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Simulation of Multiple Random Variables

Complex Random Variables (1)
N Gaussian random variables

Definition

Z = X + jY

E [g(Z )] =

∞∫
−∞

∞∫
−∞

g(z)fX ,Y (x ,y)dxdy

Z = E [Z ] = E [X ]+ jE [Y ] = X + jY

σ
2
Z = E [|Z −E [Z ]|2] = E [(Z −E [Z ])(Z −E [Z ])∗]
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Complex Random Variables (2)
N Gaussian random variables

Definition

σ
2
Z = E [|Z −E [Z ]|2] = E [(Z −E [Z ])(Z −E [Z ])∗]

g(Z ) = |Z −E [Z ]|2

σ̃
2
Z = E [(Z −E [Z ])2] = E [(Z −E [Z ])(Z −E [Z ])]

Young W Lim Characteristics of Multiple Random Variables



Simulation of Multiple Random Variables

Complex Random Variables (3)
N Gaussian random variables

Definition

σ
2
X =

1
2
Re
{

σ
2
Z − σ̃

2
Z

}
σ
2
Y =

1
2
Im
{

σ
2
Z − σ̃

2
Z

}
σ
2
XY = σ

2
YX =

1
2
Im
{

σ̃
2
Z

}
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Complex Random Variables (4)
N Gaussian random variables

Definition

Zm = Xm+ jYm

Zn = Xn+ jYn

fXmYmXnYn(xm,ym,xn,yn) = fXmYm(xm,ym)fXnYn(xn,yn)
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Covariance (1)
N Gaussian random variables

Definition

RZmZn = E [ZmZ
∗
n ] n 6=m

CZmZn = E
[
{Zm−E [Zm]}{Zn−E [Zn]}∗

]
n 6=m

R̃ZmZn = E [ZmZn] n 6=m

C̃ZmZn = E [{Zm−E [Zm]}{Zn−E [Zn]}] n 6=m
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Covariance (2)
N Gaussian random variables

Definition

CXmXn =
1
2
Re
{
CZmZn + C̃ZmZn

}
CYmYn =

1
2
Re
{
CZmZn − C̃ZmZn

}
CXmYn =−

1
2
Im
{
CZmZn − C̃ZmZn

}
CYmXn =

1
2
Re
{
CZmZn + C̃ZmZn

}
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Covariance (3)
N Gaussian random variables

Definition

RZmZn = E [Zm]E [Z ∗n ] n 6=m

R̃ZmZn = E [Zm]E [Zn] n 6=m
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