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Valid Interval of ZIR & ZSR IVPs

y'"'+P(x)y' +Q(x)y =f(x) Yy =yt Y, 0 <t<w
)’<O_) — Yo
y'(O_) - V1

y(07) = y,(07) + y,(07) = Yo+ 0=y,

y'(07) = y,/(07) + y,'(07)= y + 0 =y,
. ' Zero Input Response
Y +P(X)y "'Q(X)y =0 Y Response due to the
-\ _ initial conditions
Y<O ) = Yo
y'(O_) =y, Nonzero Initial Conditions
| ' Zero State Response
y "'P(X)y "'Q(X)y :f<x) Ynt Yy Response due to the
-\ forcing function f
y(07) =0 e
- Zero Initial Conditions
y'(07) =0
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ZIR & ZSR

y"+3y +2y=(D) y(0)= , y'(07)

S (5)=sy(07)=y'(07)}#3[s¥ (s)=y(07)}+2¥ (s)=X (s)

Y(s)=

(s*+3s+2)Y(s) = k,s+k,+3k, + X(s)

_ kys+ko+3k + X(s)
(s+1)(s+2) (s+1)(s+2)

Zero Input Response

x(t)=0
S+5
Y(s)= iiysra)
I S
BCENES

Gy =4e7 - 37
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Zero State Response

y(07)=0, y'(07)=0

_ X(s) o
Y(s)= m x(t)=e
_ 11 1, 1
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Transfer Function

2 —
y 43y +2y=G y(0)= , y'(0)= (s*+3s+2)Y(s) =k, s+k,+3k, + X(s)

Y (s)=s(07)=y'(07)#3]s¥ (s)=y(0 ) e2¥ (5)=X s) Y@_kw’ﬁ Xls)

e+1(s+2) " {s+1)(s+2)

Zero State Response

y(07)=0, y'(07)=0

Xl
Y1s)= Gern)(se2)
Y(s) 1

X(s) B (s+1)(s+2)

Transfer Function
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Transfer Function & Impulse Response

2 —
yrr+3yr+2y:@ y(O—)= ; yy(o—)z (S +38+2)Y(S)—kls+k2+3k1+X(5)

Y (s)=sy(07 )=y (07)+3|sY(s)—y(07)+2Y(s)=X (s S_k15+k2+3k1+ X(s)
SV (s)=sy(07)=y'(07) 3]s ¥ (s)=y(07)}+2¥ (s)=X s) V)= Petn Tl

Transfer Function Zero State Response
%:H@ y(07)=0, y'(0-)=0
(s) = X(s)
Y(s)=H(s)X(s) €= y(t)=h(c)}x(t) (s+1)(s+2)
Y(s) 1
H(s) <= h(t) X(s) ™ (s+1)(s+2)
E::csti;z:, :{zgs(l,snese Transfer Function
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Transfer Function and an ODE

(s"+a,s" '+ +ay_ s+ay) - Y (s) (bos"+b,s" +--+by_ s+by) - X(s)

Y(s)  (bys"+b;s" '+---+by_ s+by)

X(S) (5N+‘115N_1+"'+GN—15+GN)

(D"+a,D" '+---+a,_,D+ay) |- y(t) = (b,D"+b, D" '+---+b,_  D+b,) - x(t)

Q<D) = (DN+a1DN_1+"'+aN—1D+aN) P(D) = (boDM+b1DM_1+'"+bN—1D+bN)

Q(s) = (s"+a,s" '+--+a,_,s+ay) P(s) = (b,s"+b,s" '+---+b,_,s+b,)
1 N-1 N
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« Everlasting Exponential Inputs
« Causal Exponential Inputs
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Exponential and Sinusoid Functions

exponential function

st ot+imt

e = e

= ¢e’(cos(wt) +isin(wt))

(s = o+iw)

15

R{s}]<0 (c<0)

T T T
i %e”-(0.5%t)*cos(5%t) ——
P %e™-(0.5%t)*sin(5%t) ——

0.8

0.6

0.4

0.2

02

.04 |

-0.6 -

-0.8 -

sinusoid function

it

15

R({s}]>0 (c>0)

-15

T T T
i %e”(0.5*t)*cos(5%t) ——
: %e ™ (0.5*0)*sin(5%) ——
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Everlasting & Causal Function

sexponential function

(s = o+iw)

 everlasting exponential function

applied at { = —

St

e

» causal exponential function

appliedat t =0 appliedat + =0
st
e* ult)
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esinusoid function

(€ =io)

« everlasting sinusoid function

appliedat t = —w

e

e causal sinusoid function

e~ u(t)

