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Second Order ODEs

First Order Linear Equations

a,(x) 3L +a,(x)y = g(x) a(x)y"+ay(x)y = glx

Second Order Linear Equations

dy

e rax) oo +alx)y = g(x) a,(x)y"" +a,(x)y' +a)(x)y=g(x)

Second Order Linear Equations with Constant Coefficients

d d » ,
- dyz+01dy+aoy g(x) a,y" +a,y' +a,y = g(x)
ny+bf11+cy=g(x) ay''+by'+cy=g(x
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Second Order ODEs

First Order Linear Equations

a,(x) 3L +a,(x)y = g(x) a(x)y"+ay(x)y = glx

Second Order Linear Equations

dy

e rax) oo +alx)y = g(x) a,(x)y"" +a,(x)y' +a)(x)y=g(x)

Second Order Linear Equations with Constant Coefficients

d d » ,
- dyz+01dy+aoy g(x) a,y" +a,y' +a,y = g(x)
ny+bf11+cy=g(x) ay''+by'+cy=g(x
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Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

dy+b y+cy=®> GJ’”"'b}""'CY@
X’

d

mx

try a solution y = e

d’ | nx d o mx ale™ " +ble™}" +cle" =0
aL e w b (e clem = Al bleTT el
alm’e™] +b{me™} +cle™] =0 alm’e™} +b{me™} +cle™] =0
(am*+bm+c)-e" =0 (am*+bm+c)-e™ =0
auxiliary equation

(am*+bm+c)=0 (am*+bm+c)=0
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Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

2
a%+bg—i+cy:\@ GJ’”"'b}""'CY@
X

auxiliary equation

mx

try asoluton y = e ) (am’+bm+¢)=0

m, = (—b +b’—4ac)/2a
m, = (—b — Vb’—4ac)/2a

— M X — X _ 2 .
Vi ;Yo (A) b"—4ac >0 Real, distinctm_, m,
V= X = V, = MaX - (B) b2—4ac = (0 Real, equal m, m,
m, x m, x _ ) )
Vi ;Yo (C) b —4ac <0 Conjugate complex m, m,

ODEs (BGND.2A) 7 Young W



Linear Combination of Solutions

DEQ
ay,""+by,'+cy, =0
adz—y+bd—y+c i < Y1 yi tcy,
dX2 dX y_ - ay211+by21+cy2:0
T C1+ CZ a(Yl"+Y2")+b(Y1'+Y2')+C<Y1+YZ):0
a(Y1+YZ)”+b(Y1+Y2)'+C(Yf")’z):0
Yi=y, + Y, a(C,y,""+C,y,"" )+ b(C,y,"+C,y,") + c(C,y,+C,y,) = 0
Ya=Y1 — Y a(C1Y1+C2Y2)”+b(C1Y1+C2Y2)'+C<C1Y1+C2Y2>:0
Ys=Y; + 2y,
Ye =Y — 2V,

ODEs (BGND.2A) 8 Young Won Lim
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Solutions of 2nd Order ODESs

DEQ
dzy dy - ylzemlx ylzemlx ylz emlx
a—5+b—-=+cy=0 - .
dx d x =1 y,=e™ y,=e"
T (D>0)  (D=0) (D<0)
C1+ Cz
[y = Clemlx+c2em2x (D > O)
{ y=Ce" 2 (D=0)
y=Gerece  (D<O)

auxiliary equation

m, = (—b +b’—4ac)/2a
“+b =0
(am + m+C> m2:(—b— /b2—4ac)/2a

ODEs (BGND.2A) 0] Young Won Lim
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Fundamental Set of Solutions

Second Order EQ

42 d Functions y, and y, are either
a—); + b—y +cy=0  linearly independent functions or

dx d x -« * linearly dependent functions

T C1+C2 {Y1: Y2}

Second Order at most two linearly independent functions
y=C,e™ +C,e™" any n linearly independent solutions of
L 2 the homogeneous linear n-th order differential
y=C,e" +C,xe"" equation
y=Ce™ +C,e™ =Ce P+ Ce ™ Fundamental Set of Solutions

ODEs (BGND.2A) 10 Young Won Lim
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(A) Real Distinct Roots Case

