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Formal Language

Formal Language
a set of words / expressions
using alphabet and rules

Well-formed strings of symbols

Alphabet :
The set of symbols
Rules :

The syntax of the language
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Propositional Logic

Consists of a formal language and semantics
That give meaning to the well-formed strings
(propositions)
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Alphabet of Propositional Logic

1. the English alphabet letters
2. the logical value T and F
3. special symbols

- NOT
A AND
v OR

- If-then

< if and only if

() grouping
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Rules of Propositional Logic

1. Atomic Propositions
All letters, all indexed letters, T & F
2. Compound Propositions
If A and B are propositions,
-A, AANB, AvB, A-B,A~B, (A) are all propositions

Italic fonts for propositions :
Denote variable whose value may be

atomic or compound propositions.
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Semantics of Propositional Logic

The semantics gives meaning to the propositions
The semantics consists of rules
for assigning either T or F to every proposition
(truth value)

Rules:

1. The logical value true < the value T
The logical value false —~ the value F
Atomic proposition < either T or F

3. the truth tables of connectives
(a) the grouping ()

(b) the precedence order (-, A, V,—, <)
(c) left to right
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Tautology and Logical Implication

Tautology:

a proposition that is true in all possible world

Contradiction:

A proposition that is false in all possible world

Logically Equivalent :
If A -~ B is a tautology,

A and B are logically equivalent A
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Some Logical Equivalences

Equivalence Name
AT=
- - Identity laws
pvF=p
pvT=T L

Domination laws

panF=F
VP=
PYP=P Idempotent laws
PAP=p
—(—p)=p Double negation law
vaq=qv
el Commutative laws
PAQ=qQap

(pvg)vr=pvigvr)
(pag)ar=palgar)

Associative laws

pvigar)=(pvag)a(pvr)

Distributive laws
palgvr)=(paqg)v(par)

—(pAg)=—pv—q

De Morgan's laws
—(pvg)=—pA—q

pv{paq)=p Absorption laws
pa(pvg)=p
PV=p=T Negation laws
pA—-p=F
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Logical Arguments

An argument consists of
A set of propositions (premises) and
A proposition (conclusion)

The premises entail the conclusion
If in every model in which all the premises are true,

the conclusion is also true

The argument is sound:

If the premises entail the conclusion

Otherwise, the argument is a fallacy
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Derivation Systems

To prove whether an argument is sound or a fallacy

Using truth tables is too difficult
n premises
2”n rows in the truth table
Exponential time complexity

Not like human

Using inference rules
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Inference Rules

P ( )= (—pVgq) Material implicati
— ) = (— aterial implication
C.op Vg pP—49 pV g
BVa) AT ((pVvg)AT) = ((pAT)V (gAT))| Distributi
pVq r pAT ghT ive
(pAT)Vi(ghT)
A P SN
p—q)—=(p—pA Absorption
~p— (pAq) -
pVya
-p l:l:pv gr) A —g}} — g Disjunctive syllogism
. g
—p — (pVq) Additi
ition
PV g by pvyg
pAg e .
P l:p N t}) —p Simplification
p
q ((p) A (g)) = (pPAg) Conjunction
phAg
Iy
—p P — (—'_'p} Double negation
pvp . o
P [:j'J VIJ) — P Disjunctive simplification
pVvVyg
pvVr ((pvag)A(-pVr))— (gVT) Resolution
gV r
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Inference Rules

Rules of inference Tautology Name
P
pP—q ((pA(p—q) =g Modus ponens
o B
—q
pP—q ((mgA(p—q))— —p Modus tollens
S
(pvg)Vr -
- (pVa@Vvr)—=(pVigvr)) Associative
S.pVigVvr)
PG (pAq) = (gAp) Commutative
GNP Py gAp
pP—4q
q—p ((p—=q¢)A(g—=p)) = (p+q) | Lawofbiconditional propositions
R
(pAgq)—r ,
((pANg) = 1) — (p— (g — 1)) |Exportation
Sp—=(g—rT)
P ( — ) — ( — ) Transposition or contraposition law
pP—q
g—T ((p— q)A(g—=r)) = (p—r) |Hypothetical syllogism
S P=T
iti I Young Won Lim
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Sound and Complete

Deduction system
A set of inference rules

A deduction system is sound

If it only derives sound arguments

A deduction system is complete

If it can derive every sound argument

14 Young Won Lim
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Implication

P — O

f P, then Q.