10
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Sinusoidal Inputs and States

severlasting sinusoid function

State att = 0— = state att = 0+

continuous state between t = 0— & 0+

A
vATAYS

continuous states

forced

==

t=0"  t=0"

non-causal

input applied
att=-o

ZIR + ZSR

natural + forced

lim y,
t >

ecausal sinusoid function

zero state at t = 0—

non-zero state att = 0+

possible discontinuity

—

wh | h(t) ) 7‘|\
t=0 =

. AWA
1 \/ t— +
ZIR + ZSR
natural + forced
input applied
att=0 h(t) * {e*'u(t))
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States at t=0* and t=0-

input applied continuous initial conditions

att = - rF_
. y(0%) Steady State
e ‘ h(t) y(2)(0+) ‘ Response

< < <

non-zero created by
conditions the causal
may be discontinuous attime o* signal

input applied
w att=0
o |0 zsr Jere Stat
te 0 (1 (g* ero State
SO TGN B EAY L e
> |y 7o)
_hn .
\/
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Steady State and Zero State Responses

non-causal

h(e) * m lim [h(¢) * (e
ct
S mm_) k() ‘ T
ZKe“-q-Bect =Be* =lim y,(t)
input applied , e
att=-o \natural / forced

\ /4 Steady State Response

zero conditions Zero State Response

input applied ZIR 7SR
att=0

0 > e +h(t)* {eu(t))

cul)) Y h0) | —
Z Kiex,.t + BeCt
natural forced
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Steady State Responses

h(t) = {e™'}

t > oo
/~

| Z Kiekit;q- Be™ = Be"

N\ natural / forced

-

t > oo

Steady State Response

Zero State Response
ZIR ZSR

Z c.e™ +h(t)* (e u(t))

zero conditions

> K.eM+pe
i

natural forced
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lim [h(t) * ()]

= lim yp(t)

14

limpe =pe-’

t=> o0 t > o

lim |h(t) = {e")]

t > o

= lim y (t)

h(t) can contain mode terms
which approach to zero

lim |h(t)* [e*u(t)}]

t >

=pe” = lim y,(¢)

t > t >

lim [ K. e" +pe
i

natural forced

for a pure imaginary C
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Total Response to an everlasting exponential input

input applied
att=-c non-causal
h(t)
est
y(t) = (t) * e’ convolution works for
non-causal input x(t) also
— f h(T)es(t‘t)d—g But causal system is assumed
= | [ h(x)e"dr sy H(s) = [[h(x)le " dx
0
= ¢ H(s) h(c) H(s)

Transfer Function 1 5 Young Vlll(/);olian;

(BGND.4A)



Total Response to an everlasting exponential input

(bo: by, -, by_y, bN) Q(D)y(t) = P(D)x(t)

Q
=)
=
S
*
<
&
I
.
)
<
&

(1, a,, -, dy_q, aN)

Drest — _rest — Srest
F :
AVATA P(D)e = B(s)e”
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Forced Response to a causal exponential input

iout aopli
g][ptu: %pp ed ZIR ZSR
0 D> ce™ +h(t)x e u(t))
0 1
JON
: Z Kiex,.t + BeCt
natural forced
tural forced
- uram Orc; Steady State Response
y(t) = 2 Kie" +Be (t>0) im y (0
i im t) _ T
t=> o yp - ﬁe
K, ]
Y(s) = Z ) + H(2)X(T) Transient Response
[y(6) = Tim y,(0)} = T e
For a forced response  any complex C
For a steady response  a pure imaginary C
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Forced Response to a causal exponential input

(by, by, -+, by_y, by) Q(D)y(t) = P(D)x(t)

(1, a, -, dy_;, aN)

A :

ANA P(D)e™ = P(t)e™
\
C : NOT a characteristic mode
5 = Pl
Q(T)
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Transfer Function Definitions

Q(D) - y(t) = P(D) - x(¢)
Q(s) - Y(s) = P(s) - X(s)

v(s) _ P(s)
His) = X(5) = Qls)

input applied zero initial conditions
att = -
d(t)

h(t)

—

N

Laplace Transform of h(t)

P(S) (bo,bu ""bN—lsbN) T —sT
H(s) = H(s) = hit)e ""dt
( ) Q(S> (]'Jals ”';aN—l:aN) ( ) { ( )
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Everlasting Exponential Total Response

input applied
att=-o

for a given s = C y(t) = H(T)e™ —0 <t <+00

Aria Y0 = HEX0) | ()=
A v(s) = H(s)X(s
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Causal Exponential Total Response

input applied
att=0

o(t)

