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An Improper Integration
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F(s) : a function of s

For a given function f(t)
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a t During integration, complex
variable s is treated as a constant

In the result, the literal t vanishes

G: an antiderivative of g
with respect to t

gl(s, t)dt = F(s) a function of s
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An Integration Function

For a given function f(t)

Complex Number Real Number
S = 0+im
t Real Number
Integration Variable

Complex Numbers Complex Numbers
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F(s) : a Complex Function

For a given function f(t)

Complex Number Real Number

_F : Voo
F(Sl)—{f(t)e dt S — .+ l.

Function
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Complex Function Plot
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Two Functions: f(t) & F(s)

s-domain function F(s)

For a given function f(t)
there exits a unique F(s)

flt) «= Fs)

" t-domain function f(t)

A f(t)

t

Real number domain function f(t)
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Laplace Transform

fol) m— p P F(s) L [ f()e d = Fyfs) P :
folt) e o P Fyls) e [ fed = Fys) P -
fc(t)- L P Fc(s> COS(kt) ‘ ng(t)e_Stdt — F3(5) P Szikz

f.(x) Real-valued Function F,(s) Complex Function
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Laplace transforms of 1 and exp(-at)

1 0 b
B B o S F T A B
0 b S 0 b= S S
. —sb _ — 1
-s<0 =) lime =0 s>0 = F(S)——
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—at ‘ I ]. F(S) — fe_a[°e_5tdt: hrn
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_ 1 e—(s+a)t = lim
(s+a)

—(s+a) < 0 = lime " = ¢ s>—a ™ F(s) = L

b>x
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Laplace transforms of exp(+at) and exp(-at)

e—at ‘} L F(S) — J‘e—at.e—st dt = lim
s+a 0

b

. 1 e(s+a)t] = lim

—(s+a)<0ﬂlime_(s+a)b20 s>—q ™ F(s) -1
b>w (S+a)

e+at ‘IP L F(S) — fe+at_e—st dt = im
S—da 0

b>w

__ 1 s-ak|= lim B S S
(s—a) , bex| (s—a) (s—a)

—(S—a)<0ﬂlime_(s_a)b20 s>+ta ™ F(s) = !
b>w (S—a)
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Laplace transforms of cosh(kt) and sinh(kt)

cosh(kt) ‘j > _ (e+kt+e_kt). —st = 17 ke 7St 17 koS gt
L ERPE F(s) = ‘g > e dt 2{3 e "'2{9 e

" ‘ s>+k ™ ﬁ s>—k ™ ( 1k)

+kt —kt S— S+
cosh(kt) = le ;e )

1 1 1 S
F = — =
) 2((s—k) (s+k)] ~ (s—k)

. k i (e+kt—e_kt) B 17 +kt st 17 —kt _—st
hikt — .p St = = . —— .
sinh(ke) = 1 = o Fls) = [ Sg—ea = gl e tamg [ete

1 1
+kt —kt kK w= -k ™
sinh (kt) = [e” ;e Y — (s=k) > (s+k)
11 1)k
Fls) = 2((s—k) (s+k)| (=K
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Laplace transforms of cos(kt) and sin(kt)

cos(kt) w1 P 252
s +k

<e+jkt + e—jkt)

cos(kt) = ;

sin(kt) - sszz

(e+jkt . e—jkt)

2j

sin(kt) =

2 0
s>0 m L s>0 = L
(s—jo) (s+jo)
1( 1,1 | __s
2{(s=jo) (stjo)]  (s+K)

Laplace Transform (BGND.3A)

13 Young Won Lim

3/21/15



Region of Convergence

1 %0 b
e B e e e AR A
0 b S 0 b S S b w S S
—-s<0 - —R{s}<0
L f(t) 4O
—(o+iw) <0 - _5<0
------ R
. lime " = lime """ = lime Ze"* = 0 .
domain ! b b b3y domain °
e+ibm| -1
right-sided t>0 right-sided ROC >0
function
—(s+a) <0 ™ lim e 7 = s>—a ™ F(s) = 1
b (s+a)
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Forward and Inverse Laplace Transform