P Implies Q.

P only if Q.

Q whenever P.

P is sufficient for Q. Q

Q Is necessary P. ©

http://en.wikipedia.org/wiki/

P only if Q not P if not Q
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Necessity

A true necessary condition in a conditional statement makes

the statement true.

a consequent N is a necessary condition for an antecedent S,

In the conditional statement,
"Nf S ",

"N is implied by S ", or

“N « S,

"N is weaker than S " or "S cannot occur without N ". For
example, it is necessary to be Named, to be called "Socrates".

S
Socrates =——pp

http://en.wikipedia.org/wiki/
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N ;\\\\
Name B \

\ 'necessary |
necessary / condition |
condition ~ ofS /
of S >

,////

Sonlyif N not S if not N
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Sufficiency

A true sufficient condition in a conditional statement ties the
statement's truth to its consequent.

an antecedent S is a sufficient condition for a consequent N, in
the conditional statement,

“If S, then N ",

"S implies N ", or

“g L N

"S is stronger than N " or "S guarantees N ". For example,
"Socrates" suffices for a Name.

sufficient

| /S condition
o o

S N o
Socrates =——pp Name B
sufficient

condition

of N .

~_

http://en.wikipedia.org/wiki/Derivative
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IF / Only IF

"Madison will eat the fruit if it is an apple.” "Madison will eat the fruit only if it is an apple."
"Only if Madison will eat the fruit, is it an apple;" "If Madison will eat the fruit, then it is an apple”
"Madison will eat the fruit < fruit is an apple" "Madison will eat the fruit — fruit is an apple"

» This states simply that Madison will eat fruits « This states that the only fruit Madison will eat is
that are apples. an apple.

» It does not, however, exclude the possibility It does not, however, exclude the possibility
that Madison might also eat bananas or other that Madison will refuse an apple if it is made
types of fruit. available

» All that is known for certain is that she will eat * in contrast with (1), which requires Madison to
any and all apples that she happens upon. eat any available apple.

« That the fruit is an apple is a sufficient  In this case, that a given fruit is an apple is a
condition for Madison to eat the fruit. necessary condition for Madison eating it.

* |tis not a sufficient condition since Madison
might not eat all the apples she is given.

o p - | app|e N
apple e Y |
http://en.wikipedia.org/wiki/Derivative 7
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IFF

"Madison will eat the fruit if and only if it is an apple”
"Madison will eat the fruit < fruitis an apple"

* This statement makes it clear that Madison will eat all and only
those fruits that are apples.

» She will not leave any apple uneaten, and

» she will not eat any other type of fruit.

* That a given fruit is an apple is both a necessary and a
sufficient condition for Madison to eat the fruit.

http://en.wikipedia.org/wiki/Derivative
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To prove implications by contradiction

P — 0O
Assume this Is false
~(=pVvq)
pPATq

Assume P is true and Q is false

Derive contradiction

http://en.wikipedia.org/wiki/Derivative
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Indirect Proof

contradiction
“p p q r pq pA=q  rAar (pA-gq)o(rA-r)
F T T T F F
F T T F F F
F T F T T F
F T F F T F
T F T T F F
r F T F F F
r F F T F F
I F F F F F
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Resolution Example

pVq
pVvr qVvr
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Resolution Example

“p p q r pvq -pVvr (pvq)Al-pVr) qvr
F T T T T T T —» T
F T T F T F F T
F T F T T T T —» T
F T F F T F F F
T F T T T T T —T
T F T F T T T —» T
T F F T F T F T
T F F F F T F F
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A simple example

Case 1: pis false Case 2: pis true
FVvqg T'vgq
T'Vr Fvr

q r

avbh —aVc

bV e
In plain language: Suppose q is false. In order for the premise g \/ p to be true, ) must be true.
Alternatively, suppose @ is true. In order for the premise —-a '/ ¢ to be true, ¢ must be true. Therefore
regardless of falsehood or veracity of g, if both premises hold, then the conclusion b \/ ¢ is true.

http://en.wikipedia.org/wiki/Derivative
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