=

Z K ek .t + Be;r

-, by_1, by)
natural forced
steady

State

natural forced
for a given s = C y(t) = Z K;e™ + H(C)e™ t >0
—A Y1) = DK HEND | x(0) ="
v(s) = 3 —9 4 H(s)x(s)
_/\v/\ i (S_)"i)
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Special cases of H(s)

. input applied
S=0+]0O gtt=-o
general s s
cases e’ ‘ h(t) e’
1
1
1
\J
S ) (o)
1
. |
ER {e]u)t} E
\J
restricted 0 .
cases cos(wt) ‘ h(t) 9 ‘ H(jo) - cos(wt)
0
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Frequency Response

Laplace Transform of h(t)

+00

H(s) = [ h(t)e"d=

S=0+jw

Polynomials of Differential Equation

Transfer function (t-domain)

y(t)

x(t)

H(s) =

x(t)=e"

Transfer function (s-domain)

Transfer Function
(BGND.4A)

S=0+jw
S=0+jW
S=0+jw

Fourier Transform of h(t)

+00

H(jo) = f h(t)e ’""d=

— 0

Polynomials of Differential Equation

P(jw)

HU©) = 5(70)

Frequency response (t-domain)

H(jw) =

v

<

=3
I

S=jw
S=jw
S=jw
S=jw
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Transfer Function & Frequency Response

input applied zero initial conditions input applied zero initial conditions

att=-o

(1; al; Ty aN—li aN)

t= -
& (1:01: v, Ay, aN)

= e -_‘[Oh(r)e_”dr (¢ <0) = ej“’t-__[oh(r)e_jmdr (t<0)
= e' |H(s) = ¢ H(jow)
i Cex Transfer , i o Frequency
H(S) — fh(r)e dT | function H(JUJ) = fh(r)e " response
0 — 0

Transfer Function 2 4 Young vxclazno|7i1r2

(BGND.4A)



Total Response to everlasting sinusoidal inputs

e+jwt ‘
e /" )
e+ju)t + e—ju)t -

2cos(wt) -

Acos(wt+o)

Asin(ot+o)

g‘ H(+J-(D)e+j0)t — |H(+jm)|e+jarg{H(+joo)}.e+ju)t

g ‘ H(_jm)e—jwt — |H(_](D)l e+jarg{H(—joo)}.e—jwt
0

0
0

: ‘ |H(+J w)le[”f‘““arg{H(ﬂw)}] + |H(—] (D)|e[—jwt+arg{H(—jw)}]

0

— |H(_I_jw)l{e[+jwt+arg{H(+jw)}] + e[—jwt—arg{H(ﬂw)}]}

0
0

) |H(jo)| 2cos(wt+arg{H(jw)})

0

E ) AlH(jo)|cos(wt+a+arg{H(jw)})

0
0
0

w AlH(jo)|sin(wt+o+arg{H(jo)))

Transfer Function
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Sinusoidal Steady State Response (1)

input applied input applied zero initial conditions
att=0 att = -«
(1,‘11 "')aN—I’aN) (1"11, "',GN—1:‘1N)
30 Ao 5(t) i
) 0 ) ) k09
eCl‘ Z Kiek,-t + Bef;t eSt 0
(b():blx ) bN—lJ bN) i (bO: bl: ) bN—l;bN)
natural forced
total response steady state response
natural forced forced
A,
y(t) = 2 Kie™ + H(T)e™ >0 y(t) = H(T)e™ (> oo

y(t) = ZKieh"t+H(Z;)x(t) x(t)=e" y.(t) = H@)x(t) | x(t)=e"
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Sinusoidal Steady State Response (2)

input applied
att=0 (1,a,, -, ay_,, ay) ZIR ZSR
5(t) Yo | D.c;e +h(t)
) ) [
y(&"” At Ct
e o D KM +pe
(b()’blx Ty bN—l:bN) i
natural forced
steady state
response
x(t)= A 0 y.(t) = H(0)-Ae”
- h(t) YO:- ss
E=0 i = A-H(0)
0= A g o ey [P = EUwIACT
E=jo e = A-H(jw)e
x(t)= Acos(wt) " b, y.(t) = H(jw) -Acos(wt)
E=jo bl = A-H(jw)cos(wt)
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Sinusoidal Steady State Response (3)

yss(t) — H(O).AeOt X(t)ZA -
= A-H(0) E=0
steady state
input applied fEIPRlTEE
att=0 (1,ay, -, ay_, ay) ZIR ZSR Forced
6(t) o Z . e ‘, h response
y(l)
.y 0 |- ‘
(N11) N
e Yo > KM+ pe
(bo bl * bN—l bN) i
natural forced
steady state feosrgﬁﬁse
response
steady state
response
Y(t) = H(jw) Acos(wt) | x(t) = Acos(wt)
= A-H(jow)cos(wt) [E=jw
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Frequency Response