Homogeneous Second Order DEs with Constant Coefficients

2
ad—);+bd—y+cy:*\@ GJ’”"'b}""'CY@
d x d x
tryasolution y =e"  m (am’+bm+c)=0 auxiliary equation

m, = (—b ++b’—4ac)/2a y,=e""
m, = (—b — Vb*—4ac)/2a y,=e""

b°—4ac >0 Real, distinctm , m_ y=C,e" +C,e™"
b°’—4ac =0 Real,equalm,m y = Clemlx + szemlx
b*—4ac< (0  Conjugate complex m, m, y = Clemlx + Czemzx — Cle(aﬂ'ﬁ)x + Cze(a—iﬁ)x

ODEs (BGND.2A) 11 Young Won Lim

3/7/15



(B) Repeated Real Roots Case

Homogeneous Second Order DEs with Constant Coefficients

2
ad—);+bd—y+cy:@ ay"+by'+cy@
d x d x
tryasolution y =e"”  m (am’+bm+c)=0 auxiliary equation
m, = (—b +vVb’—4ac)/2a = bdac=0 = m, = —b/2a ST = Tt e—%x
m, = (—b — Vb’—4ac)/2a m,=—b/2a

b2—4ac >0 Real, distinct m, m, y = Clemlx + Czemzx

b°’—4ac =0 Real,equalm,m y = Clemlx + szemlx

b2—4aC <0 Conjugate complex m, m y = Clemlx + Czemzx — Cle((x+i[3)x + Cze(a—iﬁ)x
ODEs (BGND.2A) 12 Young Won Lim



(C) Complex Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

2
a%+b§—i+cy:@ ay"+by'+cy@
X

mx

try a solution y=e (am’+ bm+¢)=0 auxiliary equation

mlz(—b+my2a ‘ ml:(_b+mi)/za ylzemlx
mzz(_b_M)/Za ‘ mzz(—b_mi)/Za yzzemzx

b°—4ac >0 Real, distinctm, m_ y=C,e" +C,e"™"
b°’—4ac =0 Real,equalm,m y = Clemlx + szemlx
b*—4ac <@  Conjugate complex m , m, y=C, o™X 4 C7em2x = C, e(aﬂﬁ)x + C?e(a—iﬁ)x

ODEs (BGND.2A) 13 Young Won Lim
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Complex Exponential Conversion

Homogeneous Second Order DEs with Constant Coefficients

2
a%+bg—i+cy:\@ GY""'b}""'CY@
X

mlz(—b+mw2a ‘ mlz(_b+mi)/20 :O(+iB ylzemlx
m,=(—b —\b'—4ac)i2a m m,=(~b—4ac—bi)i2a =a—if | y,=e"

b2_4ac <0 Conjugate complex ml, m2 y = Clemlx + Czemzx — Cl e(a+if5)x + Cze(a_iﬁ)x
Pick two homogeneous solution

y, = {e(oc+il3)x + e(a—iﬁ)x}/z — eaXCOS(BX) <C1:+1/2, C2:+1/2)
y, =[P el = e sin(px)  (C,=+1/2i, C,=—1/2i)

y = C,e""cos(Bx)+ C,e"sin(px)=e"*(C,cos(Bx)+ C,sin(px))

ODEs (BGND.2A) 14 Young Won Lim
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Fundamental Set Examples (1)

Second Order EQ
Ay dy e
+b—=+cy=0
dX d x - e(a—iﬁ)x
—_— 1 1 o+ip)x (o—i ox
v = s+ 8 69 N2 = o cos(f x)
(o+ip)x (a ip)x
- 1 — 1 e —e [2i =
. - i EA 21 DA | 1121 = esin(Bx)

ODEs (BGND.2A) 15 Young Won Lim
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Fundamental Set Examples (2)

Second Order EQ
aw+bd—x+cy =0 - =y . . (a-ip)x
2 3 1 €
Yy =e““cos(px) e“*[cos(Bx)+isin(px)]
. = ¢“*sin (B x) e“*[cos(Bx) —isin(Px)]
ODEs (BGND.2A) 16 Yoo e



General Solution Examples

Second Order EQ
dy dy linearly independent
. d x° ¥ bd_x tey=0 Fundamental Set of Solutions {J’1 yz}:{e(aﬂ'ﬁ)x, e(a—iB)X}
A

|

C,pgy+ Cz

linearly independent

Fundamental Set of Solutions

C3 +C3.

