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Second-Order Stationary Process
N Gaussian random variables

Definition
if the second order density function
does not change with a shift in time origin

fX (x1,x2; t1, t2) = fX (x1,x2; t1 + ∆, t2 + ∆)

must be true for any time t1, t2 and any real number ∆
if X (t) is to be a second-order stationary

Auto-correlation function

RXX (t, t + τ) = E [X (t)X (t + τ)] = RXX (τ)
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Fourier transform - deterministic x(t)
N Gaussian random variables

Definition
a deterministic Fourier transform X (ω)

X (ω) =

∞∫
−∞

x(t)e−jωtdt

a deterministic signal x(t)

x(t) =
1
2π

∞∫
−∞

X (ω)e jωtdω
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Fourier transform - random XT (t)
N Gaussian random variables

Definition
a random Fourier transform XT (ω)

XT (ω) =

∞∫
−∞

XT (t)e−jωtdt

a random signal XT (t)

XT (t) =
1
2π

∞∫
−∞

XT (ω)e jωtdω
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Fourier transform - x(t) and XT (t)
N Gaussian random variables

Definition
a deterministic sample signal x(t)

x(t)⇐⇒ X (ω)

a random process signal XT (t)

XT (t)⇐⇒ XT (ω)
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Time average and ergodicity
N Gaussian random variables

Definition
an estimate of the mean function of a ramdom process signal X (t)
the sample average of N sample signals Xi (t)

m̂X (t) =
1
N

N

∑
i=1

Xi (t)

the time average of a deterministic sample signal x(t)

xT = AT [x(t))] =
1
2T

T∫
−T

x(t)dt

the time autocorrelation of a deterministic sample signal x(t)

RT (τ) = AT [x(t)x(t+ τ)] =
1
2T

T∫
−T

x(t)x(t+ τ)dt
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Energy and Average Power (I) time domain
N Gaussian random variables

Definition
For a ramdom process signal X (t)
xT (t) is the portion of a sample function x(t) over the interval of (−T ,T )
the energy over the interval (−T ,T )

E(T ) =

T∫
−T

x2
T (t)dt =

T∫
−T

x2(t)dt

the average power over the interval (−T ,T )

P(T ) =
1
2T

T∫
−T

x2
T (t)dt =

1
2T

T∫
−T

x2(t)dt

the average power of a random process signal X (t)

PXX = lim
T→∞

1
2T

T∫
−T

E
[
X 2(t)

]
dt = A

[
E
[
X 2(t)

]]
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Average Power Pxx
N Gaussian random variables

Definition
the average power PXX of a random process signal X (t)
is given by the time average of its second moment

for a wide-sense stationary (WSS) process X (t)
the average power PXX becomes a constant

PXX = lim
T→∞

1
2T

T∫
−T

E
[
X 2(t)

]
dt = A

[
E
[
X 2(t)

]]
= E

[
X 2(t)

]
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Parseval’s theorem
N Gaussian random variables

Definition
a deterministic sample signal xT (t)

xT (t)⇐⇒ XT (ω)

Parseval’s theorem

a deterministic signal∫ +T

−T
|xT (t)|2 dt =

1
2π

∫ +∞

−∞

|XT (ω)|2dω

a random signal∫ +T

−T
E
[
|xT (t)|2

]
dt =

1
2π

∫ +∞

−∞

E
[
|XT (ω)|2

]
dω
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Energy and Average Power (II) frequency domain
N Gaussian random variables

Definition
For a ramdom process signal X (t)
xT (t) is the portion of a sample function x(t) over the interval of (−T ,T )
the energy over the interval (−T ,T )

E(T ) =

T∫
−T

x2
T (t)dt =

1
2π

∫ +∞

−∞

|XT (ω)|2dω

the average power over the interval (−T ,T )

P(T ) =
1
2T

T∫
−T

x2
T (t)dt =

1
2π

∫ +∞

−∞

|XT (ω)|2

2T
dω

the average power of a random process signal X (t)

PXX = lim
T→∞

1
2T

T∫
−T

E
[
X 2(t)

]
dt =

1
2π

∫ +∞

−∞

lim
T→∞

E
[
|XT (ω)|2

]
2T

dω

Young W Lim
Relationship between Power Spectrum and Autocorrelation Function



Power density spectrum and power formula
N Gaussian random variables

Definition
the power density spectrum for the random process

SXX (ω) = lim
T→∞

E
[
|XT (ω)|2

]
2T

the power formula

PXX =
1
2π

∫ +∞

−∞

SXX (ω)dω

Young W Lim
Relationship between Power Spectrum and Autocorrelation Function



(1) Power Density Spectrum
N Gaussian random variables

Definition
To prove

1
2π

∞∫
−∞

SXX (ω)e+jωtdω = A [RXX (t, t + τ)]

Start with

SXX (ω) = lim
T→∞

E
[
|XT (ω)|2

]
2T
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(2) Inverse Fourier Transform XT (t)
N Gaussian random variables