Forward Laplace Transform Integration with a real variable t
L h _
f(t) == F(s) F(s) = [ f(t)e™ dt
0
Inverse Laplace Transform Integration with a complex variable
L-l . 1 O+ joo
f(t) == F(s) f(t) = = | Fl(s)e™ ds
23—':.] 0—joo
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Some Laplace Transform Pairs

1 1
1 ) - e ! ) —
S s+a
1 Q)
t ) sin(oot) o JENp
S
2 s
¢ C—) cos(wt) < ——
S ST+
6 0
£ —) sinh (wf) i 5 5
S
n n! S
(" G— e cosh(wmt) <l R
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Cover-up Method (1)

25—1 A B
(s+3)(s=2) (s+3) (s—2)
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Cover-up Method (2)

2s—1 A B
= +

(s+3)(s=2)  (s+3) (s—2)

i | et -

= B
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Cover-up Method : Repeated Poles (1)

1 _ Ay + A, N B
s'(s+1) s s (s+1)

]. SZ ‘ A — ]. | :l — +1
s°(s+1) Po(s+1) T 1
d 1 2 d| 1 1 1

A = — = — === = -1
ds 52(s+1)s = A ds|(s+1) = ( +1)2|S_0 1
1 1
s+1 B==| . == = 41
52(s+1)( ) - 7l 1
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Cover-up Method : Repeated Poles (2)

L _ Ay Ao, B o B _

(s+1) . - /+ s 07 (s+1)s ) A+ Ay (s+1 . = A
i( 1 _d B o) 28 £
ds (5"'1)/) o as| Mt A (s+ )S) , At (s+1) “(s+1f) | = 4

]_ Al A2 B
1 = 2 A B _

W - 52M+ SM+MM __I—B
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Cover-up Method : Inverse Laplace Transform

1 1 1 1
5 = 5 ——+% ] <mmm) -
s(s+l) s° S (s+1) S

_ —t 1

) t—1+e , ?
at 1

e Cmmmd)  ——

s+a
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Examples

2545 _ A A,
(s—3) (s—3) (s—3)

(s—3)
5] e
T E
ma(pd _3>2) LA
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Examples

A = Sx(s) s+l
1 d°
Ay = oy s X(s)s*r) ]l
_1d K
An = oot Xs)s*rf]l-,
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Partial Fraction Methods

1

s
s
prore
P

oo

R + + o0 4

A

+ ...
(ax+b)

Al AZ Ak

(ax+b) (ax+b)

Ax+b
(ax’+bx+c)

A, x+B, A,x+B, A, x+B,

oo + + .. + + ...

(ax’+bx+c) (ax’+bx+c) (ax’+b x+c)'
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Differentiation in the s-domain

flt) Gl F(s) F<s>=jf<t>efdt

~tf(t) <) F'(s) %ms):Z%im)-e lde= [ fteye a
+Cf(t) Gl F(s) Lkl = [ Sftore]ae = ] (-epriere
Cf(t) u—) ) Lkls) = [ Lftre]ae = ] (crieve
fl0) d— (1]
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Differentiation in the t-domain (1)
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Differentiation in the t-domain (2)

flt) Gl F(s)
f'(t) <l sF(s)—f(0)
f'(t) Gy S'F(s)=sf(0) = f(0)
ft) i SF(s) = s°f(0) = sf(0) = f'(0)
f(0) Gl SF(s)—s"f(0) = 5" (0) = = £ 0)
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Differentiation in the t-domain (3)

f"(t) <l s"F(s) — s"'f(0) — s"f(0) - - s'f"?(0) - £"V(0)
s" s s s s’
(s) o) o) f**(0) (o)
n—-1+0 n—-2+1 1+n-2 0+n—1
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Differentiation Properties
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Integration in the t-domain

