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N=8 DFT : The 1st Row of the DFT Matrix

R. . . . . . . . .

9 U U S U SN S S— 0 cycle
wh = e T 0, n=0,1,..7

R = sampled values of cos(—wt) = cos(wt) wt = 2mft

I = sampled values of sin(—wt) = —sin(wt) 21r-(g)-f -t

X[0] measures how much of the above signal component is present in Xx.

-
T = N7
Sampling Time T Sampling Frequency f. = 1
Sequence Time Length T = Nt Zero Frequency
Young Won Lim
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N=8 DFT : The 2nd Row of the DFT Matrix

—jZ.0 —j —j 2 —j=.3 —j=.a —j=.5 —j.6 — o7
[614 et e 4 o e e e e j
R

1 cycle

I

. J (3 )kn
W = e k=1 n=01..7
R = sampled values of cos(—wt) = cos(wt) wt = 2mft
I ™ sampled values of sin(—wt) = —sin(wt) 2n-(§)-fs-t/

X[1] measures how much of the above signal component is present in Xx.

-
T = N7
Sampling Time T Sampling Frequency f. = 1
s T
Sequence Time Length T = Nt 1% Harmonic Freq f, = 1 = 1 — E
T Nt N
9A DFT Frequency 5 Young Won LI

7/31/10



N=8 DFT: The 3rd Row of the DFT Matrix

2 cycles

R = sampled values of

cos(—wt) = cos(wt) wt = 2mft

21r-(2)f
4
X[2] measures how much of the above signal component is present in x.

I = sampled values of

sin(—wt) = —sin(wt)

T

T = N7
Sampling Time T Sampling Frequency f. = 1
s T
/ o H 2 2 2 fs
Sequence Time Length T = Nt 2" Harmonic Freq f, === —=
T NT N
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N=8 DFT : The 4th Row of the DFT Matrix

—i SR —ile i1 —iTy i —i.TH EERLLIN
[ej“ e €J4j
R

3 cycles

I

. J(3)kn
W = e k=3 n=01..,7
R = sampled values of cos(—wt) = cos(wt) wt = 2mft
I ™ sampled values of sin(—wt) = —sin(wt) 21T-(%)-fs-t/

X[3] measures how much of the above signal component is present in x.

-
T = N7
Sampling Time T Sampling Frequency f. = 1
s T
: o : 3 3 31,
Sequence Time Length T = Nt 3% Harmonic Freq f, = = = =
T NT N
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N=8 DFT : The 5th Row of the DFT Matrix

— L — — — [l — — ] — @ —
[614 e i et o e’ e e’ e j
R
4 cycles

I

. J(3)kn
wh = e k=4 n=0,1,..,7
R = sampled values of cos(—wt) = cos(wt) wt = 2mft
I ™ sampled values of sin(—wt) = —sin(wt) 27T-(%)-fs-t/

X[4] measures how much of the above signal component is present in Xx.

-
T = N7
Sampling Time T Sampling Frequency f. = 1
s T
/ th i 4 4 4 fs
Sequence Time Length T = Nt 4" Harmonic Freq f, = —=— =
T NT N
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N=8 DFT : The oth Row of the DFT Matrix

—io RN Al g _iT g ity 2 e _iTs
[614 e et et oA i i T j
R

3 cycles

! W

kn —j (2 kn
W, = e k=5 n=20,1,..,7
R = sampled values of cos(w't) = cos(—(-w)t) | —wt = —27ft
I ™ sampled values of sin(w't) = sin(—(—w)t) 271 (=2)f -t

X[5] measures how much of the above signal component is present in Xx.

-
T = N7
Sampling Time T Sampling Frequency f. = 1
s T
: o : 3 3 31,
Sequence Time Length T = Nt 3% Harmonic Freq f, = = = =
T NT N
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N=8 DFT : The 7th Row of the DFT Matrix

T . TT
—Jj—0 —Jj—6 —Jj4 —J 2 —Jj—0 —Jj—6 —Jj4 —Jj2
[e toe t e e e e e e ! }
R
2 cycles
I
. 2T

kn_ _J(?)kn _ _

Wy, = e k=2 n=20,1,..,7
.