ODEs (BGND.2A)
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(o+ip)x (a—ip)x
C,e +C,e

General Solution

{)’3, Y4}:{eaxCOS(BX)’ eaxsm(BXH’

c,e” cos(px) + c,e” sin(px)
=e"*(c,cos(px) + c,sin(Bx))

General Solution

Young Won Lim
3/7/15



Finding a Particular Solution
- Undetermined Coefficients

ODEs (BGND.2A) 18 Young Won Lim
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Particular Solutions

DEQ
4 particula_r solution
dy +b dy +Cy© - by a conjecture
X
(1) FORM Rule

When coefficients are constant (Il) Multiplication Rule

And | AconStant o <eeeooooiiin k
A polynomial o --------cooononnniiaaaaans P(x) = a x"+a,,x""+-+ax +a,
g( x) = An exponential function o -------------- e™”
" A sine and cosine functions o1 --------- sin(Bx)  cos(Px)
Finite sum and products of the  -----. e™sin(fx) + x?

\_ above functions

tan x sin” ' x

> | =

ODEs (BGND.2A) 19 Young Won Lim
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Form Rule

DEQ
LT ) e
() FORM Rule

When coefficients are constant (Il) Multiplication Rule
glx) =2 y, = A
g(x) = 3x+4 Y, = Ax+B
g(x) = 5x° y, = Ax*+Bx+C
g(x) = 6x°—7 y, = Ax*+Bx+C
g(x) = sin8x y, = Acos8x+Bsin8x
g(x) = cos9x y, = Acos9x+Bsin9x
g(x) — ele yp — Aele
glx) = xe' v, = (AxsB)e™
g(x) = e'*sin12x y, = Ae'“sin12x+Be" “cos12x

ODEs (BGND.2A) 20 Young Won Lim
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Multiplication Rule

DEQ

use y,=x"y, .yp:Xn.yZ

ny”’ Y rey=glx) - - --- : Ty,= Yo

1

1

1

1

' Any y, contains a term

1

+ Y™ which is the same terminy_

Use y, multiplied by x"

n is the smallest positive
integer that eliminates the
duplication

Associated DEQ

dy+by+cy:@ -
dx’

‘ oMl +o. B —

ODEs (BGND.2A) 21 Young Won Lim
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Example — Form Rule (1)

DEQ
dy dy
+3 + 2 -
sy
T + (Yo
Associated DEQ
dy dy m +3m+2=0
+3 +2y=
dx’ y=0) (m+2)(m+1)

‘ M +c, 83

ODEs (BGND.2A)

22

=0

yp17+3ypl+2yp
=3A+2(Ax+B)
=2Ax+3A+2B

- X

2A=1 A:%
3A+2B =0 B:—%

Yp—=72X77%

_ —X —2Xx 1 3

Young Won Lim
3/7/15



Example — Multiplication Rule (2)

DEQ

ax

E+y_2e - m. .....

Associated DEQ

dy
d x*

4, y=0 °

yi=e y, = xe"

y'=2y'+y =0

ODEs (BGND.2A) 23
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Example — Multiplication Rule (3)

Associated DEQ

dy
d x*

42, y=0 °

y''=2y'+y =6xe"
= Mexﬂ A}{e"ﬂ Ax’e"

LHS:2Ae"

yi=e y, = xe"

y'=2y'+y =0

ODEs (BGND.2A) 24
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Three Differential Equations

Y, particular solutions

EQ 1

d*y(t) dy(t) _ -

dr taq dt + ayy(t) = x,(x) P E— | + yh’\

EQ 2

dy(t) dy(t) _ ~ d*y(t) dy(t)

e ta— a,y(t)=x,(x) *+-——-—— + Y o tamo st a,y(t)=0
EQ3

dy(t) dy(t) _ -«

s ayi=nt) T Pl 7

general solutions Yr» homogeneous solution

ODEs (BGND.2A) 25 Young Won Lim
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Superposition (1)