Ys(t) = H(jw) Acos(ot) x(t)= Acos(wt)
= A-H(jw)cos(wt) |[E=jw

(Dl (Dl
: /\ /\ /\
~'—Low Pass
%-- 0 fe—= - - : T
= -10 - | i T
o N —Bode Pole / \/ \/ \
T 20 - ! ! N
S
L
= 30 i i 1 :
)
g -40
(§}) 2 1 10 100 1000 10000 (6} 2
Frequency

| ——Low Pass

ANAN | AN
- J—— AVAYA\

VUV VA

Phase (Degrees)

1 10 100 1000 10000

Frequency

OF!
WA o
V V V V \ http://en.wikipedia.org/wiki/File:Bode_Low-Pass.PN( IV V\
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Transient Response

— 0t _
= A-H(0) E=0
Natural + Forced
response
transient
response
INPUT: - ) ‘ —mu=6
DIGITAL CHANGE —_—mu=2
OR ANALOG STEP — —mu=1
1.6 y - ==5Step
Va— @
OUTPUT § 12 -
RESPONSE a - %5__
/] I -
x 08 (! -
wn )
o |
¥
t2 t3 . Iy
| «—— SETTLING TIME ——>] 0.5 15 35
ty Time
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Frequency Response in Control Theory (1)

VA’+B’cos(wt—0) wl G(s)  mi |G(jm)|\/A2+32cos(oot—6+arg{G(j(0)})

Acos(wt)+Bsin(wt)

— \/A2+B2[¢Af:BZ cos(wt )+ —=— sin(oot)}

= \/A2+B2[cos(e)cos(wt)+sin(6)sin(oot)]

= \/A2+B2cos(6—(ot)

= A*+B’cos(wt—0)

Acos(wt)+Bsin(wt)

=V A>+B’cos(wt—0)

A
)=
. B
sin(0) = \/A2+B2

Transfer Function
(BGND.4A)
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Frequency Response in Control Theory (2)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(0)})

Acos(wt)+Bsin(mt) As  Bw _ As+Bo
— ﬁ 2 2t 2 2 2
= A*+B?cos(wt—0) §+0 S5+ s +w
As+Bw As+Bw K K
y(s)= 253806 (s) = . —G(s)=———+—>—+F(s) Partial Fraction
2+ (s+jw)(s—jw) stjo  s—jo
[ As+Bo . As+Bw —Ajow+Bw : ;
K, = = = — = = —
= uials)| = [t BSG() o ARG ) LasB)G(- o)
_[As+Bw, _[As+Bw Ajo+Bw ~(, o v L, .
ko= A0 juals)] =106 = ALBUG( )= L(a-jB)G(+jo)
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Frequency Response in Control Theory (3)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(D)})

K K . . 1 ) .
Y(s)= —L1 + —2 4+ F(s) K,=2(A+jB)G(—jo) K,=~(A—jB)G(+jo)
Stjo  s—jw 2 2

A+jB =+vA*+B° % Stable System system modes
V +B VA +B epi > 0 eoi -> O pi<0’ 01<0

=V A’+B? (cos0 = jsin 6]
limf(t)=0 limsF(s)=0

N t=>o0 s>
— \/A2+B2eij6
Ignore  F (s)
Yss(S) — Kl + K2 Kl % A +Bz +JGG(_j(D) Kz = % VA2+Bze_jeG( .](D)

S+tjow Ss—jw
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Frequency Response in Control Theory (4)

VA’+B’cos(wt—0) wl G(s)  mi |G(joo)|\/A2+32cos(oot—6+arg{G(j(0)})

K, K, 1 1 1 . 1
- = 2(A+jB)G(- ~(A-jB)G
Y@)Sﬂw+&jw > J)(Jwgﬂw+J jB) Hm%<m
— l\/A2+Bze PG(—jw) 1_ + l\/A2+Bze G(+jm) 1_
2 stjo 2 S—Jjw
[ A2 2

yolt) = A;B G(—jw)e e’ +  G(+jo)e e

T | |
- JA;B G(+jw)e ™™ + Gl+jw)e )

=  JA2B? R(G(+jo)e” )

=  JAMB’|G(+jo) cos(wt—0+arg(G(+jw)))

Transfer Function 3 4 Young Vytc/)znoliilrg
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Impulse Response h(t)

N
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