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Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients
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Linear Independent Functions Example (2)
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(A) Real Distinct Roots Case

Homogeneous Second Order DEs with Constant Coefficients
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(C) Complex Roots of the Auxiliary Equation

Homogeneous Second Order DEs with Constant Coefficients

d d
ﬂﬁ*bﬁ*w@ ay"'+by +cy=0)

try a solution y=e" - [am + bm+ec)=0 auiliary equation

m,=|-b+ b —dac)i2a -— m =|-b+ydac—b iV2la y,=e"’

m, =|—-b— b —dac)l2a L m,=|-b -y dac—b"i)l2a = "

B —dac =0 Red, disinct m ,m y=0, £~ 4 L.IE-!_..-

F—dac =0 R, equalm , m ¥= -I':IE'I“--I- 'I:IIE“‘.

B —dac <) Canugse camglex m . m | | v = C e % C.e" = C,e™ " 4Cg" "=
Linear Equations (1A) 17 e e Hm
Complex Exponential Conversion

Homogeneous Second Order DEs with Constant Coefficients

L b3y <@ ay"+by vey £0)
m,=[—b+yb’—dac)f2a W m=|-b+ ydac—b if2a =a+iff ¥, = ek
m,=|—b— b —dac)f2a mb m, =|—b—Jdac—Fi)f2a =a—if yy=e""

B —dac <) Carjugae compiex m,.m, ¥F=C e+ C e =C e e O e T

Pick tweo homagensaus s alu§an

¥, =" T g = e eas | fix) [C,=+1/2, C,=+1/2]
o= e — e T = " sin|fix) |C,=+1/2i, C,=-1/2i)
y=Ce" oos|fix)+ C e sin|fix)=e""|Ccos|fx)+C sinlfix))
: : Wion Li
Linear Equations (1A) 18 e e Hm




Ad | Eng Math.in olain vi

ODE

Wl
= &,m\,uf pwv
2nd Order ODE : 2P.pdf <~

Linear Equation (1A.pdf)
Reduction of Order (....)

Zill & Wright Sec 3.3, 3.2




COW\)O\ EX MV\/W\LBY (3 nole 6 vo un d

i:’ lﬂi‘ sﬁﬁ'ﬁ‘
)

~ ~
c wl 2 \"U\f’mvx]\ N




Tay\o\/ Series

~
‘F(l) = (2§ )C X // ‘QT7_

r r
Fa) = =Sn X f(.d) = =Svd =
fPm= = ® )= —les2 =
3
f“(ﬁ)-’- T Sinye fmlﬂ =z 159 = ¢
) )
f (x)= Fosx f (e) = Flog0 = #
Fe)o)f —Sin X f«)._o)- —Cw 0 T O
4 Cd LR Ao - - )l"
F“’f«\ — “’ -l
| Y, '—MF“{W- =
F(’) ) N (’) . >
) )= = [
(41 (3>

LA = ]
x=9 19 K Pyl fenes

L
3

1)
(0 = G(‘)+-(L;)‘.‘iac‘+ 700 e £000) s M) e
- ! 2! 2! ' ’
- ' 4

)
»

los = 4] O v =} z 0 3 —1 v
4 x4 x4 x4 %<
I 2! 2! !

Frca) = =Srd =0

f'm(u):: ~(6s5.0 =

f("(°)= t5nw0 = ¢

fm(o}: t(ogo = #

/T \
(0 x) | -2 & x —xb x¥ _x® oy
(P L — _ _

Cenes  (24)




(%01) fl(x}:=1
————— (%i2) f2(x)

(%13) f2(x):

(%i4) f3(x) := f2(x) + x4 / factorial(4);

o (%04) £3(x):=f2(x)+35

C(%il) F1(x) 1:

fl(x) - x"2/factorial(2);

R 12
(%02) f2(x):=F1(x)--

3) 1-X

(%03) Y

4

2 T !
] § § Cos(x) ——
; B | f | 1—
| - | ; X"4/24-x"2[2+1 ———
L L | | -X26/720+x"4/24-x"2/2+1
. . . H . | .
0.5 -
D -
0.5 -
-1 -
15
-7 Li




TU\\/IO)/ Series E»(owv\fle

cosx = 1— + —

sinx = x — + —

2 3 4
X X

_|_
2! 3! 4!




e

40y \
N |




EM]Q/\, FDY’W\U« la

PO s @ 4+ S @
L/ A\ S | D 4

')

C

N

G
N
)
(v
4
(0,

WAN
=
)

)




hw 20150626

~  Paul'sonline mathnote ... . . ..

