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Coin Tossing and Binary Number
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Radix Number Systems

10° 10% 10! 10°
Decimal d. 8 O b 0. b0,
23 22 21 20
Binary b, | b, | b, | b,
g 82 8t 8°
Octal 0, 0, 0, 0,
16> 16% 16 16°
Hexadecimal ho i D, . h i h
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Conversion to decimal numbers

Decimal d,- 10" +d,- 10"+ d,-10" + d,- 10’

Binary b2 +b, 2"+ b2 +b,2"

Octal 0,8’ + 0,8 +0,-8 + 0,8

Hexadecimal "R 16 +h, 16 + h,-16' + hp 160
—— R—
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Number Systems [0..15]
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Binary and Hexadecimal Numbers

23 22 21 20 16°
‘E O 06 0 0 o O
._g 0001 T|< 1 2726252423222120
. ee 108 B 2 Binary 01010011
00 1 1 T3
O 1 0 0 4
0101 5 (23222120)X24 23222120
/1118 : ol1/o0l1]x2¢+ [0]0]1]1
O 1 11 7 . . ) N y ,
1 0 06 0 8
16° 16°
1 0 01 9 .
101 0 A > X167 + 3
1 011 B
1 100 C
10101 D Lo
Hexadecimal 5 3
1 110 E
1111 F .
Decimal 5x16 + 3 = 83
Binary Hexadecimal
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Bit Patterns

23 22 2t 2° 16° 8t 8°
N 10 0/0 0 o |0 © |00 Bit patterns stored in a
X — L computer memory system
T 0601 ol = 101
-~
“ lele|1le] T |2 C o2
o
0O 011 3 0|3
01,00 4 04
0101 5 05
0 110 6 0|6 * Unsigned
0 11 1 7 0|7
1000 8 1|0 : Slgned
10001 9 1|1
10 10 A 1|2 Each bit pattern
10 1 1 B 113 can represent
either unsigned
1'1/0/0 C 14 or signed numbers
1/1/0 1 D 1|5
1110 E 16
1111 F 1|7
Binary HEX 0CT
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Signed and Unsigned Numbers
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1's complement signed numbers

23 2% 21 2° 10°
1 -0 Ol 00 0 Bit patterns +10
0 - 1 N . in a computer +Ia

0 0 1|0 + |2

© 011 +13

0 100 +4

0,101 + 5

01 1/0 +|6

01 11 4|7

1, 0/0/0 -7

1/0/0 1 -6

116/16 Can represent ik

101 1 either p(_)sitive _ |4

or negative

1160 numbers -3

1101 -2

1/1/1/0 -1

1111 -0 _lo

Binary 1's complement
2.Numbers 11 Young Won Lim
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2's complement signed numbers

23 2% 21 2° 10°
0 0,00 _Bit patterns +| 0
in a computer
0001 +1
0 0 1|0 + |2
© 011 +13
0 100 + 4
0101 + 5
© 1 1/0 +|6
01 11 47
11000 -8
10001 -7
116/16 Can represent — |6
101 1 either p(_)sitive _|5
or negative
1160 numbers — |4
111/0 1 -3
1 1/1 0 -2
1111 1 The largest negative number : -1 — 1
Binary 2's complement
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1's and 2's complement signed numbers
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0
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Binary
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Compute 2's Complement (+3 » -3)
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23 22 21 2°

10°

mM mM
+ 1
© =Hl N N <N O NN 0O N OO << MmN
+ ++ ++ ++ 4+ 0 0 0 001
O +H ol 1 & A o 1 &0 1 o 1 oo dA o -
®© | o -1 o o - 4 © oo -+ +H ©o o | d
© o ol © 4 +H +H -H ©o o o © A A A -
O o o ©o © oo oo A H A A A = | -
—
— o+ © o
o
— oo ©
o - o |
o —A ®© | -
+
© H o 4 ©o 4 0o 414 O A oo 4 © +H ©o
Ol o 1A 41| © o dH Hd © o dA 4 ©o o +H
© o 0o o d A -H A © o oo ©o A A - -
© o 0o o © oo ©o A A A A | A A A -
O Hl NN < | D O NIDN O NS MO N H| O
+ + 4+ + 4+ 4+ + 4+ 0 0 0 00
mM ™M
=+ 1

Young Won Lim
10/23/17

2's complement

14

1's complement

2.Numbers



Compute 2's Complement (-3 = +3)
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00 10
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Types of Integer Numbers

1 byte : char 2°
27 26 25 2% 23 2% 21 29

2 bytes: short D

215 214213 212 211 210 29 28 27 26 25 24 23 22 21 20

4 bytes: int 23

231 230 229 228 227 226 225 224 223 222 221 220 219 218 217 216 215 214 213 212 211 210 29 28 27 26 25 24 23 22 21 20
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Unsigned Integer Ranges

