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Definitions of Hyperbolic Functions
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Hyperbolic vs. Trigonometric Functions

Trigonometric Function Hyperbolic Function
1 X X
e"* = cosx +isinx — e’ = coshx + sinh x
e = cosx —isinx — e " = coshx — sinhx
cosx = l(eﬂx +e ™) — coshx = =(e™+e %)
2
o 1 +ix —Ix . 1 +Xx —X
sinx = ?(e —e ) — sinhx = E(e —e )
i
tanx = l( +I:X_ _ “ tanhx = (e — ™
l- ( +1x+ —lX) e+x+ e—x)
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Trigonometric functions with imaginary arguments

IX = X

cosix = cosh x

sinix = isinh x

tani x = i tanh x
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1 +ix —ix
COSX = E( +e ) &  oshx
o ]. +ix —ix
sinx = Zi( —e™) 4  inhx
tanx = ;(eﬁx—e_ix) ” tanh x
i (e +e™)
: 1, —x . +x
CoSix = 5(9 +e") cosh x
sinix = i(e_x—e”) inh
T sinh x
. 1(e " —e™)
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ani x i (e +e”) tanh x
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Hyperbolic functions with imaginary arguments

cosx = %(eﬂ-x_'_e_ix)
sinx = %(eﬂ-x_ -y
tanx = l(e*""‘_ _—IX)
i (e +e ™)
CcoOsX = %( o
sinx = %( iy
tanx = 1(e™—e™"
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™)  coshx = %(e+x+e_x)

™)  sinhx = l(e”—e_x)
2

“ tanhx = (e —e__)
(e+x+ e x)

1 +i x —ix
hix = =
cosh i x 2( +e %)
. . 1 +ix —ix
sinhix = =(e"*—e™'¥)
2
tanhix = le”" — e )

(e+ix + e—ix)

X € 1IX
coshix = cosx
sinhix = isinx
tanhix = itanx
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With imaginary arguments

COSX = —<e+ix+ _ix) ” coshx = —(e+x+€_x)
o 1 +ix —Iix g — 1 +Xx —X
sinx = 2.( —e ™) {(mm) sinhx = E(e —e ) X
i
1 (e+ix . —IX) _ (e"'x _ e_x
- = tanhx =
tan x 1 (e”" _IX) ” anh x (e+x+e_x)
cosix = cosh x coshix = cosx
sinix = isinh x sinhix = isinx lX
tani x = i tanh x tanhix = itanx
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Euler Formula

Euler Formula

+ix

e = COSX +1sinx

—ix

e = COSX — 1 Sinx

cosix = cosh x
sinix = isinh x

tanix = i tanh x
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Euler Formula

e = coshix + sinhix

e = coshix — sinhix

coshix = cosx
sinhix = isinx
tanhix = itanx
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Modulus of sin(z) - (1)

sin(z) = sin(x+iy)

= sin(x)cos (i y) + cos(x)sin(i y)

= sin(x)cosh(y) + icos(x)sinh(y)

|sin(z)|2 = sin(z) sin(z)

_ 1 (e+i(x+iy) — e

—i(x+iy))%<e—i(x—iy) B e+i(x—iy))
e—y+ix . e+y—ix)(e—y—ix _ e+y+ix)

(
— %(6—2}/_ e+2ix . e—2ix+ e+2y)
(

e+2y — 2+ e—2y . e+2ix + 2 — e—2ix)

= sin?(x) + sinh?(y)
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Modulus of sin(z) - (2)

sin(z) = sin(x+iy)

= sin(x)cos (i y) + cos(x)sin(i y)

= sin(x)cosh(y) + icos(x)sinh(y)

sin(z)]* = |sin(x)cosh(y)+icos(x)sinh(y)|

= sin?(x)cosh?(y) + cos*(x)sinh?(y)

cosh’x — sinh’x = 1
= sin®(x)(1 + sinh?(y)) + (1 — sin?(x))sinh?(y) cos’a + sin‘o = 1
= sin?(x) + sin?(x)sinh?( y) + sinh?(y) — sin?(x)sinh?(y)
= sin?(x) + sinh?(y)
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Graphs of sin(z)

Im{sin(z)}

icos(x)sinh(y)

Re{sin(z)}

sin(x)cosh(y)

Y

x)cosh(y) + icos(x)sinh
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Domain Coloring - Argument

Do;nain Coloring
The Unit Circle
Z f(Z) hue to phasefanglefargument
legend: 8 =n/2 mod 2m
hue phase (radians)
red 0 med 21

yellow m/3 mod 2m
green 2m/3 mod 21
cyan mmod 27
blue 413 mod 2
magenta 5T/3 mod 2m

8 =nmod2nm — — 8 =0mod2m
Each discontinuity
in intensity occurs
when |z|=2"%n, for

integer n (0.-1.-2,.)

[
8 = 3n/2 mod 2n

Argument of f(z)
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Domain Coloring - Modulus

Do;nain Coloring
The Unit Circle
Z f(Z) hue to phasefanglefargument
legend: 8 =n/2 mod 2m
hue phase (radians) :
red 0 med 21

yellow m/3 mod 2m
green 2m/3 mod 21
cyan mmod 27
blue 413 mod 2
magenta 5T/3 mod 2m

8 =mmod2nm — — B8 =0mod22n

Each discontinuity
in intensity occurs
when |z|=2"%n, for

integer n (0.-1.-2,.)

[
8 = 3n/2 mod 2n

Modulus of f(z)
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Domain Coloring of sin(z)

Vsin®

Domain coloring of sin(z) over (-1,1T) on X
and y axes. Brightness indicates absolute

magnitude, saturation represents imaginary
and real magnitude.

) +sinh®(y)

i
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w(z)=sin(z). zeros displayed at -2m,-m,0,m,2n Re(z) €[

-1.5,1.57, Im(z) €[-2n 2n]

m(z)=-1.5 —
[ [ [ [ I [ [ I [
am ann ar ) 0 n2 m nf2 2n
http://en.wikipedia.org/
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Another domain coloring of sin(z)

[ [
-2m -3n/2 - -2 0 n/2 m anf2 2n
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Domain Coloring of sin(x), cos(x), tan(x)

sin(z) = sin(x+iy) cos(z) = cos(x+iy) tan(z) = tan(x+iy)

http://en.wikipedia.org/

Complex Trignometric and 18 YOUHC(SJ7>/(\)/g/nZ éllrg
Hyperbolic Function (1A)



References

[1] http://en.wikipedia.org/
[2] J. S. Walther, A Unified Algorithm for Elementary Functions
[3] J. Calvert, http://mysite.du.edu/~jcalvert/math/hyperb.htm

Young Won Lim
07/08/2015



	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19