Differential Equation

Second Order :
- fisti |

-~ Complexconjugateroots ...

repeated roots

Reduction of Orders

Undetermined Coefficients

\\

vvvvv

(
b

Téh ’, \V\O\Moy,mm S'o‘u.idw

6‘{ PM{I‘C"‘ an 9!‘!%;.}1'!"‘-"
‘ ~
n ° Lw
@ Zf Vla’\/;&.h'\)v of- PD\W/\WM"-{V! &
(:Q GV(CH'S -

Tncinvw .



'(:Ihd'ma Yp © tmdsermined ot figents

n'i\, '\f
(& )
(‘ZI G)l
(XN~ (o £ [ex)
(L L) T U/ =20 R
Yo ol X
'A(]Il _,),l'gl _#L\ (vA — 0
oL . .
M am+ | =0 (VVM)L:
et Th= ¢ e i, Lex
Y g

V'E}yo ated oot




When the multiplication rule must be considered

Ay thu o cvw = |pRY
d 0 ¢ \
O w bm 4 (=0 \\
rer dighinet M, ; M J/
A T m.C kt




When the multiplication rule must be considered

T N ————
.
’ A A r NA
Ayl by ey = e%ﬁw@fﬂ
o LT
wia 1
( et
i 61":1 ' e ]- /
(st pt R A /
C ) '

T—r

A A - /
N
A= 0
Y 4by 4cy = | Cosfhe)!
¢ zJ
C"V"‘Nc)( (ovg'm\g;.'l.g voo{s FET\,A (th
§ 90\{1 ot Y l/_)’/—‘u
C , ¢ J /
§ Hecet ~(80 /
| \p— ) 6 ) /
] (7 3




When the multiplication rule must be considered
M\——'

~i

| & Wright 3.4 Ex 2.13, 2.15

m2 \/\
M +e=0o \
th= 124 W) op=x (Asmat+ Bow )
X -
¢ Cu . QZ)L | ai
( CXO)
07 €08 Cay ) +C S?m(zgc) /
N
T (1% ck3ra) X (sinx)
R ol A
“ ISl ( ) bs L
W (=0 LAx*B\iin/ ’rLCx-tD\@

/

M=+, =t /
=Th /a]rcmb ih 9/

6 los x4l Gy / /
“\ ‘\24,—//

L) 8 x_coS X
SN X (0 $)G
———_ P




Ay =+ 1py 40y = e™* Sin(£) & §6 @5 (£

Ay [hy +11y = p
—c‘?iur
2w s ¥ M=o m= %
N R $1% L
m= -2 % Ly <~ - 4
qgc 3 ecfngi\t re ecfz-e;t)t

_

A"+ [hly +10y = et Sin($) & s (L)

/
/[
{ MN _____,—-—M'-‘
Jﬁ b= 077 [ASNG) + Bos e
AN _ + (Et 4 us)
et
At + t t
Ps 2 ,2,
* (Bt AE)usEs)




; = LY CIE

0 2t [hgalt oc |£ + skt
dy )
(A RIIT \ )
) e*ten(E) bsnE)  smg) |
- T —= 7 \a
‘}'{/ \ A EN
Glresty e Wl € S5 ) tesz)  esct) )
//
A at LN\ ¢ N [ )
de= Ge T v e T
af [ (f'*‘i\)t [ L -(\
= ¢ et o ebadt)

2 hsins) + Beos [£)7) + (ct + s;n.i;)
o [ £\




Lt S1Y\,‘- BC"S - )_\ + (Ct ’\'D)SIY\ 't\

"'/

+ e sl

as

-




‘a e

rM r A(fl'f"-();“'t [~ "l“ L)’t
dgc= ~1|C T 1C

2 111l — %—M"i
Ay by €11y = D «
A ’9'2-
/N D
3= 2%t b
L\'{’,\l/ = "“' b 4‘ >
IR yX] g LL u