R = sampled values of cos(w't) = cos(—(—w)t)  —wt = —2mft

I ™ sampled values of sin(w't) = sin(—(—w)t) 21 (=) f -t

X[6] measures how much of the above signal component is present in Xx.

-
T = N7
Sampling Time T Sampling Frequency f. = 1
s T
. ., . 2 2 2 f,
Sequence Time Length T = Nt 2" Harmonic Freq f, === —=
T NT N
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N=8 DFT : The 8th Row of the DFT Matrix

—j-%-O —j'%'7 _j.%.g —j-%-S —j'%'4 —j'%'3 —j-%-Z —j-%-l
e e e e e e e

e
R
1 I
kn —j (2 kn
W, = e k=7 n=201,..,7
R = sampled values of cos(w't) = cos(—(—w)t) ot = —27ft A
I ™ sampled values of sin(w't) = sin(—(—w)t) 210 (=) f ot

X[7] measures how much of the above signal component is present in x.

-
T = N7
Sampling Time T Sampling Frequency f. = 1
s T
Sequence Time Length T = Nt 1% Harmonic Freq f, = 1 _ 1 _ E
T Nt N
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Fundamental Frequency

1 cycle
I

-
T = N7
Sampling Time T Sampling Frequency f. = 1
s T
Sequence Time Length T = N 1% Harmonic Freq f, = l — L = E
T NT N
f» = 2:f,
f, = 3-f, Fundamental Frequency f_
The Lowest Frequency fo = f, = E
fv1 = (N=1)f, in a harmonic series. : ! N
9A DFT Frequency 12 Young Won Lim

7/31/10



Normalized Frequency

[ e+j-§-0 e+j-%-1 e+j%-2 e+j-§-3 e+j-%4 e+j-%5 e+j-%-6 e+j~§~7j
R
1 cycle
1
-
T = N7
Sampling Time T Sampling Frequency f = = % (samples per second)
Sequence Time Length T = N 1% Harmonic Freq f, = l — L = E
' T Nt N
fi = 11, 1/N
f,= 2-f, 2N n=20,1, 2, .., N—1
= 3. 3/N .
fs = 31 Normalized Frequency (cycles per sample)
fnoe = (N=1)-f, (N-1)/N fo= n-f & i
" N f. N
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Negative Frequency (1)

Coordinate (B)

/\/\/ ‘ -« > » -

! |

Coordinate (A) Coordinate (B) --- redraw
A L ¢
® = wt

8‘
Il
I

S

—sin(—wt)

sin(w "t)
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Negative Frequency (2)

Coordinate (B)

NV AV s N—a

! |

Coordinate (A) Coordinate (B) --- redraw
W> W>

/

— @ T~

cos(w't) = cos(—wt)
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Euler Equation (1)

' Top View
+jwt .
= coswt + jsinwt xAreal 7
\ /\\ //\ /
| N S S
yA imag \_/ \_/ \_/ time

X real

’ [ | ~ - -
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] \ y V \ Z time /N 7
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I I > \ / \ / \ / >
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27T * X
| | | >
| | | real
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Negative Frequency (3)

yA
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Negative Frequency

R

I 2 cycles
whn = ST = 2, n=01..,7

R = sampled values of cos(—wt) = cos(wt) wt = 2mft

I = sampled values of sin(—wt) = —sin(wt) 210-(2)-f ot

X[2] measures how much of the above signal component is present in Xx.

