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Second-Order Stationary Process
N Gaussian random variables

Definition

if the second order density function
does not change with a shift in time origin

fx(x1,x2; t1,t2) = fx(x1,x2; t1 + A, t2 + A)

must be true for any time t1, > and any real number
if X(t) is to be a second-order stationary

Auto-correlation function

Rxx(t,t+17)=E[X()X (' +17)] = Rxx(7)
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Fourier transform - deterministic x(t)

N Gaussian random variables

a deterministic Fourier transform X(®)

X( ):]x(t)ej tdt
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Fourier transform - random X (t)

N Gaussian random variables

a random Fourier transform X7 (@)
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Fourier transform - x(t) and Xt (t)

N Gaussian random variables

a deterministic sample signal x(t)
x(t) <= X(w)

a random process signal X7(t)

X7 (1) <= Xr(0)
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Time average and ergodicity

N Gaussian random variables

an estimate of the mean function of a ramdom process signal X(t)
the sample average of N sample signals X;(t)

Xi(t)

mx(t)

i [VJZ

the time average of a deterministic sample signal x(t)

1 T
XT—AT[X(l’ 7_,_/
T

the time autocorrelation of a deterministic sample signal x(t)

R7(7) = A7 [x(t)x(t+17) :LT/T x(t)x(t+7)dt
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Energy and Average Power (1) time domain

N Gaussian random variables

Definition

For a ramdom process signal X(t)
x7(t) is the portion of a sample function x(t) over the interval of (=T, T)
the energy over the interval (—T,T)

E(T)= /XT(t /T 2(1)dt
-T

the average power over the interval (—T,T)

T T
P(T)= 5= [ B(0)di= o [2(0)at
-T -T

the average power of a random process signal X(t)

.
Pxx = lim —— / [X2(1)] dt = A[E [X?()]]
-T
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Average Power Py

N Gaussian random variables

the average power Pxx of a random process signal X(t)
is given by the time average of its second moment

for a wide-sense stationary (WSS) process X(t)
the average power Pxx becomes a constant
. T
Pxx = lim —— [ E[X?(t)] dt = A[E [X?(t)]] = E [X?(¢)]

T 2T
T
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Parseval's theorem

N Gaussian random variables
a deterministic sample signal x7(1)

XT(t) — XT( )
Parseval’s theorem

@ a deterministic signal

+T ) 1 [+e )
[ xr@Pde= o [ ixr(0)Pdo

@ a random signal
+T
/ [|XT(t / E [|X7(0)?] do
T ~on
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Energy and Average Power (I) frequency domain

N Gaussian random variables

Definition

For a ramdom process signal X(t)
x7(t) is the portion of a sample function x(t) over the interval of (=T, T)
the energy over the interval (—T,T)
f 1
E(T) = [ (0dt= o [ xr(o)2da

-7

the average power over the interval (=T, T)

s 2
P(T)fiT/ X2(t) dtf—/_m wdw
-T

the average power of a random process signal X(t)

.
R ) E [|Xr(0)P]
P = fim o [ EDC@]de= o /m TS T
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Power density spectrum and power formula
N Gaussian random variables

the power density spectrum for the random process

2
SXX( ):}ITOQE“X;; )| ]

the power formula

P L s (@)d
XX—E/ﬂO xx(©0)do
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1) Power Density Spectrum

N Gaussian random variables

To prove
% 75Xx(w)e+jwfda) = A[Rxx(t, t+7)]
Start with
Sxx(w) = 7I_ianEﬂsz_(r)|2]
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2) Inverse Fourier Transform X7 (t)

N Gaussian random variables

SXX( ):J-ILTL’EUX;—-E— )‘ ]

Sxx(©) = fim S E X} ()X (o)

LT +T
=E {T“L‘L{zr [ x(a)etionds [ X(tz)ewfzdaH
—-T

=7

=3
T—

L AT
fin —T// [X(t2)X(t2)] e @(2—t0) dity ity
-T-T

o T
Xr(0) = / Xr(t)e 0t dt = / X(t)e @t dt
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3) AutoCorrelation Rxx(t1,t)

N Gaussian random variables

E[X(t1)X(t2)] = Rxx(t1,t2)

E[X(t1)X(t2)] e @t2=1) gty dty

1 .
= [ —/ Ryox (1, t2)e 702-1) dto ity
T
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4) Inverse Transform of Sxx(®)

N Gaussian random variables

FT+T
Sxx( |ILT1 T/ / XX t1 t2 e o= tl)dtzdtl
-T-T

1 +oo 1 +T+T
:271:/ 7|_ii>nwﬁ//Rxx(t]_,tz)eijw(tzitl)dtzdf]_ et%dw
T-T

+oo
1 )
RXX(tL t2) { 7 / e+](l)(‘rt1tz)dw} dtadty

—oo
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5) Impulse Function

N Gaussian random variables

—+oo
/ etjo(t—t1—t2) 4o — 26(t1 —tr — 1)

—o0

+oo
1 .
— / Sxx(@)etdw

e
-
4e
-

oo
1 )
RXX(tLtZ){M /eﬂ“’(ftltZ)dw} dtrdt;

—oo

= lim i/ (R (t1,£2)8(t1 — to — 1)} dtadlts
T
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6) Impulse Function Property

N Gaussian random variables

278(1— t1 + 1) = 278(t1 — t, — 7) |

+oo

i +jot

o / Sxx(a))e dw

=1li i/ {Rxx(t2,t1)0(t1 — t2 — 7) } dtodt:

fT'L“sz xx (2,11 1—2—7T 20ty
L

1
= lim — R, t,t dt
TIHLZT/T xx (t, t+ 1)

—T<t+r<+T
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7) Time Average of an Auto-Correlation

N Gaussian random variables

+T
[AlRxx(t, e+ 7)) = lim /RXX (£, t+7)dt
T

oo

1 .
— [ Sxx(w)e™?'dw
2r / xx(@)e

+T
= ||m — / Rxx(t t+’L’)d

~[AlRxx(t, e+ )]

—T<t+r<+T
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8) Fourier Transform Pair

N Gaussian random variables

AlRxx(t,t+7)] <= Sxx(o)

% / Sxx(0)e® dw = A[Rxx(t,t +1)]

SXX /A[Rxx(t tJrT)]e_JwTdT

Young W Lim



9) a WSS process X(t)

N Gaussian random variables

+T
Rox(7) = AlRxx(t.t+ 1) = fim [ Roox(t, -+ 1)t
-T

AlRxx(t,t+7)] <= Sxx(o)

Rxx(7) <= Sxx()
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(10) Time Average of an Auto-Correlation : a WSS case

N Gaussian random variables

Rxx(7) <= Sxx()

—/Sxx(w)e“‘”tdw:RXX(r)

SXX / RXX e JwrdT
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Fourier Transform Pairs

N Gaussian random variables

= [ Sxx(@)et7td = AlRxx (t,t+7)]

+oo
Sxx(0) = /A[RXX(t,t+T)]e*j“’7dT

A[Rxx(t‘t%»‘r)] <:>SXX((O)
WSS X(1)

17 ,
b /SXX(CO)e'H"”dm:RXX(T)

oo
Sxx(w) = / Rxx(f)e’j“"df

—oo

Rxx (1) <= Sxx(o)
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