F b b o Solukions, then S0 g Y3 & Yy




L?V\mr Lad Oydev  with  Constaeb Coefhicrente

K Qg"+by T Cy= 9
dJd v v v/

4,1,/“1/\»\/,( §olwliou

Dh + Y,

1% V
A~

277N\

Fin _otmro

(Ye.)
N,

n [ mxz M
My My L
)| |
| \: g
N
pMmL  Ami emt o ot
¢ e - 5 *C
\,__w_____/ A= S —
WL
\\,)/ ~
| I [ & o

flineovb (omb e Lion




C
\ :
F@L
:J/
.
Cc
;m
(j\.
‘M
G)
22
;
\KC
/j‘l.
Ziz |
:
; C
Z(
&l
;,
7;
)

g,
e
(
0
m
b
YA,
10
n




T'\“d\'wa \’}r Exww\]o)e

(n .l

U %Ll+3£}’—-),859 =5

" 43m 2 = (mamym-¢) = o

M= -1 | =
v
-ht gt
Ol 6 "'61 e
Q’) (3” —Joo y = 0O
2
M — lop m" =0 M> - fop=o
M = RY ~ v

TGN 4 m =0 4w+l = o
| f
— - L
mlc —4 m = ,,% -~
[ - 1
~T L
C, p2 +(, n2 Y
I C ¢
Coogog (2) (0 Swm(E)
BRCY 2




)

"

C\'h’\k—-" lbm_g_,!r) = O

D

4(m= + am+ ¢) + |

= ©

4 (m+r)” +|

—

Wy =

o

)

Ca-2)t

Catdt
mn (. P ’\,'(.1
-

e

1=

L
at -1t

THL “

t

At 4
¢ C C

Val

© ‘Ycael

e [

o (e

-2t

a







5.4 Umdikef mined - - -




—_— X
e
N R\t
f ) =
—
o) on
T
< <
L b
S
e «
—
l\# .
A
A )

=

ye o 30 L L3

A A o

1
(m-4y=0

\

%




ay'+byl ¢ cy-o

{Igh" C e"“i + Co CMV}C

AU

=) N N r
o defermne € & (2

u = cond. b




a 4"+ blyl¢ dyle Jau) A},gifs o
v ‘L_U_} v
C (- Ylx) = %o
ik | 9(0) = %o (
Vel ) L oy [ RCARS.Y
UDML.\ 4 %) =1
l\_7m ‘I‘(\ 7/’ {o
] \
Bp ( Poumdowy  Velue Pnblem)
" ) 1 o
a "+ bfy'le dy ded
A £
% y Beumdgry
X.’:-o I"-"L U&Au—{,
X=0 >g(5| % %TQ> § h o) fﬁ’(o\
L / S (44 ‘ J
SRR O I TR WO L







L}n ey Ihdz?cwdb,y& Ve clyrs

C\{TA\) +CLB

-6_
\ R ‘I
a3 1 I ™
AV 4 i

!

=




wikversity.org

Second Order Differential Equation (2.P.pdf)

- L? NcGv ’Ena—lgoc[/\okfzma'_

—

——Wronskiom

0\ b B vee

A) /&ﬂ = UM M Vet

e —{k/

b b .

— — b= - c

7
C e

K

/ o | ~ b= -A-V
C




YA
q/ CiQ

7
{
o}
AL
29
= -
C\ q _f CZb 7\ L -l) LY L £ A
BN ——— W b7 %2
- .y
4{Lﬁ\/ ~ < LA 3 b \ - ov& .
(72
Q”’\QO\V COV"L)WR )

~___ / 02k by KL 54

all kro trle

= -2
S v < X Wery AN Pey

2'7*';2 %ﬂ}\ U 1% Jegyoréd C,

f~\0
i
)
O~
~N
o=

o’
)
o~

/

/I

7




Non O o) Dinear e pendunk R

Dre X

W D Linew ndependomt (1t orden

PR Love )
~_
2 2} plY $raa Y = %(_7(; v, 1)
© %09 / v

— Moy LM }»P\C&V iwd—tA,oe Lt Sol % Ztolo) v ¥

(;’) — I n \

4 j'y D‘E, u"’)t),, (L‘): r n U\t'&)\
/ J L

— Moy 4 M /Lhcav iwd—tllpeubvf Soluhun..j& 2t ol o) vk




B £l Qincar Ay IV\Mpewa*?.

