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Power Spectral Density
N Gaussian random variables

Definition

SYY (ω) = SXX (ω)|H(ω)|2

SYY (ω) =
∫

∞

−∞

RXY (ω)e−jωτdτ
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Power Spectral Density
N Gaussian random variables

Definition

SYY (ω) =
∫

∞

−∞

h(ξ1)
∫

∞

−∞

h(ξ2)
∫

∞

−∞

RXX (τ + ξ1−ξ2)e−jωτdτdξ2dξ1

SYY (ω) =
∫

∞

−∞

h(ξ1)e−jωξ1dξ1

∫
∞

−∞

h(ξ2)e−jωξ2dξ2

∫
∞

−∞

RXX (ξ )e−jωξdξ

SYY (ω) = H∗(ω)H(ω)SXX (ω) = |H(ω)|2SXX (ω)
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Average Power
N Gaussian random variables

Definition

SYY (ω) = H∗(ω)H(ω)SXX (ω) = |H(ω)|2SXX (ω)

PYY =
1
2π

∫
∞

−∞

SXX (ω)|H(ω)|2dω
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Cross-Correlation Function
N Gaussian random variables

Definition

SXY (ω) = H(ω)SXX (ω)

SYX (ω) = H(−ω)SXX (ω)
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Measurement of Power Density Spectrum (1)
N Gaussian random variables

Definition

PYY (ωf ) =
1
2π

∫
∞

−∞

SXX (ω)|H(ω)|2dω

=
1
π

∫
∞

0
SXX (ω)|H(ω)|2dω

=
1
π
SXX (ωf )

∫
∞

0
|H(ω)|2dω

=
1
π
SXX (ωf )|H(ωf )|2WN
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Measurement of Power Density Spectrum (2)
N Gaussian random variables

Definition

PYY (ωf ) =
1
π
SXX (ωf )|H(ω)|2WN

WN =

∫
∞

0 |H(ω)|2dω

|H(ωf )|2

SYY (ωf ) =
πPYY (ωf )

WN |H(ωf )|2
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Measurement of Power Density Spectrum (4)
N Gaussian random variables

Definition

PYY (ωIF ) =
1
2π

∫
∞

−∞

A2
0
4

[SXXA+SXXB]|H(ω)|2dω

SXXA = SXX (ω−ω0−ωIF −ωf )

SXXB = SXX (ω + ω0 + ωIF + ωf )

PYY (ωf ) =
2
2π

∫
∞

0

A2
0
4

[SXXA]|H(ω)|2dω

=
A2
0

4π

∫
∞

0
SXX (ω−ω0−ωIF −ωf )|H(ω)|2dω
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Measurement of Power Density Spectrum (5)
N Gaussian random variables

Definition

PYY (ωf ) =
1
2π

∫
∞

−0

A2
0
4

[SXXA+SXXB]|H(ω)|2dω

=
A2
0

4π

∫
∞

−∞

SXX (ω−ω0−ωIF −ωf )|H(ω)|2dω

=
A2
0

4π
SXX (−ω0−ωf )

∫
∞

−∞

|H(ω)|2dω
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Measurement of Power Density Spectrum (5)
N Gaussian random variables

Definition

PYY (ωf ) =
1
2π

∫
∞

−0

A2
0
4

[SXXA+SXXB]|H(ω)|2dω

=
A2
0

4π

∫
∞

−∞

SXX (ω−ω0−ωIF −ωf )|H(ω)|2dω

=
A2
0

4π
SXX (−ω0−ωf )

∫
∞

0
|H(ω)|2dω

=
A2
0

4π
SXX (ω0 + ωf )

∫
∞

0
|H(ω)|2dω

=
A2
0

4π
SXX (ω0 + ωf )WN |H(ωIF )|2
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Measurement of Power Density Spectrum (6)
N Gaussian random variables

Definition

PYY (ωf ) =
1
2π

∫
∞

−0

A2
0
4

[SXXA+SXXB]|H(ω)|2dω

=
A2
0

4π
SXX (ω0 + ωf )WN |H(ωIF )|2

SXX (ω0 + ωf ) =
4πPYY (ωIF )

A2
0WN |H(ωIF )|2
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Power Density Spectrum for Discrete-Time System Response
N Gaussian random variables

Definition

SX ,Xs (ω) = SXsXs (e
jΩ) =

+∞

∑
n=−∞

RXX [n]e−jnΩ

H(e jΩ) =
+∞

∑
n=−∞

h[n]e−jnΩ
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Auto-Correlation Function for Discrete-Time System
Response
N Gaussian random variables

Definition

RYY [n] = E [Y [k]Y [k +n]]

= E

[
+∞

∑
m=−∞

X [k−m]h[m]
+∞

∑
p=−∞

X [k +n−p]h[p]

]

=
+∞

∑
m=−∞

h[m]E

[
+∞

∑
p=−∞

X [k−m]X [k +n−p]h[p]

]

=
+∞

∑
m=−∞

h[m]E

[
+∞

∑
p=−∞

RXX [n+m−p]h[p]

]

Young W Lim Spectral Characteristics of System Response



DTFT of Auto-Correlation Function for Discrete-Time
System Response (1)
N Gaussian random variables

Definition

SYsYs (ω) = SYsYs (e
jΩ) =

+∞

∑
n=−∞

RYY [n]e−jnΩ

=
+∞

∑
m=−∞

h[m]
+∞

∑
p=−∞

h[p]
+∞

∑
n=−∞

RXX [n+m−p]e−jnΩ

=
+∞

∑
m=−∞

h[m]e+jmΩ
+∞

∑
p=−∞

h[p]e−jpΩ
+∞

∑
n=−∞

RXX [r ]e−jrΩ

SYsYs (ω) = SYsYs (e
jΩ) = SXsXs (e

jΩ)|H(e jΩ)|2
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Average Power
N Gaussian random variables

Definition

E
[
Y 2[n]

]
=

1
2π

∫
π

−π

SYsYs (e
jΩ)dΩ

=
1
2π

∫
π

−π

SXsXs (e
jΩ)|H(e jΩ)|2dΩ
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Cross-Power Density Spectrums of Input and Output
N Gaussian random variables

Definition

RXY [m] =
+∞

∑
k=−∞

h[k]RXX [m−k]

RYX [m] =
+∞

∑
k=−∞

h[−k]RXX [m−k]

SXXYs = SXsXs (e
jΩ)H(e jΩ)

SYXXs = SXsXs (e
jΩ)H(e−jΩ)

Young W Lim Spectral Characteristics of System Response



Young W Lim Spectral Characteristics of System Response



Young W Lim Spectral Characteristics of System Response


