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Laurent's Theorem and Coefficients

lC

‘f(Z) = dy t Cll(Z—ZO) + az(z—zo)z + .-

=1l

f(z) :analytic in the annular domain D

between concentric circles C1 and C2

‘

convergent in the domain D

centered at z, r<lz-zy|<R

+ by(z—2," + by{z—2z,)7* + -

_ 1 f(z)
an - 23_1:1 C(Z_Zo)n+1 dZ

any simple closed path Cin D

_ 1 f(z)
bn - 2 i C(Z_ZO)—n+1 dz

flz) = i ak(z_zo>k a = Ziisﬁc( f(Z;ku dz

n=—ow Z_ZO
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What is a Residue?

f(z) :analytic in the domain D

between circles Cl, C2

centered at z,

‘ flz)=Yalz—z,)+ Y b, } : convergent in

(z—2,)" the domain D

= a, + a,(z—z,) + 02(2—20)2 + o
b, b, = Principal part
(Z_ZO> (Z_Zo)z

+

coefficient b, of b, = Res(f(z), z,)

(Z_Zo)

: the Residue of the function f(z) at the_isolated singularity z,
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What is the use of a Residue?

f(z) :analytic in the domain D

between circles Cl, C2

centered at z,

: the Residue of the function f(z) at the isolated singularity z,

coefficient b, of (2_120) b, = Res(f(z), z,)

_ N ok flz
flz) = n;wak(z z,) dy 275145 (z— Zo)k+1
§.f(z)dz = 2xiRes(f(2),2,) @  a, =5 § flz)dz
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Contour integration

f(z) :analytic in the annular domain D

between concentric circles Cl and C ,

centered at z,, r<lz—2zy<R
Laurent Theorem

flz) = i a(z - z,)" a, =

n=—oo 231:1. (Z_Zo)

$.f(z)dz = 2ni Res(f(z), z,)

at the isolated singularity z,,

$.f(z)dz = 0

at the regular point z,
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Residue Integration (1)

f(z) :analytic on and inside C except 2,

z, Isolated singular point

‘ Converging Laurent series

f(Z) = da, + (11(2—2’0) i 02(2—20)2 + e
b, b,

d Bt

0 0

m
¢ f(z) dz = gﬁlao + a,(z—z,) + a,(z—2z,) + - dz /

L IR
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Residue Integration (2)

(k 20)  ¢a, + a,(z-2,) + a,(z—2, + - dz =0 @ analytic on and inside C
z
[T b, o iko e’ a
k<-1 + + dz =0 e do = | =0
ke-l) 8T * e { ik Jo

b 2n . ig 27
(k=-1) ¢+—-~ dz = blf&ge = b, [ide = 2xi-b, the only remnant
C' (Z_Zo) 0 l 0

8 Young Won Lim
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Cauchy-Goursat Theorem

triply connected domain D ™  simply connected region R’

cuts
§f(z)dz = Res(f(2), z,) chcf(z) e § f(z)dz =
i f(z)dz + ©
éEf(Z)dz = Res(f(z), z,) Cvglf(z) dz = 0 if(z)dz - if(z) dz
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Cauchy's Residue Theorem

A simply connected domain D
A simple closed contour C lying entirely in D

flz): Analytic on an within C
Except at a finite number of singular points  z,, z,, - , 2,

‘ gﬁcf(z)dz = Z“ié Res(f(z), z,)

¢ f(z)dz = gif(z)dz + gizf(z)dz

C

= 2ni{Res(f(z), z,) + Res(f(z), z,))

Young Won Lim
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Types of Isolated Singularities

residue of f(z) at z,
(isolated singular point)

b,=a_, = Res(f(z), z,)

f(z) :analytic in the region R
between concentric circles Cl, C2
centered at 2|,

b.=0 f(z) = a, + a,(z—2,) + a,(z—z,)° + - removable singularity 2,
flz) =a, + a,(z—2z,) + a,(z—z,)* + - simple pole 2,
(b))
b,=a, + = one term
(Z_Zo>
flz) =a, + alz—z,) + a,(z—2z,)° + - pole of order n 2,
b,=a, + (&) + b, =+ e+ Or - = nterms
(2=2))| (2—2,) (2—2,)
flz) =a, + a,(z—2z,) + a,(z—z,)* + - essential singularity Z,
b b b,
b,=a, + —@— + 2 5 + e+ ~ + | - [@=m nfinite terms
(Z_Zn) (Z—Zo) (Z_Zo)
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Laurent Expansion at a regular point