flt) el F(s)
f;f(r)dt G #
fle) = <UL fede) = (0

glt) = [ f(x)d=

g(0) = [ flx)dx = 0
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Translation in the s-domain
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Translation in the t-domain

fle—a)ult=ale di+ | fli—a)ult—a)e™ d

B flt—a)e" dt v=t-a dv=dt
f(tFa)u(tFa) S e F(s)

v+a

—
A

O 8 2 8 O O %8

Oe—;8 ~ _
J,
Q..
<

shift right : always ok
shift left: only when no »
information is lost during =€ F(S)
improper integration by the left

shift
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Translation Properties

tTalultxa ﬁ Tas shift right : always o.k.
f( ) ( ) € F(S) shift left: only when no
information is lost during

improper integration by the left
shift

Laplace Transform (BGND.3A) 33 Young Won Lim



Initial Value Theorem

limf(t) = limsF(s)

t20° s>

ff
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Final Value Theorem

limf(t) = limsF(s)

[=>00 s=0

ff

hrn[sF } = hrnff e’ dt
s=0 530
limsF(s) = f(07) + hmff J-e™" dt
Naged s30

=f(07) +f(e0) = f(0)
f (o)
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Laplace Transform and ODE's

s¥(s) - y(0)

-
-

y(x) <t SF(S) - sy(0)- 50
C—h

—

s+3)

(5] (0)-y/ (0] + 31 ¥16)-y(0) +2[¥08] = L5

(s> + 35+ 2)¥ (s) = k, s+k,+ 3k, + %3
S
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Partitioning

SH5)-55(0)-y (0] + 35 -y 0] +2]¥(8)] = L

(s>+3s+2)¥(s) = (ks+k+3k) + %

depends only on depends only on
initial conditions input e**
I(1’ kz

Laplace Transform (BGND.3A) 37 Young Won Lim



Decomposed Y(s)

5 depends only on No Input
(S + 35 + 2)Yzi(s) = (k1$+k2+3k1) initial conditions
I(1' kz
2 1 depends only on No State
(S +3s + Z)st(s) - m input e**

1
: 21Y = |k,s+k k —
(s +3s+ ) (s) ( S+ 2+3 1) + e

depends only on depends only on
initial conditions input e**
I(1' kz
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ZIR & ZSR

k,s+k,+3k,
Valt) o V(s) = TOE Zero Input
- 1
il = LY 2 e fme
k,s+k,+3k, 1
) V) = Tt Gellee2)(ed)
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Laplace Transform and IVP's

y"'+3y'+2y=0) y(0)=k, y'(0)=k, ZIR 1P
) d— 105 =

yreayszy=e® YO YO
) t— V) = oo

y' +3y'+2y =D y(0)=k) y'(0)=(k,)
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Unilateral and Bilateral Laplace Transforms

Unilateral Laplace Transform
/ Including an Impulse at the
origin

F(s) = [ flo)e d Pl G F (5)—{(0)

Excluding an Impulse at the
origin
+00

U EL(s) = [ floe d [/t)  d—) sF(s) = {(0")

O+

Bilateral Laplace Transform

Fyls) = f flo)e d () G sF,(s)(0)
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To include impulse inputs

)
y'(x) ) s¥(s)- y(0)
y(x) ST - sy(07) - y(0°)
1
e G )

08)-5(07)-y'10)] 35 08) (0] 20¥16) = L5
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ODEs with an input g(x)

usually known i.c. y(07 )=k, y'(07) =k,
i.c. to be calculated y(0+) =m,, y’(0+) = m,
solution to be found y(t) (t>0)
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ODEs with an input g(x)

