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coshα =
1
2
(e+ α

+ e−α
)

cosh(x) 

http://en.wikipedia.org/

cosθ =
1
2
(e+ jθ

+ e− jθ
)
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sinhα =
1
2
(e+ α

− e−α
)

sinh(x) 

http://en.wikipedia.org/

sinθ =
1
2 j

(e+ j θ
− e− j θ

)
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Definitions of Hyperbolic Functions

http://en.wikipedia.org/

sinh =
1
2
e − e−

cosh =
1
2
e

 e−


tanh =
e − e−

e  e−
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cos x =
1
2
(e+ix

+ e−ix
)

sin x =
1
2i

(e+ix − e−ix)

tan x =
1
i
(e+ ix

− e−ix
)

(e+ix
+ e−ix

)

Hyperbolic vs. Trigonometric Functions

cosh x =
1
2
(e+x

+ e−x
)

sinh x =
1
2
(e+x − e−x)

tanh x =
(e+ x

− e−x
)

(e+x
+ e−x

)

e+i x = cos x + i sin x

e−i x = cos x − i sin x

e+x = cosh x + sinh x

e−x = cosh x − sinh x

Trigonometric Function

i x

Hyperbolic Function

x
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Trigonometric functions with imaginary arguments

cos i x = cosh x

sin i x = i sinh x

tan i x = i tanh x

cos i x =
1
2
(e−x

+ e+ x
)

sin i x =
1
2i

(e−x − e+x)

tan i x =
1
i
(e−x

− e+ x
)

(e−x
+ e+x

)

i x → x

cos x =
1
2
(e+ix

+ e−ix
)

sin x =
1
2i

(e+ix − e−ix)

tan x =
1
i
(e+ ix − e−ix)

(e+ix
+ e−ix

)

cosh x =
1
2
(e+x

+ e−x
)

sinh x =
1
2
(e+x

− e−x
)

tanh x =
(e+ x

− e−x
)

(e+x
+ e−x

)

cosh x =
1
2
(e+x

+ e−x
)

sinh x =
1
2
(e+x

− e−x
)

tanh x =
(e+ x

− e−x
)

(e+x
+ e−x

)
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Hyperbolic functions with imaginary arguments

cosh i x = cos x

sinh i x = i sin x

tanh i x = i tan x

cosh i x =
1
2
(e+i x

+ e−i x
)

sinh i x =
1
2
(e+i x − e−i x)

tanh i x =
(e+i x

− e−i x
)

(e+i x
+ e−i x

)

x ← i x

cos x =
1
2
(e+ix

+ e−ix
)

sin x =
1
2i

(e+ix − e−ix)

tan x =
1
i
(e+ ix − e−ix)

(e+ix
+ e−ix

)

cos x =
1
2
(e+ix + e−ix)

sin x =
1
2i

(e+ix
− e−ix

)

tan x =
1
i
(e+ ix

− e−ix
)

(e+ix
+ e−ix

)

cosh x =
1
2
(e+x

+ e−x
)

sinh x =
1
2
(e+x

− e−x
)

tanh x =
(e+ x

− e−x
)

(e+x
+ e−x

)
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With imaginary arguments 

cosh x =
1
2
(e+x

+ e−x
)

sinh x =
1
2
(e+x

− e−x
)

tanh x =
(e+ x

− e−x
)

(e+x
+ e−x

)

cos i x = cosh x

sin i x = i sinh x

tan i x = i tanh x

cosh i x = cos x

sinh i x = i sin x

tanh i x = i tan x

cos x =
1
2
(e+ix

+ e−ix
)

sin x =
1
2i

(e+ix − e−ix)

tan x =
1
i
(e+ ix − e−ix)

(e+ix
+ e−ix

)

x

i x
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e+i x = cos x + i sin x

e−i x = cos x − i sin x

e+i x = cosh i x + sinh i x

e−i x = cosh i x − sinh i x

Euler Formula

Euler Formula Euler Formula

cos i x = cosh x

sin i x = i sinh x

tan i x = i tanh x

cosh i x = cos x

sinh i x = i sin x

tanh i x = i tan x
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sin (z) = sin(x+i y)

=
1
2 i (e

+i (x+i y )
− e−i( x+i y )

)
−1
2 i (e

−i (x−i y)
− e+ i( x−i y )

)

Modulus of sin(z) – (1) 

= sin(x)cos (i y) + cos (x)sin(i y)

= sin(x)cosh ( y) + i cos(x)sinh ( y)

|sin ( z)|
2

= sin (z) sin( z)

= 1
4
(e− y+i x − e+ y−i x)(e− y−i x − e+ y+i x)

= 1
4
(e−2 y − e+2 i x − e−2 i x + e+2 y)

= 1
4
(e+2 y − 2 + e−2 y − e+2 i x + 2 − e−2 i x)

= [ 1
2
(e+ y − e−y) ]2 + [ 1

2 i
(e+i x − e−i x) ]2

= sin2(x) + sinh2( y)

= + 1
4 (e

+2 y − 2 + e−2 y) − 1
4 (e

+2i x − 2 + e−2 i x)
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sin (z) = sin(x+i y)

Modulus of sin(z) – (2) 

= sin(x)cos (i y) + cos (x)sin(i y)

= sin(x)cosh ( y) + i cos(x)sinh ( y)

|sin ( z)|
2

= |sin(x)cosh( y) + i cos(x)sinh( y)|
2

= sin2(x) + sin2(x)sinh2( y) + sinh2( y) − sin2(x)sinh2( y)

= sin2(x) + sinh2( y)

cosh2 − sinh2 = 1

cos2α + sin2α = 1

= sin2(x)cosh2( y) + cos2(x)sinh2( y)

= sin2(x)(1 + sinh2( y)) + (1 − sin2(x))sinh2( y)
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Graphs of sin(z)

http://en.wikipedia.org/

sin (z) = sin(x+i y)

= sin(x)cosh ( y) + i cos(x)sinh ( y)

xy

sin (x)cosh ( y) i cos(x)sinh ( y)

|sin ( z)|
2

= sin2(x) + sinh2( y )

√sin2
(x) + sinh2

( y)

sin2( x)
sinh2( y)

Re{sin(z)} Im{sin(z)}

| sin(z) |

sin (x)cosh ( y) cos (x)sinh ( y)
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Domain Coloring – Argument 

http://en.wikipedia.org/

Domain Coloring

z f (z)

Argument of f(z)
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Domain Coloring – Modulus 

http://en.wikipedia.org/

Domain Coloring

z f (z)

Modulus of f(z)
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Domain Coloring of sin(z)

http://en.wikipedia.org/

√sin2(x) + sinh2( y)

Domain coloring of sin(z) over (-π,π) on x 
and y axes. Brightness indicates absolute 
magnitude, saturation represents imaginary 
and real magnitude.
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Another domain coloring of sin(z)

http://en.wikipedia.org/
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Domain Coloring of sin(x), cos(x), tan(x) 

http://en.wikipedia.org/

sin (z) = sin (x+i y) cos(z) = cos(x+i y) tan(z) = tan(x+i y )
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