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Linear Transformation of Gaussian Random Variables

Linear Transform
N Gaussian random variables

Definition
linear transform of Gaussian random variables X1,X2, · · · ,XN

Y1 = a11X 1 +a12X2 + · · · +a1NXN

Y2 = a21X 1 +a22X2 + · · · +a2NXN
...

...
...

...
...

YN = aN1X 1 +aN2X 2 + · · · +aNNXN

[Y ] =


Y1
Y2
...

YN

 , [T ] =


a11 a12 · · · a1N
a21 a22 · · · a2N
...

...
. . .

...
aN1 aN2 · · · aNN

 , [X ] =


X1
X2
...

XN


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Linear Transformation of Gaussian Random Variables

Linear Transform
N Gaussian random variables

Corollary
linear transform of Gaussian random variables X1,X2, · · · ,XN

[Y ] = [T ][X ], [Y −Y ] = [T ][X −X ]

[X ] = [T ]−1[Y ], [X −X ] = [T ]−1[Y −Y ]

[Y ] =


Y1
Y2
...

YN

 , [Y ]=


Y1
Y2
...

YN

 , [X ] =


X1
X2
...

XN

 [X ]=


X1
X2
...

XN


[T ] is non-singular
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Linear Transformation of Gaussian Random Variables

Linear Transform
N Gaussian random variables

Corollary
linear transform of Gaussian random variables X1,X2, · · · ,XN

Xi = T−1i (Y 1, · · · ,Y N) = ai1Y 1+ · · ·+aiNY N

∂Xi

∂Y j
=

∂T−1i

∂Yj
= aij

Xi −Xi = ai1(Y 1−Y1)+ · · ·+aiN(YN −YN)

aij denotes the ij− th element of [T ]−1
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Linear Transformation of Gaussian Random Variables

Using Jacobian (1)
N Gaussian random variables

Corollary
linear transform of Gaussian random variables X1,X2, · · · ,XN

|J|=
∥∥[T ]−1

∥∥= 1
‖[T ]‖

CXiXj
= E [(Xi −Xi )(Xj −Xj)]

=
N

∑
k=1

aik
N

∑
m=1

aimE [(Yk −Yk)(Ym−Ym)]

=
N

∑
k=1

aik
N

∑
m=1

aimCYkYm
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Linear Transformation of Gaussian Random Variables

Using Jacobian (2)
N Gaussian random variables

Corollary

CXiXj
is the ij-th element of the covariance matrix [CX ]

and CYkYm is the km-th element of the covariance matrix [CY ]

[CX ] = [T ]−1[CY ]([T ]t)−1

[CX ]
−1 = [T ]t [CY ]

−1[T ]

∥∥[CX ]
−1∥∥= ∥∥[CY ]

−1∥∥ [T ]2
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Using Jacobian (3)
N Gaussian random variables

Corollary

fX1···XN
(x1, · · · ,xN)

= fX1···XN
(T−11 (Y 1, · · · ,Y N), · · · ,T−1N (Y 1, · · · ,Y N))

=
‖[T ]‖

∥∥[CY ]
−1∥∥1/2

(2π)N/2 exp

{
− [x−X ][T ]t [CY ]

−1[T ][x−X ]

2

}
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Using Jacobian (4)
N Gaussian random variables

Corollary

fX1···XN
(x1, · · · ,xN)

=
‖[T ]‖

∥∥[CY ]
−1∥∥1/2

(2π)N/2 exp

{
− [x−X ][T ]t [CY ]

−1[T ][x−X ]

2

}

=

∥∥[CY ]
−1∥∥1/2

(2π)N/2 exp

{
− [y −Y ]t [CY ]

−1[y −Y ]

2

}
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Using Jacobian (5)
N Gaussian random variables

Corollary
a linear transformation of guassian random variables produces
gaussian random variables
the new variables have the mean values

Yj =
N

∑
k=1

ajkXk

and covariance given by the elements of the covariance matrix

[CY ] = [T ][CX ][T ]t
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