4 Bytes
231/230229/28/927| 526/ 92524
2 Bytes 223|922/521|920/919/918/517 516
1 Byte 215 214 213 212 211 210 29 28 215 214 213 212 211 210 29 28
27| 2% 2°| 241 23| 22| 2% 2° 2712%12°|2%123|2% 2 2° 2712%12°12%12° 2%2 2°
28-1 28-1 211 211 2%-1 2%-1
27 27 215 215 231 231
2'-1 2'-1 21°-1 21°-1 2°1-1 231-1
0 0 0 0 0 0
Young Won Lim
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Signed Integer Ranges

4 Bytes
2362928 226/25524
2 Bytes 222/721520/719|518(517|516
1 Byte 214213912911910 29| 28 21491312 216( 29| 8
27| 28 23 241 23 2t 2° 20125124123122|2 2° 20|25 2% 2% 21|20
281 -1 216.1 -1 2%2.1 -1
27 _27 215 _215 231 _231
2'-1 2'-1 2.1 2151 2311 2311
0 0 0 0 0 0
Young Won Lim
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Integer Ranges

4 Bytes
231230229 928 927 26l 25l 324
2 Bytes 23222 9211920 919 71817 316
1 Byte 215214 913912112161 98| 6 215214 91391213101 98 8
27| 29 25 2422 2] 21 2 27|28 2524|221 22| 21| 2° 272825 24|22 22| 21| 2°

unsigned char unsigned short unsigned int

[0, +(2°~1)] [0, +(2"°~1)] [0, +(2"~1)]
char short int

[0, +(2"~1)] [0, +(2"~-1)] [0, +(2%~1)]

(27, —1] [—2",  —1] (2%, —1]
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4 Byte Unsigned Integer Example

313029282726252423222120191817161514131211109 8 7 6 5 4 3 2 1 0
0101011101000121011011121110000011

B'd J J Y, A J
Y Y Y Y Y
Hexadecimal 5 4 4 6 D F 8
7 5) 5 4 3 2 1 0

5x16" + 7x16°+ 4x16°+ 6x16*+ 13x16°+ 15x16°+ 8x16"+ 3
= 1464262531
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4 Byte Signed Integer - positive number

313029282726252423222120191817161514131211109 8 7 6 5 4 3 2 1 0
0101011101 000110/11011
X y,

\ j
Y Y Y

11110000011
Y Y g Y Y A
5 7 4 6 D
7 6 5

J

4 3 2 1
5x167 + 7x16° + 4x16> + 6x16* + 13x16> +15x16% + 8x16* +

Y
F 8 3
0
3
= + 1464262531
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4 Byte Signed Integer - negative number

313029282726252423222120191817161514131211109 8 7 6 5 4 3 2 1 0
111010111/010001101101111110000011

2’s complement

0610100010111 00/1/00{10000001111101

Y X Y / Y / Y Y / Y Y A Y /
- |2 8 9| 0] D]
7 6 5 4 3 2 1 0
- (2x167 + 8x16° + 11x16° + 9x16* + 2x16> + 0x16% + 7x16' + 13)
= - 683221117
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The same number with different bit widths

4-bit 8-bit 16-bit
Signed Signed Signed
Number Number Number
(+3) (+3) (+3)
3210 765432160 1514131211109 8 7 6 5 4 3 2 1 0

0/0/0/0/0/0|0/0|0|O|0|0O(0f0 /1|1

(-3) (-3) (-3)

3210 76543210 1514131211109 8 7 6 5 4 3 2 1 0
1{1}1/1/1/1/1/11111/1|]101
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Sign Extension

0/011 0/0 0 0/0/0 11 0/00000000O0O0O0[0/011
J N J \_ v J N v J

3 0 3 0 0 0 3

3 0x16* + 3 0x163 + 0x16% + 0Ox16' + 3
1{1 01 1{1/1/1(1/1 01 1{1/1/1/1/1/1/1/1/1/1/1|1|1/0/1
N J \_ v ) N J \. N A v A v p, v J]

D F D F F F D
0/0/11 0/000/00 11 0/0 0000000000001 1
L v J L v A v J AN v A v A v A v J

3 0 3 0 0 0 3
-( 3) -( ox16'+ 3) -( 0x16% + 0x162 + 0x16'+ 3)
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Sign extension in binary and hexadecimal numbers

23 22 21 2°

16°

1111

© 00 0

© 06 01

O 0610

© 06 11

© 1 0 0
© 101
O 110

© 111

106 00

10601

10610

1011

1100
1101

1110

0
0
0

0
0
0

0
0

1
1

1

1
1
1

1

1

0
0

0
0]

0
0

)

0

1
1

1
1

1
1

1

1

)

0
0
0
0
0
0
0
0

-
-
.
-
-
-
-
.