-3¢
0 = e” Yo < C
_ ' pH e ‘ ( 63’f _33C ‘
lA)'-‘— 9[ % = Faa\ oy - c \
0 ! &7 3™ e |
— -2 — 3 = - A
= + 0

9% . Yy > e ' (91 tp,yc
N Y p P b
(A) z \ L L
\ f* i 3 P =X 9
€" 4e%  qe¥

/(13' \'iV\Chv,lA%

( w;krg,. At F




=

»
-
<

<

\!




P 4n3

ok er minpnf
Dl 1 ®»[% T
N O
MGTiA SRR Lz -3 |
AN Y o ((@ [ -39) -4
</ I~ A K e 7
2 ¥} 2 S
. 4\"
P Lt NP R O W B S
3 Y | 4 z
/{\ ﬂ.\ a A _‘n
& -A 3] Y| T
2 ) 2 S

&







& (g frg  Solubow

7~

\ l\\ll/
q' nj S—
\ 0 \
o\ A o
T Y
b [y A NPT
A+~
g % %
N - &
+ | ¥
w Y v
o e tJ

A0

n

X,

b ’.Jd

/2.

X
<
A
4
<
8
= s
52
w |
M|I
)
< ™ |
I\
T
- 1
I-o)AL
-
M T w
\t
i -
% =
(

's yrule

~

= = I
L \ )
-~
S~
i o 2
¢ < L
/] L)
.\.# o ] J
N —+3 T
n i \
n
NN — m § ™ MM M
3 I
ST B R gt v
— e ™M = RS Rt

A\

#wcv




d :
Aevg 2“ OVOUV) LMEOV) HOYV“"‘}'eV\eowS/ (dhf’fﬂw\k' [Oewl'c\'hk

GU()" +b(al _‘_CE =0

lg__— CMX
m* « bmtec= 0o ol
\ - L 2 =
(A+(@)t (ol-cB)t
Cie +tC €
[ o{~cB)t
w(e(ot-rc@)tr 6( ¢ \%: 0
‘Q).V‘f A,L h = U\V\Aé‘\ "
Sel o f Silahipn
C"I"i / Cq,?’(i Gél.m salu\'\'(,v\oswb"

ettt et - Cos (Bt)

N
(

/

Cagr ) Gz3f 28 Solahan0] 9%

A+(R)E oL~cB)Et | — pxt

/




SR S21 21 S S8 2 TP B R
C @ C ot

Gzt , Gzg ofun Salubgpo) 1ok

e L e ) - Cos (Bt)

]
C!:':—.“ ST d;"”’tb §°[w\1w0l A

21 \ @ — € - © Smipt)

E** S (BE) 2 Golchmols

G (8 (BE) +Cy £%F Snipe) & solehim o\

ot K1

—@WWWWW

§a?’ AF (\\:..Hnm
~

O 1= v ™Iy

+) Gewnersd,  Solilvon




5 T se ° merhed
// Lo o
- S o\v&\’\'ow

(e[tujﬁ.]x}. (E[n.—fﬁ]x]l \/J & O
B E[uﬂ'ﬁ]x E[n—iﬁ-]x
- {ﬂ"‘iﬁ)e[uﬁﬁ]}” {ﬂ_iﬁ)e[u—fﬁ]x
= {ﬂ_iﬁ]e;-!ux _ {ﬂ+iﬁ}€2nx )/
- {_izﬁ}ezttx £ 0 0\:\ g v/ Yv‘&\/‘\‘,&
\ ) L\ S?, o0

e “cos(fx) e "sin(fx)
(ce”cos(px)—pe "sin(Px])) (cesin(px)+pe  cos(px))

(e cos(fx))" e“‘sin(ﬁxn" ]
= e""cos([ix)(cce"sin(fx) + P “cos(px)) — e *sin(Bx)(cce cos(fx) — P sin(fx))

= e““cos(Px)pe“ cos(pPx) + e““sin(Bx)pe“*sin(p x) = e’ *(cos’(Bx) + sin*(fx)) = pe** = 0

<0 2 %9




ikversity.or
wikversity.org Q\'\u

Second Order Differential Equation

Variation of Parameters (4.A.pdf)

yd \'Iv\
v

Linear Algebra

Determinants (A.pdf)

T -
'

T4y mate O




Pu»\ s pwliwe—peath pste

(58 .V:(GOY ey Rw ple ¢

0 UGhyishpn of  parametecS

Reduction of Orders




F'md,]ha O second Solubion &m\ 3

d Y by ~Cy =0

o ere ont 2

(e Donenrty imiipen)

I"— We fnow 6me  Soufion 'lcﬂf

| [}
|

Then  the obher coly ho

L, . .
0> O\{fumma lgl—; (/L(l)'yl

L fh— )
%WEQ\ root, — ( D=1°) .

