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Bilateral z-Transform of Rxx[n]

N Gaussian random variables

the bilateral z-transform of Rxx[n]

Sxx(z) = i Ryx[n]z"

n=-—co

1
Rxx[n] = 2ﬂ/_./_j{CSXX(Z)Zn1dZ
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Evaluation of Ryx[n] at e/

N Gaussian random variables

the bilateral z-transform of Rxx[n]

Sxx(2)= ¥ Ruxlalz™

n—=-—oo

substitute z = /@

Sxx(e?) = i Rxx [n]e /"

n—=-—oo

@ the magnitude |z| = }ejQ‘ =l
o the angle Arg(z) = Arg(e?) =Q
@ the discrete frequency Q has units of radians per sample
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Power density spectrum of a DT sequence

N Gaussian random variables

The power density spectrum Sxx (e/?)

Sxx(¢/7) = i Rxx[n]e ™

n—=-—oo

o Sxx(e/?) has a period 27
o usually — 1 <Q<nm
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Discrete Time Fourier Transform of Rxx[n]

N Gaussian random variables

+7 T
2];1_/ Sxx(ejﬂ) " dQ = % m;mex[m]e_j’"Q /"2 dQ
_ Z Rxlnl /ef<" mQ 40
sm[( m)7|
- X Rolil*
sin[(n— m)nx] _ )0 m#n
[(n—m)n] 1 m=n
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Discrete Time Fourier Transform of Rxx[n]

N Gaussian random variables

the discrete time Fourier transform (DTFT) of Rxx|[n]

Sxx () = i Rxx [n]e /"

n—=-—oo

the inverse DTFT of Sxx(e/?)

+7
1 o
Ruxln = 5 / Sxx (%)™ d0
-
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Properties of Power Density Spectrum - DT
N Gaussian random variables

Sxx(e/}) >0

Sxx(e77%) = Sxx (%) for real X[n]
Sxx (™) is real

= [T Sxx (/1) d = E[X?[n]]

0090
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Properties of Power Density Spectrum - DT
N Gaussian random variables

+m
5 [ Sc@)d0 = A[E [X20r]

. 1 +N s
/\'/'LT’M{2N+1 ":z:'NE X ["”}

;T/:msxx( )do = A[E [X*(t)]]
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Mean Ergodic Process - discrete time

N Gaussian random variables

Definition
X[n] is a mean ergodic if the time average of samples

converges to the statistical average
in the mean square sense

] 1 +N .
WL 2N T 1 n:Z_NX[”] =X

the necessary and sufficient condition is

i ¢ —— %N - et L =0
Tom) 2N+1, &= \" 2n+1) X (T
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Auto-correlation Ergodic Process - Discrete Time

N Gaussian random variables

Definition

A stationary sequence X|[1]

with autocorrelation function Ry[/]

is called autocorrelation ergodic

if for all k, Ry[k] converges to Rxx[+] as N — e

1 +N
Rn[K] = NI ;Nx[n]x[n—i-k]

Rxx| ]:/\I/TWRN[ ]
N

=dmaneg & A
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Estimating the Power Density Spectrum

N Gaussian random variables

R 1 N-1-[K
Ry[k] = I Y X[nX[n+]k]] |k| < N
n=0
R 1 N—1—k
RN[k]:N Y, X[nlX[n+k] 0<k<N
n=0
1 N—-1+k
=— Z X[n]X[n— k| -N<k<O0
N n=0
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DTFT, FFT
N Gaussian random variables

Definition

N-1
Xn(Q) =Y X[n]e " k=0,1,...,N—1
n=0

_ 2rk

Qy N

Young W Lim Power Density Spectrum - Discrete Time



Average Power Pxx - Contiuous Time

N Gaussian random variables

the average power Pxx for the random process X1 (@)

PXX:f lim dw

2T J—wo | T 2T

L /+°° E [ X7(2)P]

the power density spectrum Sxx ()
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Average Power Pxx - Contiuous Time

N Gaussian random variables

the average power Pxx for the random process X1 (@)

: /+7r im ELXTIP]

Pyx = —
X = on ) 2 NS N

the power density spectrum Sxx(®)

n 2
@] |y EL]

1 =
PXX—E[” Sxx(2) |dQ
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Periodogram

N Gaussian random variables

Periodogram : the estimate of the power density spectrum
~ 1
SN(Q/():N|XN(Q/<)|2 k=0,1,.,N—1

lim E[§N(Qk)} :SXX(Qk) kZO,l,...,N—l
N—o0

continuous time

2
So@)]=| sim ELXTON
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Periodogram Proof (1)

N Gaussian random variables

N—1 N-1
{ Z X[n]e‘ij”} { Z X[m]e‘ijm}]
n=0 m=0

E [§N(Qk)} - %E

1 N—-1N-1 .
S ID) E [X[n] X [m]] e (n=m)
n=0 m=0
1 N—-1N-1 .
= N Z Z RXX [n—m] eiij(nim)
n=0 m=0
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Periodogram Proof (2)

N Gaussian random variables

% 1 +(N-1) o0k
E[Sn@0)] =7 X (N—[k)Rux[Ke
n=—(N-1)

N H=D)

== Z Rxx[k]eijﬂkk
N n=—(N-1)
1 +(N-1) )

—— Y |k|Rxx[K]e Sk
N n=—(N-1)
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The Variance of the Periodogram (1)

N Gaussian random variables

o2=E [§N(Qk)2] _E [§N(Qk)} ’

E [§N(Qk)2] —E

n=0 m=0

1 N-1N-1 , 2
(N Y, Y EX[nX[ml] eJQk("m)>

:/\/i Y EX[nX[m]X[p]X[g]] e ¥(n=m) eI Ula=p)

n,m,p,q
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The Variance of the Periodogram (2)

N Gaussian random variables

E [X[n]X[m]X[p]X[q]] = Rxx[n—m]- Rxx[p—q]
+ Rxx[n—p] - Rxx[m — q]
+ Rxx[n—q]- Rxx[m — p]

E [Su(20)°] =2€ [Su(20)]”
2
L Rox[n— ple /M)

N2
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The Smoothed Estimate

N Gaussian random variables

62> E [§N(Qk)}2

P
Y Swmp() k=0,1,..M—1
p=1

~ 1
Sm.p(Q2%) = P
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