T

T = N7
Sampling Time T Sampling Frequency f. = 1
s T
/ o H 2 2 2 fs
Sequence Time Length T = Nt 2" Harmonic Freq f, === —=
T NT N
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N=8 DFT : DFT Matrix in + or - Frequencies

f. Oth row: samples of cos( 0
Wy = 2T 1th row: samples of cos(— )
2th row: samples of cos(—2w,)t + j -sin(—2w,)t (2 cycles)
3th row: samples of cos(—3w,)t + j-sin(—3w,)t (3 cycles)
(—4
(=5
(—6
(—

Ow,)t + j-sin( Ow
1w,) (
W) (
wy) (
4th row: samples of cos W)t + j-sin(—4w,)t (4 cycles)
W) (
W)t + (
) (

)t (0 cycle)
o)t + j-sin t

(1 cycle)

5th row: samples of cos t + ] sin t (5 cycles)
6th row: samples of cos
7th row: samples of cos

W

W
wot—l—] Sin

)
—6w,)t (6 cycles)
—7 w,)t (7 cycles)

Oth row: samples of cos( Ow,)t + j-sin( O0w,)t (0 cycle)
1th row: samples of cos(+7w,)t + j-sin(+7 w,)t (7 cycles)
2th row: samples of cos(+6w,)t + j - sin )t (6 cycles)
3th row: samples of cos(+5w, )t (5 cycles)
(
(
(
(

) (
)t (
) (
4th row: samples of cos(+4w,)t + j-sin(+4w,)t (4 cycles)
) (
) (
) (

o

5th row: samples of cos t + j-sin(+3w,)t (8 cycles)
6th row: samples of cos in(+2w,)t (2 cycles)
7th row: samples of cos(+1w,)t + j-sin(+1w,)t (1 cycles)
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N=8 DFT : DFT Matrix in Both Frequencies

fs
T —
N

I
N

Oth row:
1th row:
2th row:
3th row:
4th row:
5th row:
6th row:
7th row:

Oth row:
1th row:
2th row:
3th row:
4th row:
5th row:
6th row:
7th row:

9A DFT Frequency

samples of
samples of
samples of
samples of
samples of
samples of
samples of
samples of

samples of
samples of
samples of
samples of
samples of
samples of
samples of
samples of

cos( Ow,)t+ j-sin( Ow,)t
cos (— 1w0)t + j - sin(—1w,)t
cos(—2w,)t + j-sin(—2w,)t
cos(—3w,)t + j-sin(—3w,)t
cos(—4w,)t + j-sin(—4w,)t
cos(—5w,)t + ] sin (—5w,)t
cos(—6w,)t + j-sin(—6w,)t
cos(—7w,)t + ] sin(—7 w, )t
cos( Ow,)t+ j-sin( Ow,)t
cos (— 1w0)t + j - sin(—1w,)t
cos(—2w, )t + j-sin(—2w,)t
cos (— 3w0)t + j - sin(—3w,)t
cos(—4w,)t + j-sin(—4w,)t
cos (+3 w,)t + j-sin(+3w,)t
cos(+2w, )t + j - sin(+2w,)t
cos(+1w,)t + j-sin(+1w,)t

20

(0 cycle)

(1 cycle)

(2 cycles)
(3 cycles)
(4 cycles)
(5 cycles)
(6 cycles)
(7 cycles)

(0 cycle)

(1 cycle)

(2 cycles)
(3 cycles)
(4 cycles)
(3 cycles)
(2 cycles)
(1 cycles)
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Frequency View of a DFT Matrix

Normalized
Frequency
N f.
2 1 < f o = F
N
— -1
2
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Frequency View of a X[i] Vector

X|[0] f =0 0 . 0 (Ocycle)
X[1] f = +1%f, xfe | 5| % (Leycle)
X[2] f = +2+f, wfs | Z| = (2¢ycles)
T
N, 3
IS
S
S
2
X[4—1] f=+G-1)xf, | £07 1w (5 —1 cycles)
X[ f=+3)*f, 51, 7 (7 cycles)
X[2+1] = —(X_1)xf, _(%1;1) fl e (5—1cycles)
Xy
2
X|N-2] f=—2xf, —_]%]fs ‘Tz (2cycles)
X[N—1] f=—1x%f —Lf. = (1cycle)
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