4 X

e .
we denow Y= @ " Selwbion

then  ¢he other coluboy  com be fourd

L, ., .
Oy opming Y, = U\,(%)"yl

J

W
A, =

4 Y
2 ,)L,d




Finding %y fom Yy,

*S

= 300

+

Al N
Al )T PlY

= 0 ¢ !
R Ul I gﬂ\cc\ ';J,-H,,‘j],,

L lbn! o~
@Y +bo) + ¢y = 0 <4 J

ay;

| ¥ 9

9

A

[

Yy a-f Cb\vx‘bC O

O\f “\m.:h

b

N

e — A,




‘,( -‘:‘hm"‘ﬁ N SPeond gb\uh’ma . Keoiucl—rau % OvALys

AL NAANAANS
ng\ igl' = epc ‘& flL'_ 11 (1)',1,)(
— T EERTE Seppose
]!
%“ﬁfv‘: 0 (k2
A

b

# - et + u-e*

07 - ' et 4 n'ex + u'et +peX

—_ Ull g)( [ SEI'EI U X

[ /[~ r / \
4" ~ v, 5 (\U\" e+ 2u'er +uéx) —\uet)

= u'e*so4'et =0

OX | 14
(; Lu‘"—'ﬁ'ﬂﬁwﬁh—ﬁ—ﬁﬂ*ﬁw = oM g

r’\\Arl'L.'\\. nN_p
-“- \‘ KUvinwty tvy —-V u(l) .
0
- (0
: iy U'+varu' =0 \1
_ N h Fr I - bellll/‘\f’lr“)\'h
Peduchuw 3% \l/ \ﬂ, \|¥ (AR }
Ofders A (\MI*Z(D\)B =0 | foers
- ’ N ) S —

K Wraru'+ =0

N/
by ReFogton ot

(W) 42f)t? =0 Opfr







| A ¥
y\omﬁJehcdau-( , (6'\ f’f&,]' (Oe \'Fl‘(lfk‘-(

A
A’é ‘F‘lhdﬂ'ﬂ O S8(lownd Sol, hon
- AANAAAS A AT e
('é)) = U {9‘1 Uy x's I:'YWIA




D=0 Yefeaf?ng 5ol whion

Finding another solution y, from the known 'y

Second Order EQ

2 = flx] known solution
ad—% + bﬂ +cy=0
dx dx = ulx)f(x]  another solution to be found
2 b
b—4ac0 M=M= T,
We know one solution L yilx) = " =e™
Suppose the other solution yolx) = ulx)y,(x) = ulx)e™
Condition for y (1) to be a solution |:';> Find u(x)
5 X '—L' X
" — )¢ " W= w2 DL

Reduction of Orders (2A) 4 Young Won L




N4 gl v ov = O

)]

M+ 4m 44 = (M=o

o~

9=

“

S~

Ay

Woe™ —aue? —aw ey y et

f
%

W™ gyt sy e

AT T "y

m.—b&' M’ L lLTu

Yy A

=y 2

~L)

w0 4 ot )

4L W

i wc
b [yt )

S~

u-e

—

I/

-_'-l~

Woe
T

o' afy] +o

—




Cot+ G

= ex
lol = u .6"1%.' (;C‘)L + (‘L) ev-lif
C\x (i’"){ + (G e
N —
| )
i Y
¢ 3
9= ¢ X
h, = o ﬂ‘l’c
TA LS S




f g, 1

Vv

~hpmo

Ua(ay=—

‘PIMA;Y\

rotsgopeoss  Solukon By, zugy e

A >4

A\ 4

3& ‘;(?W”"C‘)(Qs T

NN\ Tio ) >

(l

== >

—
4RI

SS S
f.,\ - \

——

— |

= 3

NS

N 7

NE

..II.\.

