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Joint Density Function
for continuous 2 random variable X and Y

Definition
the joint probability density function f X ,Y (x ,y)
is defined by the second derivative
of the joint distribution function

f X ,Y (x ,y) =
∂ 2FX ,Y (x ,y)

∂x∂y
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Joint Density Function
for discrete 2 random variable X and Y

Definition
the joint probability density function f X ,Y (x ,y)
is defined by the second derivative
of the joint distribution function

f X ,Y (x ,y) =
N

∑
i=0

M

∑
j=0

P(xn,ym)δ (x−xn)δ (y −ym)
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Joint Density Function
for continuous N random variable X1,X2, . . . ,XN

Definition
the joint probability density function

f X1,X2,...,XN
(x1,x2, . . . ,xN)

is defined by the second derivative of the joint distribution function

f X1,X2,...,XN
(x1,x2, . . . ,xN) =

∂NFX1,X2,...,XN
(x1,x2, . . . ,xn)

∂x1∂x2 · · ·∂xN

FX1,X2,...,XN
(x1,x2, . . . ,xN) =

xN∫
−∞

· · ·
x2∫
−∞

x1∫
−∞

f X1,X2,...,XN
(ξ1,ξ2, . . . ,ξN)dξ1,dξ2, . . . ,dξN
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Joint Density Function
for discrete N random variable X1,X2, · · · ,Xn

Definition
the joint probability density function f X1,X2,...,XN

(x1,x2, . . .xN)
is defined by the second derivative of the joint distribution function

f X1,X2,...,XN
(x1,x2, . . .xN) =

N1

∑
n1=0

N2

∑
n2=0
· · ·

NN

∑
nN=0

P(xn1,xn2, · · · ,xnN )

δ (x1−xn1)δ (x2−xn2) · · ·δ (xN −xnN )
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Properties of the Joint Density (1)

(1) f X ,Y (x ,y)≥ 0

(2)
∫ +∞

−∞

∫ +∞

−∞

f X ,Y (x ,y)dxdy = 1

(3) FX ,Y (x ,y) =
∫ y

−∞

∫ x

−∞

f X ,Y (ξ1,ξ2)dξ1dξ2

(4) FX (x) =
∫ x

−∞

∫ +∞

−∞

f X ,Y (ξ1,ξ2)dξ2dξ1

(5) FY (y) =
∫ y

−∞

∫ +∞

−∞

f X ,Y (ξ1,ξ2)dξ1dξ2
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Properties of the Joint Density (2)

(6) P{x1 < X ≤ x2,y1 < Y ≤ y2}=
∫ y2

y1

∫ x2

x1
f X ,Y (x ,y)dxdy

(7) f X (x) =
∫ +∞

−∞

f X ,Y (x ,y)dy

(8) f Y (y) =
∫ +∞

−∞

f X ,Y (x ,y)dx
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Marginal Density Functions
for continuous 2 random variable X and Y

• FX (x) =
∫ x

−∞

∫ +∞

−∞

f X ,Y (ξ1,ξ2)dξ2dξ1

• FY (y) =
∫ y

−∞

∫ +∞

−∞

f X ,Y (ξ1,ξ2)dξ1dξ2

• f X (x) =
∫ +∞

−∞

f X ,Y (x ,y)dy

• f Y (y) =
∫ +∞

−∞

f X ,Y (x ,y)dx

• f X (x) =
dFx(x)

dx

• f Y (y) =
dF y (y)

dy

Young W Lim Multiple Random Variables



Joint Density and its Properties

Marginal Density Functions
for continuous N random variable X1,X2, · · · ,XN

f X1,X2,··· ,Xk
(x1,x2, · · · ,xk) =

∫ +∞

−∞

· · ·
∫ +∞

−∞

f X1,··· ,Xk ,Xk+1,··· ,XN
(x1, · · · ,xk ,xk+1, · · · ,xN)

dxk+1dxk+2 · · ·dxN
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