Non-homogeneous Eq

y'+3y'+2y=e"

m +3m+2=0
(m+2)(m+1)=0
m=-1, =2

_ =X —2x
Yn= cle ar C2€

IVP with nonzero IC

0 0o, 1 o
I=ce +c,e +—e
6

T -X —-2x
y'=-ce " —2ce

+

1 o

2=—c,e’—2c,e’+=e
6

—e

+X

Zero State Response

y(0)=0, y'(0)=0

y,=Ae™ cl+cz+%:1 c,tc,+==0

Ae™ + 3Ae™ +2Ae" = e _01_202*'%:2 —¢,—2¢,+==0

6Ae™ =" A=1/6 c,= _% c,= %
General Solution

y:cle_"+cze_2"+ée” y:%e"‘_%e—zu_ +x y=—%e_x+%e O
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ODEs without an input g(x)

Homogeneous Eq

y'+3y'+2y=0

m +3m+2=0
(m+2)(m+1)=0
m=-1, =2

_ =X —2Xx
y,=¢ce + c,e

Zero Input Response

cte=1 c,+¢,=0
—C,—2¢,=2 —c;,—2¢,=0
C, = -3 c, = 0
c, = —(—3):4 ¢, =0
Homogeneous Solution
y — Cle—x + Cze—2x y — 4e—x _ 3e—2x y — 0
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ODEs with an input g(x)

y''+3y'+2y=e" y(0)=k, y'(0)=k, (52+3S+2)Y(S)=k15+k2+3k1+i
*Y(s)-s —y'(0)+3(sY(s)- £2Y(s)=—1 S =kls+k2+3k1+ :
'Y (s)=5y(0)=y '(0)+3(s ¥ s)- y(0))+2¥ (s)=— V)= T (sv2) * =1+ 1)(5%2)

IVP with nonzero IC Zero State Response

y(0)=1, y'(0)=2 y(0)=0, y'(0)=0
_ S5 1 1 1
Y08)= ellise2) * To=D)(s+1)(s52) Yls)= o isene2)
8§ 1 .7 1 1 1 11 11 11
= 73Ts+2) T 20s+1) 6 (s—1) "3 205+1) 6 05-1)
ﬁ y= %e—x . %e—2x+%e+x ﬁ y :_%e—x+%e—2x+%e+x
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Homogeneous Solution

Y3y +y=0 y(0)=k,, y'(0)=k, (s*+3s+2)Y(s) = k,s+k,+3k,
$°Y(s)—sy(0)—y'(0)+3(sY(s)-y(0))+2Y(s)=0 _ kystk,+3k,
Y(s)= 0
(s+1)(s+2)
homogeneous solution
—X -2x Yn= Cle_x - CZe—zx
y, =ce +c,e it
h= G 2 for every initial value of y_ Jil = e 202e_2"
o) o k,s+k,+3k,
<) Y = Y = =
)= o) ov) )= T (sv2) nl0)=e e
y,'(0)=~¢, -2,
_ Cils+2) +¢,(s+1) _ y(0)s+y'(0)+3y(0)
— (s#1)(s+2) (s+1)(s+2)
_ (C1+C2)S+(2C1+C2) — _ (C1+C2)S+(2C1+C2) y(0)<-yh(0)
(s+1)(s+2) - (s+1)(s+2) y'(0)€y,'(0)

(s°435+2)Y,(s)-y,(0)s -y, (0)-3y,(0)=0  mmp (s+1)(s+z>(C”(C;isl;(s(i;*%) ~ (cite)s+(2c4¢) = 0
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Homogeneous Solution

Y43y 4y =0 y(0) =k, y'(0)=k, (52+35+2)Y(s):kls+k2+3k1:O
£¥(5)-5y(0)-y"(0)+3(s ¥ (5)-y(0))+2¥(5)=0 ¥(s) = T
Zero Input Response Zero Input & Zero State Response
y(0)=1, y'(0)=2 y(0)=0, y'(0)=0
Yls)= (s+i)+(§+2) =0
=+ (s-ll-l) - 3(512)
G = 4o 3o G =
Laplace Transform (BGND.3A) 48 Young Won Lim
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Impulse Response h(t)

N
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