-
- =~
P

1 1 1
zZ = — = —= 1< zZ — Q< 2 o case 6
f(z) z(z—1) z Tz | | JUEEEE . .
A 1.4" 2. ] ]
. . . b 4 '
zZ=+2 Not an isolated singular point LN
1 1 1 1 . R
_ _ _ < Seo __/
z-1 1+2-2 (2_2)1+zi2 |Z—2| _________
_1 [ 11
N (2-2) " (z-2) (=2 |
I I S 1. 2
z 2+2-2 2(1 L2272 \(‘ I
2 .
1l (@2, @=2f -2t ]
- 2 2 22 23
flz) = ———— 1= Res(f(z), z,) z - 2|<?2
z(z—-1) T 770 Pl 2 1
2 e .
oot Q1 (@) @2,
(z—27 (z=2) 2 2 2 s \ y
essential singularity Tl
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Finding Residues

Laurent Series The integral around C in the counterclockwise direction

00 a_

f(z) = Z ak(z_zo)k = -+ (Z—;) + a, + a,(z—z,) + 02(2_20)2 + o

n=—oo 0
Residue of f(z)atz : a,  coefficient of 1/(z-z,)
_ _ |1 f(z)

RQS(f(Z), ZO) = a_, = ﬁqsc (Z_Zo)k+1 dz _

Res(f(z), z,) = iifi(Z—Zo)f(Z) a simple pole
1 d! ;
Res(f(z), z,) = o) dz”‘l(Z_ZO) f(z) an n-th order pole
_ 9(z) _9(2) gz =0 a simple pole

Res(f(z), Zo) - h'(ZO) - f(Z)— h(Z) h(z,) = 0 h'(z,) # 0

Residue Integrals (4A) 13 Young Won Lim
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Finding a Residue At a Simple Pole

f(z) has a simple pole at z =z, =)

Res(f(z), Zo) = lim (z - Zo) f(z)

222,

A simple pole

Fl2) =| i + a0 + @il2=2) + aylz-2,)

b ay(zoz e

2 3

(2=20)f (2) =[a |+ ag(z=20) + a)(z-2,)" + ay(z~2,)] + az(z-2,)" + -

lim (z-2,) f(z) = a,

zZ2,
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Finding a Residue At a Simple Pole - g(z)/f(z)

f(z) has a simple pole at z =z, =)

flz) = g(z) = analytic at z, g(z,)#0
h(z) = analytic at 2, h(z,)=0 h'(z,)#0

L+ a zero of order 1 at Z,

Res(f(2), 2)) = Dy
A simple pole
(2=20)f (2) =[a |+ ap(z=20) + a)(z-2,)" + ay(z-2,)] + as(z-2,)" + -

im (22, f(2) = o, mp lim(z-z) 22 = um g

(h(z,)=0)
Z -2z,
lim glz) = a
2z, RYZ)
i Young Won Lim
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Finding a Residue At an n-th Order Pole

f(z) has a pole of order n at z = z, ‘

1 ) n-1 .
Res(f(2), zo) = m—qy lim 7 (2 - 2] f(2)
An n-th order pole
a
flz) = (ZC_I_; E + + (Z__;o) +a, + a,(2-2)) + ay(z-2,) +
0

(z=2,)'f(2) = a, + - + a,(z-z)

dn;—ll (Z_Zo)nf(z) = (n—l)!a_l + (n)!ao(z-—zo) + (n+1)!a1(z--zo)2 + ...
dz

lim n:1 (z—2,)"f(z) = (n-1)'a_,

722, dZ
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Improper Integral

1
1+ x

An Improper Integral : (A) The limit of a definite integral
as an endpoint of the intervals(s) of integration approaches
either a specified real number or +infinity or -infinity