DEQ

d’ d

dx};+bd§<1+cy:2x2+3+cos8x (2x*+3) + (cos8x)

d2y dy m; x m,x
>+b——+cy=0 Ye = et e

d x dx

Yy, = AX’+Bx+C

Y, = Ecos8x + Fsin8x

Q. | X

o<
+
S

Q,

> <
+
(@)
<
I
N
><I\.]
+
(OS]

d
—[.yc+yp1+yp2] + ba[yc+yp1+yp2] + C[yc+yp1+yp2] — 2X2 + 3 + COS8X

ODEs (BGND.2A) 26 Young Won Lim
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Superposition (2)

DEQ
d dy  ,dy 2
+b = .
rn bl (2x”+3)- cos8x

dy  ,dy _
dX2+bdX+cy—0 <—m

y, = (Ax’+Bx+C)-(cos8x+sin8x)

yﬁm +b— (Yot Yor o) + LYot Ypr Vol = (2x° +3) - cos8x

ODEs (BGND.2A) 27 Young Won Lim
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Finite Number of Derivative Functions

y=xe" y=2x+3x+4
y:emx+mxemx y=4x+3
y=me™ +m(e™ + mxe™) = 2me™ + m’*xe™ =4
y=2me™ +m'(e" + mxe™) = (m' +2m)e™ + m’xe™ y=0
o
. fe"", xe™ [2x*+3x+4, 4x+3, 4]
o

ODEs (BGND.2A) 28 Young Won Lim
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Infinite Number of Derivative Functions

y=+x " y =Inx
Yy ==X y=+X
5/:+2X_3 y:—x_z
y:—6x_4 5/:+2X_3
y=—6x_4
[
¢ °
¢ O
[

ODEs (BGND.2A) 29 Young Won Lim
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Complex Exponentials

c,e e + c,e e —e “(c, e + c,e”’")
= e “[c,(cos(wt) +isin(wt)) + c,(cos(wt) —isin(wt))]
=e "[(c, + c,)cos(wt) + i(c, — c,)sin(wt)]

= c,e “'cos(wt) + c,e “'sin(wt)

C3e—0t(e+iwt+e—imt)/2 + C4e—0t(e+imt_e—imt)/2i

c,e “'cos(wt) + c,e “'sin(wt)

( ) — CBe—ot(e+imt+e—imt)/2 + C4e—0t(_ie+imt+ie—iu)t)/2
C3_C4l _
T = G _ (C3_C4i)e—ot +iot + (C3+C4i) —ot —iwt
(c3+c,i) 2 2
% = c, :Cle—ate+iwt + Cze—ot —iwt
ODEs (BGND.2A) 30 Young W



Complex Exponentials

c,e e + ce e c;e *'cos(wt) + c,e*'sin(wt)
(Cl + Cz) = C3
i(c,—c,)=c,
Cle_0t€+imt + Cze_ote_imt CSe_OtCOS((Dt) . C4e_0tSil'l((Dt)
(c3—cq4i)
c, = 3 5 4
(cy+c,i)
¢, = %
Young Won Lim
ODEs (BGND.ZA) 31 3/7/15



Basis of the Complex Plane

Basis : a set of linear independent spanning vectors

every complex number can be represented by

(] [ ]
® o ° . .
N . k,le? + k,le™’

; e linear combination ofe™”® ande

I which are one set of linear independent
* e o two vectors

every complex number can also be represented by

+j6

[, |lcosB +1,j|sSin®
® +jo
L] L] 7 |
L )
° ° .. |
o | . [, |lcosO +HI, |jsin® |
o @)
jsino . > Cos0
(@) o
| o
cos6 © \o/ o .

e I°

Young Won Lim
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Real Coefficients C1 & C2

c,e’ 4+ ¢ c,cos(wt) + ¢,sin(wt)
real number C1 — (CS_C4i)/2 C3:(C1+C2) real number
real number c, — (C3+C4i)/2 C4:i(C1—C2) imaginary number
(c,e™™, c,e”)
e—iwt
1-e"" + 0-e7' 1-cos(wt) + 1li-sin(wt)
+imt -
e+ e | V2-cos(wt) + Oi-sin(wt)
0-e*'t + 1.e7't 1-cos(wt) — 1i-e “'sin(wt)
—e" e 0-cos(wt) — v2i-sin(wt)
—1-e"t 4 Q-7 isin(ot) —1-cos(mwt) — 1i-sin(wt)
—-ett e —+v2-cos(wt) — Oi-sin(wt)
0-e*'t — 1.e7't - > —1-cos(wt) + 1li-sin(wt)
cos(wt) B
€™+ T 0-cos(wt) + V2i-sin(wt)
\
(c,e™, c,e™)