Binary

Hexadecimal

Young Won Lim
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Signed and Unsigned Number Examples

unsigned char u;

1/1/1/1/1/1 1|1 127 +12°+12°+1 2" +1.2°+1.2°+1-2' +1.2°
8
2° — 1 =4+255
char 1;
=—1
<1 111 1 1 1 1 1
00 00006 01 0 02°+02°+02°40-2°+0-2°+0-2" +1-2°

2’s complement

=+1
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Integer OXFFFFFFef

unsigned int u = Oxffffffff;

l1111111/111111111111111111111111

in 1 = Oxffffffff;

i1111111/11111111/1111111111111111

0000000O00O0O0O0OO0O0O0OO0OO0O|OO0O|O|O/O/0OO0O0OO0O00O001
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Conversion Specifier %d and %u

=
+
c
1

Oxffffffff;
Oxffffffff;

unsigned 1

=
-
r+
=
Il

o°

d == _] (signed)
OXFFFFffff momn)
wm) 4294967295 (unsigned)

o°
[

%d signed conversion
%U unsigned conversion
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The same results for 4-byte integer u and i

Oxffffffff;
Oxffffffff;

=
+
c
1

unsigned 1

=
-
r+
=
Il

o°
o

_—) -] (signed)
u = OXFfFfffff wom)
mm) 4294967295 (unsigned)

o°
[

o°
(o}

) o] (signed)
1= OXFFffffff womp
wmw) 4294967295 (unsigned)

o°
[
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Integer promotion in printf

unsigned char u = 0Oxff;
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Conversion specifier with char type numbers

unsigned char u;

o°
(o}

255 (signed)

)
11 1/1/'1 1 11 -{
28 — 1 = +255 -

000/00O00000O0O0COO0OO0OO0OO0O0O0OGOO0OOT1TT1T1TT/T11

o°
[

255 (unsigned)

%d ) ] (signed)

%Su mm)p 4294967295 (unsigned)

1111/1111/1111/11/11 1111111111 11]1/1/11
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Floating Point Number Format

siglnl exponent (8 hits) " fraction (23 bits) | 4 Bytes
ojol1f1|1|1|1|ofojof1|oflojojojojofojojojofjolojojojojolojojojojol = 0.15625 231/930/929/928/927 226925924
31 30 2322 (hit index) 0 2231922521 520 519518517516
float ° Slgn (1'blt) 215214213212211210 29 28
* Exponent (8-bits) 27128|2°| 24 23| 22| 2% 2°
* Fraction (23-bits)
exponent fraction 8 Bytes
sign (11 bit) (52 bit) 2636261260959 58557 956
(T
255 254 253 252 251 250 249 248
53 502 g 247 246 245 244 243 242 241 240
double o Slgn (1-blt) 239 238 237 236 235 234 233 232
° Exponent (11_blts) 231/930/929|228/927 526 52524
* Fraction (52-bits) 223922 921/920/919/518|17|516
215 214 213 212 211 210 29 28
2712°12°124123 2% 2t 2°
Young Won Lim
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Single Precision : float

sign exponent (8 hits) fraction (23 bits)

| | I |

IDID 1{1f1]1]1]o nln‘ 1‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n‘n\ = 0.15625
31 30 3322 (bit index) 0

O: positive, 1: negative

exponent Excess +127 (must be subtracted) 127 =2""-1

Implicit 1 fraction
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Single Precision : float

5|gn exponent (8 blts} fraction (23 bits)

ofol[1]1f1]1]o EIEEEEEEEEEEEEEIEEEIEEEEE 0.15625

31 3CI 23 EE (bit index)

(—1)% x (1.byabay ...bg)y x 2\Ps0b2e---bas)y =127

23
value = (—1)"8" x [ 1+ Ebgg_iﬂ_i x 2(e~127)
i=1
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Double Precision : double

exponent fraction
sign (11 bit) (52 bit)
|l I
s} o o
B3 o2 0
{ O: positive, 1l: negative
exponent Excess +1023 (must be subtracted) 1023 =2""1—-1

Implicit |1 fraction
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Double Precision : double

exponent fraction
sign (11 bit) (52 bit)
|l I
o o o
o3 o2 0

{_l)sig;u(l_bﬁl bﬁﬂ* . bo)z w0 23—1[}23

a2
(_1}51511 1+ Zbﬁg_iﬂ_i’ x 261023

i=1
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