Q’—;S
N
Q,
<

lim | f(x)dx lim | f(x)dx

b>wx 4 aso g4

b

lim [ f(x)dx lim [ f(x)dx

b-»c- a»c+ g

C
An Improper Integral : (B) When the integrand is undefined f e” d
at an interior point of the domain of integration, or at multiple \/C — X X
such points a

Residue Integrals (4A) 17 Young Won Lim
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Calculation of Some Real Integrals

27 -1 4+ 1

| F(cos6, sin®)de b FlZ— 55 ‘5'5

0

T f(X) d x EE})]}; f(x)dx = Znizk:ReS(f(Z),Zk)
f f(x)cos(ax)dx f f(x)sin(ax)dx

+0o0 +0o0

f f(x) e dx = f f(x)cos(ax)dx + I f(x)sin(ax) dx

—00 —00

Young Won Lim
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Cauchy Principal Value

f(x) :continuouson (—oo,+ o0)
Tf(x)dx = 11131ff(x)dx + bnmff(x)dx

{ Convergent: Both limits exist
Divergent: Any limit fails to exist

+ o

| Fix)dx = lim [ f(x)dx + lim [ f(x)dx

Cauchy Principal Value

;

= lim [ f(x)dx

—o0 a-=—o 4 b+ R>-o_R
In the case of convergence on : always true
But in the case of divergence : not always true
+00 0 b +R
fxdx =11mfxdx+11mfxdx—oo + limfxdx:O
—00 a->—wo b>+x 0 R>—w "R
i Young Won Lim
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+

00

For the converging [ f(x)dx

— Q0

f(x) :continuouson (—oo,+ o)

Convergent: Both limits exist

[ f(x)dx = lim [ f(x)dx + lim | f(x)dx {

—0 a--o g b=+ 0

Divergent: Any fails to exist

For converging f f(x)dx lim f f(x)dx + lim f f(x)dx

—© a-»-o 4 b->+x

— lim +f f(x)dx = PV. iff(x)dx

R»>—w

+ oo

The Cauchy Principal Value of [ f(x) dx

—0o0

Residue Integrals (4A) 20 Young Won Lim
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Improper Integral [ r(x)dx (1)

f(x) :continuouson (—oo,+ o)
no pole on the x axis

P(x) e 0

f(x):Q<> ff(x)dx=?

~

T f(x)dx  realintegral ‘

f f(z)dz  complexintegral

poles of f(z) = ZEE;
X > Z Q(z) » 0

but no pole on the x axis

Residue Integrals (4A) 21
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+ oo

Improper Integral F(x)dx  (2)

— Q0

f(x) :continuouson (—oo,+ o)
no pole on the x axis
o
P(X) + 0 °
. . o
f(X)_Q<X> Lf(X)dX _? o
—R (o) o + R
o
Considering a half circle contour C_ large enough o
to include all the poles in the upper half plane z, N
L poles
gﬁcf(z) dz = 2mi kzl Res(f(z), z,) 0 °
o
+R .
= | flz)dz+ [ f(x)dx +R
Cr -R
o
o

Residue Integrals (4A) 292 Young Won Lim
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+ oo

Improper Integral [ r(ix)dx  (3)

— Q0

@Cf(z)dz = 2n:i§1 Res(f(z), z,)

ff(z)dz++fR f(x)dx = 2m§1 Res(f(2), z,)

Cr

limf flz)dz + lim+fR f(x)dx = 2nii Res(f(z), z,)

R—)ooCR R>w _R

im [ f(z)dz > 0w | Im [ fix)dx 220 3 Res(f(z), 2,

R ¢, R>w _R

Under certain conditions o .
— PV. _J;f(x)dx — ff(x)dx

For converging

Residue Integrals (4A) 23 Young Won Lim
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+

[o¢]

Improper Integral fx)dx  (4)

— a0

f(x) :continuouson (—oo,+ o0
. poles
no pole on the x axis
o
P(X) + o0 °
f(X): Q(X) Lf(X)dX -2 o
-
+ o0
Under these conditions
(@)

