Theory (1)

VA’+B’cos(wt—0) wl G(s)  mi |G(jm)|\/A2+32cos(oot—6+arg{G(j(0)})

Acos(wt)+Bsin(wt)

— \/A2+B2[¢Af:BZ cos(wt )+ —=— sin(oot)}

= \/A2+B2[cos(e)cos(wt)+sin(6)sin(oot)]

= \/A2+B2cos(6—(ot)

= A*+B’cos(wt—0)

Acos(wt)+Bsin(wt)

=V A>+B’cos(wt—0)

A
)=
. B
sin(0) = \/A2+B2

LTI Systems (1A)
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Frequency Response in Control Theory (2)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(0)})

Acos(wt)+Bsin(mt) As  Bw _ As+Bo
— ﬁ 2 2t 2 2 2
= A*+B?cos(wt—0) §+0 S5+ s +w
As+Bw As+Bw K K
y(s)= 253806 (s) = . —G(s)=———+—>—+F(s) Partial Fraction
2+ (s+jw)(s—jw) stjo  s—jw
_-As+Bu) . _-As+B(x) _ —Ajo+Bw .~/ _1 . .
K= A0 juals)] = AB0G()| = SALBOG( )= e iB)G(- o)
_[As+Bw, _[As+Bw Ajo+Bw ~(, o v L, .
ko= A0 juals)] =106 = ALBUG( )= L(a-jB)G(+jo)

Young Won Lim
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Frequency Response in Control Theory (3)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(D)})

K K . . 1 ) .
Y(s)= —L1 + —2 4+ F(s) K,=2(A+jB)G(—jo) K,=~(A—jB)G(+jo)
Stjo  s—jw 2 2

B Stable System
A+jB =+vA*+B° system modes
VA +B \/A2+B2 P30 e”=>0 p;<0, 0,<0
= A%+ B? (cosO + jsin0)]

limf(t)=0 limsF(s)=0

_ \/A2+Bzeij6 t=>w s>
Ignore F(s)
Kl K2 2 2 6

YSS(S): + : —\/A +B’e"’G(— —VA +B’e”’
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Frequency Response in Control Theory (4)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(0)})

K, K, 1 1 1 . 1
- = 2(A+jB)G(- ~(A-jB)G
Y, (s) o s 5 (A+jB)G( J(D)S+jm+2( jB) (+J(U)S_J.(D
— l\/A2+Bze PG(—jw) 1_ + l\/A2+Bze G(+jm) 1_
2 stjo 2 S—Jjw
[ A2 2

yolt) = A;B G(—jw)e e’ +  G(+jo)e e

T | |
- JA;B G(+jw)e ™™ + Gl+jw)e )

= VJAMB® R(G(+jw)e ]

=  JAMB’|G(+jo) cos(wt—0+arg(G(+jw)))

Young Won Lim
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Impulse Response h(t)

Using the natural frequency of the simple harmonic oscillator

Wy = 1 -"k/m and the definition of the damping ratio above, we can
rewrite this as:

d’x dx
2
— 4+ 2w, — +w.x =0.
dt? G dt "
This equation can be solved with the approach.
x(t) = Ce™,

where C and s are both complex constants. That approach assumes a
solution that is oscillatory and/or decaying exponentially. Using it in the
ODE gives a condition on the frequency of the damped oscillations,

s = —wp(C £ /(2 —-1).

http://en.wikipedia.org/wiki/
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Impulse Response h(t)

« Undamped: Is the case where { — () corresponds to the undamped
simple harmonic oscillator, and in that case the solution looks like
E}i‘p(iwﬂt} as expected.

+ Underdamped: If 5is a complex number, then the solution is a
decaying exponential combined with an oscillatory portion that looks

like exp (iw,y/1 — (2t) This case occurs for ( < 1, and is referred

to as underdamped.

+« Overdamped: If s is a real number, then the solution is simply a
decaying exponential with no oscillation. This case occurs for(: = 1,
and is referred to as overdamped.

s Critically damped:The case where (: = 1 is the border between the
overdamped and underdamped cases, and is referred to as critically
damped. This turns out to be a desirable outcome in many cases
where engineering design of a damped oscillator is required (e.g., a
door closing mechanism).

http://en.wikipedia.org/wiki/
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Impulse Response h(t)

2.0

;vff)
\
$
oy
f

|\

0.0
. N N T T . L
0 I 21 31 41
wyt / rad
http://en.wikipedia.org/wiki/
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Impulse Response h(t)
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