Definition

SXX (ω) = lim
T→∞

E
[
|XT (ω)|2

]
2T

SXX (ω) = lim
T→∞

1
2T

E [X ∗T (ω)XT (ω)]

= E

 lim
T→∞

 1
2T

+T∫
−T

X (t1)e
+jωt1dt1

+T∫
−T

X (t2)e
−jωt2dt2




= lim
T→∞

1
2T

+T∫
−T

+T∫
−T

E [X (t1)X (t2)]e
−jω(t2−t1)dt2dt1

XT (ω) =

∞∫
−∞

XT (t)e−jωtdt =

T∫
−T

X (t)e−jωtdt
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(3) AutoCorrelation RXX (t1, t2)
N Gaussian random variables

Definition

E [X (t1)X (t2)] = RXX (t1,t2)

SXX (ω) = lim
T→∞

1
2T

+T∫
−T

+T∫
−T

E [X (t1)X (t2)]e
−jω(t2−t1)dt2dt1

= lim
T→∞

1
2T

+T∫
−T

+T∫
−T

RXX (t1,t2)e
−jω(t2−t1)dt2dt1
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(4) Inverse Transform of SXX (ω)
N Gaussian random variables

Definition

SXX (ω) = lim
T→∞

1
2T

+T∫
−T

+T∫
−T

RXX (t1, t2)e−jω(t2−t1)dt2dt1

1
2π

+∞∫
−∞

SXX (ω)e+jωtdω

=
1
2π

+∞∫
−∞

 lim
T→∞

1
2T

+T∫
−T

+T∫
−T

RXX (t1,t2)e
−jω(t2−t1)dt2dt1

e+jωτdω

= lim
T→∞

1
2T

+T∫
−T

+T∫
−T

RXX (t1,t2)

 1
2π

+∞∫
−∞

e+jω(τ−t1−t2)dω

dt2dt1
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(5) Impulse Function
N Gaussian random variables

Definition

+∞∫
−∞

e+jω(τ−t1−t2)dω = 2πδ (t1− t2− τ)

1
2π

+∞∫
−∞

SXX (ω)e+jωtdω

= lim
T→∞

1
2T

+T∫
−T

+T∫
−T

RXX (t1,t2)

 1
2π

+∞∫
−∞

e+jω(τ−t1−t2)dω

dt2dt1

= lim
T→∞

1
2T

+T∫
−T

+T∫
−T

{RXX (t1,t2)δ(t1− t2− τ)}dt2dt1
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(6) Impulse Function Property
N Gaussian random variables

Definition

2πδ (τ− t1 + t2) = 2πδ (t1− t2− τ)

1
2π

+∞∫
−∞

SXX (ω)e+jωtdω

= lim
T→∞

1
2T

+T∫
−T

+T∫
−T

{RXX (t2,t1)δ(t1− t2− τ)}dt2dt1

= lim
T→∞

1
2T

+T∫
−T

RXX (t,t+ τ)dt

−T < t+ τ <+T
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(7) Time Average of an Auto-Correlation
N Gaussian random variables

Definition

A [RXX (t, t + τ)] = lim
T→∞

+T∫
−T

RXX (t, t + τ)dt

1
2π

+∞∫
−∞

SXX (ω)e+jωtdω

= lim
T→∞

1
2T

+T∫
−T

RXX (t,t+ τ)dt

= A [RXX (t,t+ τ)]

−T < t+ τ <+T
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(8) Fourier Transform Pair
N Gaussian random variables

Definition

A [RXX (t, t+ τ)]⇐⇒ SXX (ω)

1
2π

∞∫
−∞

SXX (ω)e+jωtdω = A [RXX (t, t + τ)]

SXX (ω) =

+∞∫
−∞

A [RXX (t, t + τ)]e−jωτdτ
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(9) a WSS process X (t)
N Gaussian random variables

Definition

RXX (τ) = A [RXX (t, t + τ)] = lim
T→∞

+T∫
−T

RXX (t, t + τ)dt

A [RXX (t, t+ τ)]⇐⇒ SXX (ω)

RXX (τ)⇐⇒ SXX (ω)
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(10) Time Average of an Auto-Correlation : a WSS case
N Gaussian random variables

Definition

RXX (τ)⇐⇒ SXX (ω)

1
2π

∞∫
−∞

SXX (ω)e+jωtdω = RXX (τ)

SXX (ω) =

+∞∫
−∞

RXX (τ)e−jωτdτ
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Fourier Transform Pairs
N Gaussian random variables

Definition

1
2π

∞∫
−∞

SXX (ω)e+jωtdω = A [RXX (t,t+ τ)]

SXX (ω) =

+∞∫
−∞

A [RXX (t,t+ τ)]e−jωτdτ

A [RXX (t,t+ τ)]⇐⇒ SXX (ω)

WSS X (t)

1
2π

∞∫
−∞

SXX (ω)e+jωtdω = RXX (τ)

SXX (ω) =

+∞∫
−∞

RXX (τ)e
−jωτdτ

RXX (τ)⇐⇒ SXX (ω)
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