X

=

9,




g TV b |
w4+ .=
p O

“N—

Y
c

[\




eﬁ(&W\lﬂg > NameLle  coetbrgents

R s
r;?S,(z/Q (NS

Lfgeysdfe E %__.

(=) u( =2 x)y! +Hnensl)l = o

N N




map

Y.

')

Q"‘V’Cav%

(/‘
21

0 b

£y

)\

€

L4

W= G W,c4) 6 Y, ct)

7 k)=

FN
V)

dl%/) =

/

U rt+ )

)Ly

+C

{

AN

Con Gk

<«

o

4k =0

|

H( k)=

A

7

' 4 L\
S ) T g Ll

S o

FA

AN

Cod G

o g4

2
I S w—s

Lk,«-._ iLabvv

gy

Y,

30

%

1Y,

Y.




A — ar v\

S/ O 0 S B A

Vs | Al

G5 o
N

RN

G
a

b
T "a

|
|

lvé



& loy ol
€ 7. a
N y . ,
U 48"+ =9 W, =
= Ik
t Ll ,_Ig’:m 7"
g T w4 "
~[pdx =5 d = —dnl%lC
_ ) 1
(o = C,e’““—"'"‘
r —JIT* 1
[A.c M e J.)L = ._L-
J~ gt e [/ Len
v =iAI3CL
= InX {ﬁcz'z A,X, =C7.'.%
J) (»Qn)t')"
~ v ’ N
= Q/y\x \ () ax)” (L'X) ax
J Kt
/l{\/' —Ca _ {C\
= M) Unr) = &
(/\ C n A~ -
Jh = | 0y 7T (> lg,_




\\V N )
O (-9 e 2(f9 2% 20
L 2009 w1 __ _ ) s
Y Cl-2x-x*) Cl2x-x*)
V)«\ z )t|
[~ ~Spdt)
%Lc w( \Ln/ d)L
~7 ' .
-’
(0] - N
f(hAl;(——(~r2— d.)(, -2 =X
S J 1t / = D (14x)
- “r( _ O 1
) [t
o A "/}'}(_){L."'T '\)
-2 \ N RPY IS L] B S et
i) — e 2 VTG Gan))
B 2
‘) 9 ={otH)
J (et Jo o _
~ :L "']
| i) \ — - —\lda { C
o J[Oen) ] =~
o) T2 _xn) |G
L. (7041

- (\ SR Ly § )C!

C (9%t +1)

-



~ N\

Cr-ax /xf'>(3“ L 2(|p) gl "2‘5— 3 (®) )

n \_J




T
=
94
T< /o |
- I
\y o !
™R 1 %//
KI.H \ /
S — /
N AN
s . \ + /
) N W
3 3 By
A\ “N .T
A / 0 ¥
& 0 (D]
9 _ V¢ G
g
T N
T
+
/ _px
Rl N
o
¥
ﬂ S
—~
/ -/
/uP\




*

<

o, . £t .
G =ay' gy =3e"" L)  te

D o' oy = e U,
v g = o < 7V

9" -4y’ y = 3e°1 il E)m,
'-vy-iry = snney =1,

ayny e € oy,

Ue Yt Doy ¥ 05t by,







Subst:tulion + Homoegeneons Fumchion

(LC+y) do £ (O-1Y) ty= o

| I

MOLy) = xeyr= ¢ (Fr(E)) = x* M, %)

NOGg) = 2>y = o ("= (Z)) = x* N1, 4)

u ( [+(2)) o + xl('l—(v‘%)) dy = ¢

| N

u = —%; W= ux 4y g—u-(ux)o\u-\— 25t (W) dx
dp = X dut uds

(1t ) dt+ (I-u )(xdut nde)=o

(H‘ W) R 4 (I~u)xdu e (l~u)udt =9

C'*)"({’ru-/{) dx + X(l-wdu=o

Clew) dad 4 x Li-w) du=o

C 4u)
‘A'g"' 4 —(-\j) dl = D
L (v
—1-q+2
-&é_ 4 r Pam ] du =o




Bermowll; - Co

RS

%= Ly

)
Ady X o - (@) &
i Ax Ut Ly ,
du _ - 4,%. ='_>%;i
g 4
Pnl “lll _."V
A -2 Wn - FAS