ODEs (BGND.2A) 33 Young W



Complex Plane Basis

c, = (c3'=c,')/2
1.e+imt O.e—imt
1 +iwt 1 —iwt
€ '€
O.e+i(1)t 1.e_l(l)t
—1 +imwt 1 —iwt
€ €

_1 +imt O-e_iwt
—1 +iwt -1 —iwt
€ '€
0.e+imt 1.e—imt
1 +iwt -1 —iwt
€ =€

real number

real number

(Cl’ Cz)

(c5, c4)

isin (wt)

complex plane

c,'cos(wt) + ¢,'isin(wt)

real number

real number

— V2i-sin(wt)

t)

C4'=(c —C2>
1-cos(wt) + 1li-sin(wt)
V2-cos(wt) + Oi-sin(wt)
1-cos(wt) — 1i-sin(wt)
0-cos(wt)
—1-cos(wt) — 1i-sin(wt)
—2-cos(wt) — 0i-sin(w
—1-cos(wt) + 1i-sin(wt)
0-cos(wt)

+ \/Ei-sin(wt)

ODEs (BGND.2A)
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Real Coefficients C3 & C4

+iot —iwt
c,e'” + c,e’”
¢, = (CS_C41)/2 conjugate
c, = (C3+ C4l)/2 complex number
(+1—-0i) +imt (+1+0i) —iwt
2 + 2
(+1—j) +imt + (+1+i). —imt
242 242
(0—i) +iomt (0+i) —imt
2 e + 2
(=1—i) _+iot (—1+i) —iwt
22 € t o0
(—1-0i) +iowt (—1+0i) —iwt
TR + —
(—1+i) +imt (-1—i) —iwt
2\/5 e + 2\/5 e (C3’ C4)
(0+i) +imt (0—i) —iwt
2 e + 2 e
(+1+i) +iwt (+1—i) —iwt
22 € 5

ODEs (BGND.2A)

sin(wt)

2 +2 *real part
F —2*imag part

real plane

cos(mt)

35

c,cos(wt) + ¢, sin(wt)

C3 = (Cl + Cz)
cy=i(c, —c)

)
)

)
wt) +
)

)

)

)

real number

real number

+ 0-sin(wt)
+ —-sin(wt)
+ 1-sin(wt)
—-sin (o)
+ 0-sin(wt)
+ —sin(wt)
— 1-sin(wt)

— sin(wt)

Young Won Lim
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Real Coefficients C3 & C4

c,e" + c,e c,cos(wt) + c¢,sin(wt)
c, (C3_C4i)/2 conjugate 2+2*real part €= = (Cl + CZ) real number
c, = (C3+ C41)/2 complex number R —2=ximag part Cy — i(Cl — CZ) real number
Acos(wt — @) c,cos(wt) + ¢,sin(wt)
Jei+c = A
_ % = cos(o)
J+c?
L = sin(q))
J+c?
ODESs (BGND.2A) 36 Young Won Lim
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C! and R? Spaces

+imt

+ c,e

—iowt

c, = (c3—cyi)l2

(cytc,i)l2

ODEs (BGND.2A)

real number

real number

conjugate

complex number

+2xreal part

—2*imag part

37

cscos(wt) + cyisin(wt)

C3 = (Cl + Cz)

Cq = (Cl - Cz)

real number

Cl

real number

isin(wt)

t,

cos(wt)

c,cos(wt) + ¢, sin(wt)

@: (Cl + Cz)
: i(cl - Cz)

real number

real number

R2 sinfot) %

cos(wt)

Young Won Lim
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Signhal Spaces and Phasors

c,e’" + e c,cos(wt) + c,sin(wt)
Cl = (CB—C4i)/2 conjugate +2*real part @: (Cl =+ CZ) real number
Cc, = (C3+ C4l)/2 complex number —2*imag part : i(Cl - Cz) real number
R 2 sin(wt) L
cos(mwt)
Young Won Lim
ODESs (BGND.2A) 38 n Lim
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