P(x) = degree n
Flx) = 2
Q(x) degree m = n+2 o

C. asemicircular contour

;z;:Reje 0<0=<m

= m[fizldz >0 W [ fax =[x X Res(f(2), 2

R-)OOCR — k=1

Residue Integrals (4A) 24 Young Won Lim
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Improper Integral [ f(x)cosaxdx, [ f(x)sinaxdx

Fourier Integrals

f(x)sinax dx (a0 > 0)

| +
83

T f(x)cosax dx

+ ©

| f(x)e'“*dx

— 00

=3

+00 + 00

f f(x)e*dx = [ f(x)(cosax + sinax)dx

Lo —0

= [ f(x)cosaxdx +i [ f(x)sinaxdx

Residue Integrals (4A) 25 Young Won Lim
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Improper Integral [ F(x) e dx

f(x) :continuouson (—oo,+ o0
. poles
no pole on the x axis
o
P(X) +00 ©
f(X) = Q(X) _Jolof(X)e d x =? o
|
+ o0
Under these conditions
(@)

P(x) = degree n
Fix) = 2247
Q(x) degree m = n+1 o
C. asemicircular contour

z = Re’ 0<0<nm (0 > 0)

+ o0

B lim [ f(2)edz > 0 M [ f(x)e" dx chian Res(f(2), z,)

R> w0 Cr —o0 k=1
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Indented Contour (1)

f(z) :Wson (—o0,+00) M

poles on the x axis

z=c+re"

C
r r < <
f;\ 0<06=<nm
c dz =ire'’do

limf f(z)dz = ni Res(f(z), c)

r>0 c.

Residue Integrals (4A)

flz) = + g(2) apole atc

glc+re’)ire’® de

Il
R
—
R
®
D
Q.
D
+
© =y

I, =a,[ide = mia_, = niRes(f(z), c)

g (Z) : analytic at ¢ and thus continuous
bounded in a neighborhood of ¢
there is M > 0 such that |g(c+re’’)[<M

I, = }g(c+reje)irejade
’ 0

Ll <r[Mdo=—nrM  lmI, =0
0 r-

Young Won Lim
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Indented Contour (2)

f(x) :cono?>+@s on (—oo,+ o)

poles on the x axis z;

other poles Z,
r C z=2z,+re’ 0<0<nx
o
Zl
o
o

ff(x)dx = lim+fRf(x)dx =

—®© R»—w _R

lim [ f(z)dz + lim f f(x)dx — lim [ f(z)dz = 2xi Y. Res(f(2), z,)

R->wx Ch R>-x _R r-0 C,

Ilirriol f(x)dx = 2nizk: Res(f(2), z,) + nizl: Res(f(z), z,)

Residue Integrals (4A) 28 Young Won Lim
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Inverse Laplace Transform

A

-1
Fit) = L (Fls) .
_ 1 pae st ° |s
B 23'5_] a-jo (S)e ds R->+ .

-
= -lim$ _ F(s)e" ds o olgq
23—':._] R->x r
o

= 221 Y. Res(f(2), z,) -

k=1

1 . ]_ a+joo st
= t) = . . . —ds
Fls) s>+ 0’ £ 27 Joos. (s+jw)(s—jo)
) st ) e+j0)t ] est e—jmt
Res (S—J(D)Sz+w2, Jo| = 270 Res (S+Joo)sz+(Jo2 jJo| = — 2 7o
e —e " sinwt
f(t) - 2J(D - )
Residue Integrals (4A) 29 Young Won Lim
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Inverse z-Transform

A
f(kT) = L"'(F(z))
1 k-1 o
= 20 $ F(z)2"'dz X 5
n o “ 1 >
= 2ni ), Res(f(z), z,) o ©
k=1
z Fit) = 5o § 22" ds
F(Z): z—-1/2 ZIEJ z—1/2
zF T B 2" (1 k
Res| 2oqzr 2) = B (em V2o = (E)
1
f(t) = ok
Residue Integrals (4A) 30 Young Won Lim
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